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Abstract. In this paper, circumradii and diameter of sets are used to estimate the
distance between some subset S of a finite-dimensional normed space and any point
from conv S\ S, which is applied to prove a fixed-point theorem for roughly contractive
mappings.

Let X be a normed linear space. For a bounded set S C X,

ra(S) = inf sup ||z —yl| and Ca(S)={z € A:supllz—y| =ra(9)}
TEA s yEeS

are the relative radius and the relative center set of S with respect to A C X.
In particular, rx (S) is the absolute radius of S, and rcony 5(S5) is called its self-
radius, because Tcony s(S) = rg(S) if S is convex.
In general, 7x(S) and rcony s(S) may be different, and Cx (S) Nconv .S may
be empty. For instance, let
S ={e1,ea,e3} C X =13 with e; =(1,0,0), e2 = (0,1,0), e3 = (0,0,1)
(1)
Then, for 1 = /2 — 1 ~ 0.4142136, we have
rx(S) = (1= ) +24%)""° ~ 0.7000991,
Cx(S) ={yu.}, where y, =p(1,1,1),

and 1 )
reonvs(S) = 3 1013 ~ 0.7181449,

1
CconvS(S) - {yl/S}v where yl/S = g (]—7 ]-a 1)7
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ie, rx(S) < Teonvs(S) and Cx (S) Nconv S = Cx(S) Nconv S = .

In fact, due to Klee [6], Tcony s(S) = rx(S) for all bounded S C X is equiva-
lent to X being two-dimensional or an inner-product space, and Cx (S) intersects
conv S for all bounded S C X is equivalent to X being two-dimensional or a
complete inner-product space. This classical result of Klee shows the role of
absolute radius and center set for characterizing normed linear spaces.

Let us now use the above circumradii to estimate the distance between a set
S and any point z € conv S\ S.

Proposition 1. Suppose that X is some two-dimensional normed space or some
Euclidean space, S C X, and z € conv S\ S. Then there exists s € S such that

||Z - 5” < TX(S) = rconvS(S)-

Proof. Due to Theorem 1 in [6], we have 7x (S) = rconv 5(5). Since z € conv S\ S
there exists a set S, = {x1, a2,..., xx} C S of k > 2 linearly independent
points such that z € ri(conv Si), where ri A denotes the relative interior of A.
It remains to verify

e
in 2 = i < rx(S) @)

Obviously, it holds for k = 2 that

. 1
min [z —ifl < 5 ller = 220l = reon (21,00) ({21, 22}) = rx ({21, 22}) < rx(S).

Assume (4) for 2 < k < I, we are going to show that it also holds true for
k =14 1. Take a center ¢ from the set Cx(Sk) N conv Sy, which is non-empty
by Corollary 2 in [6]. Then

max [le — zif] < rx(Sk) < rx(S). (5)
If z = ¢ then (4) follows from (5). Otherwise, since ¢ € conv Sy and z €

ri (conv S), the ray from ¢ through z cuts the boundary conv Sy \ ri (conv Sy)
at some point

Z' e conv Sy, where Sy ={x;,xiy, ... x5, } C Sk, K <L
If 2’ € Sk then z € [, 2'] (where [c, /] denotes the segment connecting ¢ and z’)
implies
Iz = 2l < le = 2"l < rx ().

If 2/ ¢ Sk then we can choose Sy so that 2z’ € ri(convSk/). By induction
assumption, there is some y € Sir C S such that ||z’ — y|| < rx(S). Therefore,
it follows from the convexity of the norm and (5) that

Iz =yl < max{[lc—yll, I2" = ylI} < rx(S),

which completes our proof. n
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If dim X = n > 3 and X is not a Euclidean space then it is not sure that,
for any bounded set S C X and any z € conv S\ S, there exists s € S satisfying

|z = sl <7x(S) or [z = sl <7convs(S):
To see this fact, let us consider example (1)—(2) again. For
A=3"1/3 rx(S), Yrtp = (A+p)(1,1,1), and S = {e1, ez, 637yx+u} (6)

we have y; /3 € convS”\ S’ but

1
yaen — yysl =32 (A+M—§)>7“X(S) (7)
and
H@i_y1/3H :TCOHVS(S) >TX(S)7 i:172537 (8)
while
TX(S) = TX(SI) = rconvS’Sl- (9)

Thus, the assertion of Proposition 3.9 in [7] is only true for two-dimensional
normed spaces or for Euclidean spaces, and not for any normed spaces. But this
fact does not influence the main results stated there, which were only formulated
for Euclidean spaces.

