Vietnam Journal of Mathematics 31:1 (2003) 45-55

Vietnam Jourmnal
of
MATHEMATICS

© NCST 2003

Topology of the Efficient Sets of
Convex Sets in R**

Nguyen Quang Huy

Department of Mathematics and Informatics, Hanoi Pedagogical University IT
Xuan Hoa, Me Linh, Vinh Phuc, Vietnam

Received June 29, 2001
Revised October 30, 2001

Abstract. In this paper we prove that if a convex subset of R? has compact sections
with respect to the closure C of a convex cone C' (but the set itself may be noncompact)
then its efficient set with respect to C is homeomorphic to a polyhedral convex set,
provided Cisa pointed cone with nonempty interior.

1. Problem Statement and the Main Result

Problems concerning topological structure of the efficient solution sets form an
interesting research field in Vector Optimization. The most important classical
results can be found in [3-5, 8], and the references given in [5]. Some significant
recent results can be found in [1,6, 7], and references therein.

Knowing the characteristic topological properties (such as compactness, con-
tractibility, arcwise connectedness, and connectedness) of the efficient set still
does not mean that one knows its topology. To our knowledge, up to now the
unique case where one knows fully the topology of the efficient set is the one
described in [5, p. 144]. Namely, the following theorem holds.

Theorem 1.1. (See [5, Theorem 3.8, p.144]) If A C R? is a nonempty convex
compact set then the efficient set E(A|C) of A with respect to a nonempty convex
cone C C R? is homeomorphic to a 0-dimensional or an 1-dimensional simplex,
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provided the closure C of C is a pointed cone.

Recently, a long and detailed proof for the above theorem has been given in
[2].

For the convenience of the reader, we recall now some standard notions.

Definition 1.1. (See [9, p.11-12]) An m-dimensional simplez is the convex hull
of a family of m + 1 affinely independent points {b°,b,... 6™} in a Euclidean
space R™ (n >m). A set M C R™ which can be expressed as the intersection of
finitely many closed half spaces of R™ is called a polyhedral convex set. By the
dimension of a convex set M one means the dimension of the affine hull of M.

Definition 1.2. (See [5,p. 39-40]) An efficient point of a set A C R™ with
respect to (w.r.t.) a convex cone C C R™ is a vector x € A such that there exists
noy € A\ {z} satisfying y <c¢ x. The last inequality means x —y € C. The set
of the efficient points of A w.r.t. C is denoted by E(A|C). If the interior intC' of
C' is nonempty, then a vector x € A is called a weakly efficient point of A w.r.t.
C if x € E(A|C"), where C' := intC' U {0}. The set of all weakly efficient points
of A w.r.t. C is denoted by E*(A|C). A cone D C R™ is said to be pointed if
Dn(-D)={0}.

One may ask: What happens if the compactness assumption on A in Theorem
1.1 is omitted?

Let us consider one example.

Ezample 1.1. For A = {x = (v1,72) € R? : 25 > 2%} and C = Rﬁ_ ={z =
(r1,72) € R%: 21 >0, 29 > 0}, one has

EY(A|C) = E(AIC) = {z = (v1,22) € R? 1 25 = 27, x1 < 0}.

Since E(A|C) is noncompact, it cannot be homeomorphic to any simplex. How-
ever, it is homeomorphic to an 1-dimensional polyhedral convex set.

The aim of this paper is to obtain a generalized version of Theorem 1.1 which
is applicable to the class of nonempty convex subsets A C R? having compact
sections w.r.t. the cone C. This class contains all nonempty compact convex
subsets of R2.

Definition 1.3. ([5, Definition 2.3, p.43]) For a subset A C R™ and a convex
cone D C R™, the sets

S)=(x—-D)NA (zeR")

are called the sections of A w.r.t. D. A subset A C R™ is said to have compact
sections w.r.t. D if S(x) is compact for every x € R™.

Note that S(z) is nonempty if and only if € A+ D. Hence A has compact
sections w.r.t. D if and only if S(x) is compact for every x € A + D.
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In the sequel, it is assumed that C C R? is a conver cone such that the
interior intC' of C' is a nonempty set and the closure C of C is a pointed cone.

The main result of this paper is stated as follows.

Theorem 1.2. Suppose that A C R? is a nonempty convex set having compact
sections w.r.t. C. Then the set E(A|C) (resp., EV(A|C)) is homeomorphic to
a 0-dimensional or an 1-dimensional polyhedral convex set. This amounts to
saying that E(A|C) (resp., EV(A|C)) is homeomorphic to one of the following
four subsets of the real line: {0}, [0,1], [0,400), (—o00,+00).

The organization of the paper is as follows. In Sec. 2 we shall establish
two auxiliary results. The proof of Theorem 1.2 will be given in Sec. 3. Sec. 4
presents some examples illustrating the result formulated in Theorem 1.2.

2. Lemmas

Let A C R? be a nonempty convex subset having compact sections w.r.t. C.
The scalar product of x, y € R? is denoted by (z,y). The norm of z € R? is
defined by setting ||z|| = /{z, z). Fix a vector e € intC with |e| = 1.

The following two lemmas will be crucial for proving Theorem 1.2.

Lemma 2.1. The set T := {t € R : S(te) # 0} is nonempty, bounded from
below, and closed.

Proof. Let t° € R be given arbitrarily. We show that

R* = | ] (te - O). (1)

t>0

It is obvious that |J (te — C) C R2. To prove the opposite inclusion, pick any

t>10
r € R%. Since th+m ez — ¢ € intC, there exists t* € (t,400) N (0,+00)
satisfying tlff” € intC. Then t'e — 2 € intC. Hence x € t'e — intC C tle — C.
We conclude that R?2 = |J (te—C). As S(te) = (te— C)N A, from (1) it follows

t>10
that 7" is nonempty.
Suppose, contrary to our claim, that 7" is not bounded below. Then we can
find a sequence {t*} C T, t**1 < t* for every k € {1,2,...}, such that
lim t* = —oc. (2)
k—-+o00
Since

(t*"e —O)n A = (the — (tF —t"hHe —C)n A C (te — C) N A,

we have S(tk*1e) C S(tke) for all k. Consequently, for every k € {1,2, ...},
S(the) C S(tle). (3)
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For each k € {1,2,...}, since t* € T, there exists some z* € S(t*e). The sequence
{||z*(|} is unbounded. Otherwise there exists a subsequence {||z"*/ ||} of {||z*|}
such that _ligrn 2% < 4o00. By (2), t* < 0 for j large enough. So the
j*} oo
inclusion 2%/ € thie — C, for j large enough, implies that
xhi tee 1
ec —
(—ths) (—ths)
By the closedness of —C', one has

tim (-2 c
e\ ) TO) TS

Cc-C.

which is impossible because C' N (—C) = {0} by our assumption on C. We
have thus shown that the sequence {||z*||} is unbounded. From this and (3) we
deduce that S(t'e) is a noncompact set, a contradiction. Therefore 7' must be
bounded below.

Let t° = in% t. Our next claim is that t° € T.. Suppose the claim were false.
te

Then we would have

S(t%) = (te —C)N A= 0. (4)

1
For every k € {1,2,...}, since t¥ := 9 + z belongs to T, one has S(tFe) # 0. So

one can find a vector 2% = tfe — u¥ € S(tke), where u* € C. Since S(t'e) is
a compact set by our assumption and since the inclusion S(tke) C S(t'e) holds
for every k € {1,2, ...}, there is no loss of generality in assuming that

lim zF = 2% € S(t'e) C A. (5)

k—oo

As uF = t*e — z*, we have klim u® = t% — 2°. By the closedness of C,
— 00

tPe — 2% e C. (6)
From (5) and (6) it follows that 2° € (t°e —C')N A. This implies that S(%) # 0,
contrary to (4). We have thus proved that t® € T. Since S(t°) C S(te) for every
t > 19 the inclusion t° € T implies that T = [t°, +0c0). In particular, T is a
closed set. The proof is complete. ™

Lemma 2.2. The set E(A|C) is arcwise connected, i.e., for any a, b € E(A|C)
there exists a continuous function v : [0,1] — E(A|C) such that v(0) = a and

(1) =b.