Proposition 2. Suppose that X is some two-dimensional strictly convex normed
space or some Euclidean space, S = {x1,x2,...,2} C X, and z € conv S\ S.
Then it holds either

1r§nii£k|\z—aci|\ <rx(S) = Tconvs(S) (10)
or
Iz = ]| = rx(S) = reonvs(S), i =1,2,... k. (11)
Proof. We have to show that
i 2= @] 2 rx(5) (12)

implies (11). Let us prove by induction.

If dim S = 1, then all points of S lie in some segment, say for instance, in
the segment [z1,x)] connecting z1 and x,. Then rx(S) = (1/2)diamS =
(1/2)fr1 ~ ] and

i |2 = il < rx(S) if 27 % (21 + 21).
Therefore, (12) implies z = (1/2)(z1 + x), maxi<i<k ||z — x| < rx(5), and
finally (11).

Assume now that the assertion is true for dim .S <, and (12) holds for some
set S = {z1,x2,..., 2} with dimS =1+ 1 > 2. We have to show (11) now.
Due to Corollary 3 in [6], Cx(S) is a non-empty subset of conv S. If z € Cx ()
then
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—all <
pax ||z — i < 7x(S)

and (12) yield immediately (11). Next, we show that z € Cx(S) is impossible
by considering two cases: z € ri(conv.S) and z & ri(conv S).

If z € ri(conv S), then the ray L from ¢ € Cx(S) through z ¢ Cx (S) cuts the
boundary conv S \ ri(conv S) at 2z’ € conv S; for some S; C S with dim S; <.
Therefore,

le—yll <rx(5) and |z =yl = rx(S) (13)
imply by the convexity of norm that
Iz =yl > rx(S) >rx(S;) forall yeS,.

This means at least L N S; = (), and therefore, the function g(z) = ||z — y| is
strictly convex on L, for all y € S;. Consequently, (13) and 2’ € L\ [e, 2] yield

Iz =yl > rx(S) > rx(S;) forall ye S,

ie., (12) is satisfied for 2z’ and S; instead of z and S while (11) fails, which
conflicts with induction assumption.

If z & ri(conv S), then z € conv S\ S implies z € ri(conv .S;) for some S; C S
with dim S; < [. The inequality

min [z — y[| = rx(S) = rx(5)
YyES;

and dim S; <[ yield by induction assumption that
|z —yll =7x(S) =rx(S), forall y€S.
Therefore, for ¢ € Cx(S) and z ¢ Cx(.9), it follows from the strict convexity of
the normed space X and
e —yll <rx(S) =rx(S) foral yes
that
H%(ch z) — yH <rx(S;) forall ye S,

which conflicts with the definition of rx (S;). Hence, z € Cx () is also impossible
in case z € ri(conv S). ]

The proof of the above proposition uses the fact that for such a space X,
the absolute center ¢ of any finite set S belongs to conv.S. It is no more true
for an arbitrary strictly convex normed space, as stated in Proposition 3.10 of
[7]. An example for this is given by (1)—(3) and (6)—(9), where it holds for
§"={e1,e2,e3,yrtput and yy /3 € conv S\ S’

min{|lyxs . — vassll, ller = yasslls llez — yaysll, lles — yaysll} > 7x (") = reony 505"

We have seen that such distance estimates by using circumradii (as in Propo-
sitions 1-2) cannot be obtained for other finite-dimensional spaces. But we can
use the diameter
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diam S = sup ||z —y||
z,y€Ss

to derive the following similar result.