Proof. Choose a sequence {t*} C T such that t* < t**+1 for every k € {1,2,,..}
and lim t* = +00. Since the inclusions

k—o0
S(t*e) c S(te) C S(t*H1e)
hold for any k € {1,2,...} and ¢ € (t*,t**1), from (1) it follows that

A= G S(the). (7)
k=1



Topology of the Efficient Sets of Convez Sets in R? 49

For each k, from the inclusion S(t*e) C S(tF*+1e) it follows that
E(S(t"e)|C) c E(S(t"e)|C). (8)

Indeed, if (8) were false then there would exist 2 € E(S(t*e)|C)\ E(S(t¥1e)|C).
So there is y € S(tF*1e) \ {#} such that y <¢ z, i.e.,

z—yeC\{0}. 9)
One has
y=z—(r—y)Ccax—C\{0}Cthe —C —C\ {0} Ctle-C.

Hence
y € S(t*e). (10)

From (9) and (10) we deduce that = ¢ E(S(t*¢)|C), which is impossible. So (8)
is proved. We wish to show that

E(A|C) = G (11)

Given any z € E(A|C) C A, from (7) we conclude that there exists k € {1,2, ...}
such that z € S(t*e¢). Then z € E(S(t*e)|C), since otherwise, there exists
y € S(tFe) C A such that z —y € C'\ {0} hence x ¢ E(A|C), a contradiction.

We have thus shown that E(A|C) C U E( (tke)|C). To prove the opposite

inclusion, pick any = € kU E(S(tF )|C’) Let k € {1,2,...} be such an index

that * € E(S(t*e)|C). We must have z € E(A|C). Indeed, assume to the
contrary that there exists y € A such that x —y € C'\ {0}. Arguing similarly
as in the proof of (8), we get y € S(t*e). Then we have x ¢ E(S(t*¢)|C),
which is impossible. Thus (11) is proved. For every k € {1,2,...}, since A has
compact sections w.r.t. C and t* € T then S(tFe) is nonempty, convex, and
compact. Hence we can deduce from Theorem 1.1 that for every k € {1,2,...}
the set E(S(t*¢)|C) is nonempty and arcwise connected. Combining this fact
with (8) and (11) we can assert that E(A|C) is arcwise connected. Indeed, for
any a,b € E(A|C’) according to (8) and (11) there exists k € {1,2, ...} such that
a,b € E(S(tke)|C). By the arcwise connectedness of E(S(t*¢)|C), we can find a
continuous function v : [0, 1] — E(S(t*¢)|C) such that v(0) = a, v(1) = b. Since
E(S(t*e)|C) C E(A|C) by (11), the function ~ : [0,1] — E(A|C) is well-defined,
continuous, and it joins a with b. n

3. Proof of Theorem 1.2

By assumption, A C R? is a nonempty convex subset having compact sections
w.r.t. C, intC # (), and C' is pointed.

We shall prove that E(A|C) is homeomorphic to a 0-dimensional or an 1-
dimensional polyhedral convex set. The desired homeomorphism will be defined
as the restriction of a parallel projection of R? (onto an 1-dimensional affine
manifold) on the efficient set E(A|C).
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Let T={teR: S(te) = (te — C) N A # 0}. According to Lemma 2.1, T is
nonempty, bounded below, and closed. Let

t° = min . (12)
teTl

Fix a point € E(S(t%)|C). From (11) it follows that € E(A|C). Then we
must have z € J(A+C) := (A+C) \int(A+C). Indeed, if Z € int(A+ C) then
there exists p > 0 satisfying +pv € A+C for every v € R2 with ||v|| < 1. Choose
v € intC such that ||v]| = 1. Since  — pv € A + C, there exist x € A, c € C
such that Z — pv = x+c. Then Z — 2 = pv+c € intC +C C intC C C, contrary
to the fact that z € E(A|C).