Proposition 3. Let S be a bounded subset of some n-dimensional normed space
X and z € conv S\ S. Then there exists s € S such that

Iz —s|| < nLHdiams. (14)

If this normed space is strictly conver and n > 2 then

inf |}z - sl| < nLHdiams. (15)

Proof. By Carathéodory’s theorem [2], there is a set Sy = {x1,22,..., 2} C S
of k < n+ 1 linearly independent points such that z € ri(conv.S;). Obviously,
the function
k
f(z) = Zfl(x), where f;(z) = ||z — ]|,

i=1
is convex. Moreover, if the normed space X is strictly convex and k£ > 3 then
f is strictly convex, because for every line L in X there exists an z; € Sy lying
outside of L which implies the strict convexity of f; on L. Therefore, it follows
from

k
)= i~ < (k- —ai]| < (k—1)di =1,2,...
Fay) = llwj—al| < (k—1) max [lz; =z < (k=1)diam § for j = 1,2,....k

i=1
and z € ri(conv Si) that

. 1 k-1 . noo.
11§ni1£k||z—aci|\ < Ef(z) < - max flzy) < leamS < n—HdlamS, (16)

i.e., (14) holds for s € Sy, satisfying ||z — s|| = minj<;<g ||z — ;]|
Assume now that the normed space X is strictly convex and n > 2. If k = 2
then (k—1)/k=1/2<n/(n+1) and (16) yield

min ||z — x| < " diam S.
1<i<k n+1

This strict inequality remains true if k& > 3 because f is strictly convex, and
therefore, z € ri (conv Sy) implies f(z) < maxi<j<i f(z;). Hence, in both cases,
(15) follows from infseg ||z — s|| < miny<i<i ||z — 2] ]

Propositions 1-3 can be applied for proving the following fixed-point theorem
for so-called r-roughly k-contractive mappings T : M — M defined by
[Tz =Tyl < kllz -yl +r forall ,yec M, (17)

where k € (0,1) and r > 0 are given.
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Theorem 4. LetT : M — M be an r-roughly k-contractive mapping on a closed
and convex subset M of some n-dimensional normed space X. If dim X =1 then

1
e M: ||Jz" —Tz"| < 5T (18)

If dim X > 2 then

Ve>03z" e M: ||z" —Tz"|| < r+e. (19)
n+1
If, in addition, the normed space X is strictly convex then
dx*e M : ||lzF —Tx*|| < , 20
. o = Ta")) < (20)

or if X is the n-dimensional Euclidean space then

n
Jz* e M : T < ——— 21
R e (21)

Proof. (a) Fix an arbitrary point g € M and define
T+ ||xo — Txo||

B={zeX:|z—x <7}, where #= %

Since (17) implies
[Tz — zol| — w0 — Txoll < | T — To|| < kllz — ol +r
it holds for z € B that
|Tx — xo|| < k||l — zo|| + 7+ ||wo — Tao|| < kF+ (1 —k)F =7,

Le, Tz € B. Hence, T maps the nonempty compact and convex subset M =
M N B into itself. L R _ L
(b) Consider the set-valued map T : M — 2M defined by T'(x) = conv M (),
where

M(z) = {y € M : there is a sequence (z;) C M such that z; — z, Tx; — y}.

(22)
For all z € M, M(x) # 0 because M is compact. By definition, it is also closed.
Moreover, (17) and (22) yield diam M (x) < r, i.e., it is bounded. Since X is
finite-dimensional, M (x) and conv M (z) are compact (see [8]). Finally, T is
upper semi-continuous (see [3]). Therefore, it follows from Kakutani’s theorem
(see [5] and [9]) that there exists a point Z € M with

z € T(z) = conv M (). (23)
)

(¢) Assume dimX = 1. If |z — TZ| < (1/2)r then (18) holds for z* = Z.
Otherwise, if || — TZ| > (1/2)r, then diam (M(z) UTZ) < r, which follows
from (17) and (22), M(z) UTZ C R and Z € conv M (Z) imply that there exists
§ € M(7) satistying ||z — g|| < (1/2)r. By choosing e = (1/2)r — ||z — g|| > 0
and z* satisfying (24), we have

* * * = = — — * — — 1
lo* =Tz < fl2* = zl| + ||z — gl + Iy = T2 < |z — gl +e =5
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ie., (18) holds true. o
(d) By diam M(z) < r and Proposition 3, there is a § € M(Z) such that

[z —gll < nLHdiamM(fc) < r.