By the closedness and the convexity of A 4 C, there exists (see [9, Theorem
11.6]) a supporting hyperplane H = {z : (£,z) = a} to (A + C), where ¢ €
R?\ {0} and « € R, such that

(A+C)C Hy:={x: ({,z) >a}, z€H. (13)
Then H is also a supporting hyperplane to A. We claim that
(€, e) > 0. (14)
Indeed, if (£,e) = 0 then ({,Z+e) = (£,Z) = a. Hence Z+e € H. Besides, since
T+ecZ+intC Cint(z +C) C int(A + O),

we obtain 7 + e € H Nint(A + C). In particular, we get H Nint(A + C) # 0,
contrary to (13). If (€,e) < 0 then we have Z +e € A+ C and (£,7 +e) =
&, 7)+ (£, e) < (£,T) = a, contrary to (13). Thus (14) must hold true. For each
x € R?, we set

L(z) = {y € R? : y = x — te for some t > 0}

and define (€.2)
z) —«
t(r) = L—0. 15
W= " =
( 3) and (14), (x) > 0 for each z € A+ C. It follows from (15) that
< — t(x ) ) = a, so x —t(x)e € L(z) N H. We construct a projection II,
A + C — H from A + C into H parallel to the direction —e by setting
He(x) =x —t(x)e€ L(z)NH (Vx € A+0O). (16)

Using (14) one can see at once that L(z) N H is a singleton; so vector Il (z)
defined in (16) is just the unique element of L(xz) N H.

From (15) and (16) it follows that II.(-) is continuous on A + C. Hence the
restriction map

1L : E(A|C) — IL(E(A[C)) (17)

is also continuous. We claim that the map in (17) is one-to-one. If the claim
were false, then we could find 2!, 22 € E(A|C) such that 2! # 22 and II.(2!) =
II.(2?). The last equality means that there exist ¢(z!), t(2?) € R such that

ot —t(xt)e = 22 — t(a?)e. (18)
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If t(x') > t(2?) then (18) implies that z! — 22 = (¢(a!) — t(2?))e € intC, hence
x! ¢ E(A|C), a contradiction. Likewise, if t(z!1) < t(z?) then (18) implies that
x? ¢ E(A|C), which is impossible. Thus #(z') = #(2?). Combining this with
(18) we obtain ! = 22, a contradiction. Our claim has been proved.

Consider the inverse map of the one in (17):

;' : H.(E(AIC)) — E(A|C). (19)
We wish to show that this map is continuous. Fix any @ € II.(E(A|C)). Let
{u*} C I.(E(A|C)) be any sequence satisfying

lim u”

= q. (20)
Let z = II_ () and o* = II_ 1 (u¥) for k = 1,2, ... Clearly, from (16) it follows
that & = T — t(%)e and u* = 2% — t(2")e for every k = 1,2, ... Therefore

T=u+t@)e, "=u"+t@")e (VEke{1,2,..}). (21)

Our task is to show that limy_. z® = Z. First, we observe that the sequence
{t(2*)} is bounded. Indeed, since t(z) > 0 for every x € A+C, we have t(z*) > 0
for every k. If {t(x*)} is not bounded above then, without loss of generality, we
can assume that klingo t(z*) = +o0. So t(z*¥) > t(z) for k large enough, and (21)

yields
oF — 7 uf — @
- = _ 22
i@ @) -
Taking account of (20), (22) and the fact that e € intC, we obtain
oF —z
——— € intC
@ —t@

for k large enough. The last inclusion implies that ¥ — Z € intC. From this
we obtain x¥ ¢ E(A|C) for every k large enough, which is impossible. Thus the
sequence {t(x*)} must be bounded. Combining this with (20) and (21) we see
that the sequence {z*} is also bounded.

From (1) it follows that there exists £ > t° such that 2* € te — C for all k.
Indeed, for any t,#' > 1% ' > t, we have

te—CCte—(t —te—CCte—intC—-C
Ct'e—intC
Cint(t'e — C).
Then from (1) it follows that
R* = U int(te — C).

t>t0

Thus the family {int(te — 6)} ;>0 forms an open covering of the compact set

A = {x’f_ k=1,2,...}. Consequently, there exists some ¢ > t° such that z* €
int(te — C) for all k.
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From the inclusions ¥ € fe — C and z* € A we obtain 2¥ € S(fe). Since
zF € E(A|C), we must have 2% € E(S(te)|C) C E(A|C) for every k = 1,2, ...
By Theorem 1.1, E(S(te)|C) is a compact set.

Let {z%/} be an arbitrary subsequence of {z*} converging to some & € R2.
By the compactness of E(S(te)|C),

¢ = lim 2% € E(S(te)|C) C E(A|C). (23)
j—o0
By (20), lim u" = @. Since t(x) is a continuous function, taking account of
j—oo

(21) and (23), we have

® 8B B =

u=T—t(Z)e =1 — t(I)e. (24)

t(Z) > t(z) then (24) implies that & — & = (¢(2) — t(Z))e € intC. Hence

¢ E(A|C), contrary to (23). Similarly, if ¢(Z) < ¢(Z) then (24) implies that
§Z E(A|C), which is impossible. Thus #(Z) = ¢(z). From (24) it follows that
= Z. Since Z is the limit of any converging subsequence of the bounded
sequence {z*}, we can deduce that the sequence {z*} converges to 7. We have
thus proved that the map II; ! in (19) is continuous at any point @ € II.(E(A|C)).

From what has been said we conclude that the map II.(-) in (17) is a
homeomorphism. From Lemma 2.2 it follows that II.(E(A|C)) is arcwise con-
nected. Combining these with the obvious facts that II.(E(A|C)) C H and
dimH = 1, we deduce that F(A|C) is homeomorphic to Il (E(A|C)), which is a
0-dimensional or an 1-dimensional polyhedral convex set.

For proving the second assertion about the topology of E*(A|C), we set
C'" = intC U {0}. Since intC’ = intC and C” = C, we deduce that intC’ # () and
A has compact sections w.r.t. the pointed convex cone C’. Applying the first
assertion of the theorem to the pair (A4, C") instead of (A, C'), we conclude that
E(A|C") is homeomorphic to a 0-dimensional or an 1-dimensional polyhedral
convex set. The proof is complete because E*(A|C) = E(A|C") by definition. m

4. Some Examples and Remarks

In Example 1.1 we have dealt with a set A C R? for which the set of the weakly
efficient points coincides with the set of the efficient points and both of them are
homeomorphic to the 1-dimensional polyhedral convex set [0,+00) of the real
line. It is easy to check that the set A has compact sections w.r.t. the cone Ri.
Thus Theorem 1.2 can be applied to this example.

To see the variety of convex sets and convex cones to which Theorem 1.2
can be applied, we consider several additional examples. For simplicity, in the
following examples we always take

C={z=(r1,29) €ER*: 27 >0, 25 >0}U{(0,0)}.
Note that all the sets A under consideration have compact sections w.r.t. C' =

R?.

Example 4.1. Let A = {:c = (z1,72) € R? : 29 > ﬁ +1, z1 > 1}. Then
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1
1'171

E*(A|C) = E(A|C) = {x = (21,22) 1 29 = +1, 1> 1},

and both the efficient sets are homeomorphic to the 1-dimensional polyhedral
convex set (—oo, +00) of the real line.

Ezxample 4.2. Let A = {x ER?:2>x1>1, 29> %}U{x ER?:21>2, 29>
x1}. We have

E"(A|C) =

2
{x:xlzl,xQEZ}U{x:2>x1>1,x2=—}U{x:x122,x2:1},
x1

2
E(A|C)={$:2>x121,xgzm—}u{x:$122,301:1}.
1

So E¥(A|C) (resp., E(A|C) is homeomorphic to the interval (—oo, +00) (resp.,
the closed interval [0, +00)) of the real line.

Example 4.3. Let A = {x € R? : 229 > x1 > x3}. We have E¥(A|C) =
E(A|C) ={(0,0)}, so both the efficient sets are homeomorphic to the 0-dimen-
sional polyhedral convex set {0} of the real line.