“n+1
Due to (22), for any £ > 0, there exists a point z* € M C M such that

. € . = €
lo* =3l < 5 and |Ta" —g] <. (24)

Consequently,
n

n+1

% = Ta™|| < [l — 2| + |2 — gl| + [|[§ — T="|| < r+e,

i.e., (19) holds true.

(e) If X is an n-dimensional strictly normed space with n > 2 then, by Propo-
sition 3 and (23), there is a § € M(Z) such that

|z — gl < HLH diam M (z) < —

_nJrlr'

By choosing ¢ = n/(n+ 1)r — || — g|| > 0 and z* satisfying (24), we obtain

lo* = Ta"|| < 2" =z + [z — gl + g - Tz"[| < [z -yl + & =

n
ntl
i.e., (20) holds true.

(f) Assume now that X is the n-dimensional Euclidean space. By (23), there
exists a finite set M C M(Z) such that & € conv M. Consider S = M UTZ.
Obviously, Z € conv S. Moreover, it follows from (17) and (22) that diam S < r.
If |z — TZ|| < rx(S) then, by Jung’s inequality [4]

rx(S) < diam S, (25)

2(n+1)

n
r—Tzx| < <,/ —-
I 77 < rx($) < | [5etgs

i.e., (21) is fulfilled for * = Z. Otherwise, if |z —TZ|| > rx(S) then Proposition
2 yields

we have

min ||Z — s|| = min ||z — s|| < rx(S).
€ M seS

Consequently, there is a § € M C M(Z) such that ||Z — || < Teonv 5(S). For
€ =Teonvs(S) = |2 — gl > 0,

(22) implies the existence of 2* € M C M satisfying (24). Therefore, we have
=" = Ta*|| < [lo" = 2| + |2 = 7l + |§ = T2"|| < [|Z = 7l + & = reonv 5 (5)-

Hence, (21) follows from (25) and diam S < r. ]
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Note that r-roughly k-contractive mappings were investigated in [7]. We
showed there that the usual iteration z;11; = T'x; used in Banach’s fixed-point
theorem [1] is only suitable for approximating ~-invariant points satisfying
|[* — Ta*|| < v for v > r/(1 — k) > r. The existence of y-invariant points
with v < r is guaranteed if the domain M is convex, as stated by Theorem 3.11
in [7]. Since the proof of ||z* — Tz*|| < n/(n + 1)r for strictly convex spaces
based on an incorrect proposition, we present a modified proof in this paper,
even for the strict inequality ||z* — Tz*|| < (n/n+ 1)r.

References

1. S. Banach, Sur les opérations dans les ensembles abstraits et leur applications
aux équations intégrales, Fund. Math. 3 (1922) 133-181.

2. C. Carathéodory, Uber den Variabilititsbereich der Fourierschen Konstanten von
positiven harmonischen Funktionen, Rend. Circ. Mat. Palermo 32 (1911) 193—
217.

3. L.J. Cromme and I. Diener, Fixed point theorems for discontinuous mapping,
Math. Programming 51 (1991) 257-267.

4. H. Jung, Uber die kleinste Kugel, die eine rdumliche Figur einschliefit, J. Reine
Angew. Math. 123 (1901) 241-257.

5. S. Kakutani, A generalization of Brouwer’s fixed point theorem, Duke Math. J.
8 (1941) 457-459.

6. V. Klee, Circumspheres and inner products, Math. Scand. 8 (1960) 363-370.

7. H.X. Phu and T. V. Truong, Invariant property of roughly contractive mappings,
Vietnam J. Math. 28 (2000) 275-290.

8. F.A. Valentine, Conver Sets, McGraw—Hill Book Company, New York, 1964.

9. E. Zeidler, Nonlinear Functional Analysis and Its Applications I: Fized-Point
Theorems, Springer-Verlag, New York, 1986.