Ezample 4.4. Let A= {x € R?> : z9 = —x1+1}. Then the efficient sets E“(A|C)
and E(A|C) coincide with A, which is homeomorphic to the real line.

Ezample 4.5. Let A={z € R?: 21 > 1, 3 > 1}. We have

EY(AIC)={z:x1 =120 > 1}U{z: 21 > 1,29 = 1},
E(AIC)={x:21 > 1,20 = 1}.

Thus E* (A|C) (resp., E(A|C) is homeomorphic to the interval (—oo, +00) (resp.,
the closed interval [0, +00)) of the real line.

In [3], a result on the topology of the efficient set E(A|C) of a (possibly
unbounded) set A C R? w.r.t. a pointed, closed, convex cone D C R? was given.
Actually, a “vector maximization problem” is considered in [3], while a “vector
minimization problem” is considered in our paper. The efficient set in [3] is
composed of those x € A such that there exists no y € A\ {«} satisfyingy >p «
(i.e., y —x € D). Tt is clear that the set coincides with the set E(A|C'), where
C := —D, defined as in Definition 1.2. In what follows, all the material taken
from [3] will be adapted to our notation.

Definition 4.1. (See [3, Definition 2.3]) It is said that A is D-convex, D-closed
if A4+ D is convex, closed, respectively. If there is a bounded set A such that
A+ D C A+ D, then A is called D-bounded. If A is D-closed and D-bounded,
then it is called D-compact.
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Consider the set A defined in Example 4.1 and choose D = Rﬁ_. It is easy to
check that A is D-convex and D-closed. In order to show that A is D-bounded,
one can choose A = {(1,1)} and observe that A+ D C A + D. Therefore A is a
D-convex, D-compact set.

The following statement will clarify the relation between the notions “D-
compact sets” and “sets having compact sections w.r.t. D”.

Proposition 4.1. Suppose that D C R™ is a nonempty, pointed, closed, convex
cone; A C R™ a closed set. If A is D-compact then A has compact sections with
respect to D.

Proof. Let A C R™ be a bounded set satisfying
A+DcCA+D. (25)

Given any © € A+ D, we have to show that S(z) := (z — D) N A is compact.
Since A and D are assumed closed, we see that S(z) is closed. It remains to
prove that S(x) is bounded. From (25) it follows that

S(z) = (z—D)NAC (z — D) (A + D). (26)

If S(x) is unbounded then there exists an unbounded sequence {y*} C S(z). By
(26), there are some sequences {d*} C D, {u*} C A, and {d*} C D, such that

Y=z —d" =uF+d* (Vk=1,2,..). (27)

From the boundedness of A we deduce that the sequence {u*} is bounded. Since
{y*} is unbounded, {d*} must be unbounded. Without loss of generality we can
assume that ||d¥|| — +oco and d*/||d¥|| — v for some v € R", |v|| = 1. Dividing
both sides of the second equality in (27) by ||d*|| and taking limit as k — oo, we
obtain
dk
—v = lim

. 28
A T (28)

Since d*/||d*|| € D for every k and since D is closed, from (28) it follows that
—v = v for some v € D. The last inequality contradicts the assumption that
D is a pointed cone. We have thus shown that S(x) is bounded. The proof is
complete. ]

Note that the sets A defined in Examples 1.1 and 4.4 have compact sections
wr.t. D= Ri, but they are not D-compact. Combining this fact with Proposi-
tion 4.1 we can conclude that, in general, the class of closed subsets of R™ having
compact sections w.r.t. a pointed, closed, convex cone D is strictly larger than
the class of closed subsets of R™ which are D-compact in the sense of Definition
4.1.

Note that if D is a closed, convex cone and there exists a compact convex
set A such that A+ D = A+ D then A is a D-convex, D-compact set.

Theorem 4.1. ([3, Theorem 3.1]) Suppose that D C R? is a pointed, closed,
convex cone; A C R? a nonempty set such that there exists a compact convex
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set A C R? such that A+ D = A+ D. Then E(A|D) is homeomorphic to a
0-dimensional or an 1-dimensional simplez.
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