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Abstract. The aim of this paper is to establish the equivalence between the notion
of weakly holomorphic extension and that of holomorphic extension of Fréchet-valued
functions on compact subsets in C™.

1. Introduction

Let E, F be locally convex spaces and X C E be a subset of . A function
f X — F is called to be holomorphic on X if f can be extended to a holo-
morphic function f : U — F, where U is a neighborhood of X in F.

By H(X, F) we denote the space of F-valued holomorphic functions on X.

A function f : X — F is called to be weakly holomorphic if for every u €
F’, the topological dual space of F, the function uf : X — C is holomorphic
on X.

By H, (X, F) we denote the space of F-valued weakly holomorphic functions
on X.

For a long time, the problem of finding conditions for X and F' such that

Hw(XaF) = H(XvF) (1)

has been interested by many authors. In the case X is an open subset and F’
is a Baire space (1) was first proved by Bogdanowicz [4] and, after that, by
Ligocka—Siciak [13] and in the more general case by Van [21]. Next, when X
is a compact set of uniqueness in a Banach space, by using the closed graph
theorem Waelbroeck proved the equality (1) for the case where F' is a Banach
space (see [27]). The idea of using the closed graph theorem of Waelbroeck in
establishing the equality (1) for Banach-valued functions is a starting point of
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our investigation when F' is a Fréchet space. Next, under the assumption that
F’ is still a Baire space Khue and Tac [11] have shown that (1) holds in the case
either E is a nuclear metric space or F' is nuclear. Note that the Baireness of F’
plays a very important role in the works of the above authors. The case where
F’ is not a Baire space, in particular, when F is a Fréchet space which is not
Banach, (1) is established by Hai [9].

In [9] Hai proved that (1) holds for every Z—regular compact subset in any
nuclear Fréchet space F if and only if F is a Fréchet space having property (DN).

Recently, some authors have investigated the equality (1) for Fréchet-valued
real analytic functions on open subsets X C R"™. The first result in this direction
may be found in [7]. In the special case authors have proved the equivalence
between weakly real analytic and real analytic extension for Fréchet-valued func-
tions in relation with the linear topological invariant (DN). Recent year Bonet
and Domanski [5] completely solved this problem for Fréchet-valued functions
also in the relation with the linear topological invariant (DN).

This paper is devoted to establish (1) in the case where X is a compact
subset of uniqueness in C" in the terms of the property (LB).

Namely, we prove the following

The main theorem. Let F be a Fréchet space. Then F has property (LBoo) if
and only if

H,(X,F)=H(X,F)

for every compact set of uniqueness X in C™ and for every n > 1.

The proof of this theorem is relied on the auxiliary Theorem 1 which is of
independent interest.

2. Preliminaries

2.1. Kothe Sequence Spaces. Now we introduce the Kéthe sequence spaces A(B).
Let B = (bj,k); 1., e a matrix satisfying the following:

(1) 0< ijf < bj7k+1 for all 7,k > 1,

(2) For each j > 1 there exists k > 1 such that b;; > 0,
Then we define the Kothe sequence space A(B) by:

oo

AB)={¢=(&) € CV:|lgllk =D I&lbjk < +oo forall k>1}.

j=1

Obviously A(B) is a Fréchet space under the natural topology induced by
the semi-norms (||.[|x);>-
Let a = (a),,>, be an unbounded increasing sequence of positive real num-

bers( liJrrn an:Jroo) and 0 <7, /" R.

By putting b; , = rzj we define the power series space
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Ar(a)={&= (&) cON 1 ||€|n = Z &|rp? < 400 forall k>1}.

j=1

Agr(a) is called a power series space. In the case R =1 (resp R = o0), Ai(a)
(resp. Axo(@)) is called the power series space of finite (resp. infinite) type.

2.2. For a Fréchet space F' we always assume that its topology is defined by an
increasing system (||.||»),,~; of semi-norms .
Then by F;, we denote the canonical Banach space associated to the semi-norm
[[lln- Let Up = {x € F:||z|, <1}

We consider that {U,}n>1 is a decreasing neighborhood basis of 0 € F. For
u € F’, (the topological dual space of F'), we define

l[ully, = sup{ [u(2)| : [l«]x <1}

supq |u(z)| : z € U }.

In [22] Vogt has introduced and investigated the following linear topological
invariants on a Fréchet space F' with the topology defined by an increasing
sequence of semi-norms (|| .||x),~,. We say that F' has the property

(DN) if Ip Vg IkVd>03C>0:

||x||é+d < Cllz||% ||:UHZ for all z € F;

(LBoo) if V{pn} / +00 Ip Vg Ik(q) > q,C > 0 Vo € F 3¢ <m < k(q):
gt < Cllallm l2]5m.

In [22] Vogt proved that F' has the property (LB ) if and only if
L(As(a), F) = LB(Aso(a), F)

for any exponent sequence a = (ay,)n>1, where L(A (), F) denotes the space
of continuous linear maps from Ay («) to F and LB(A (), F') consists of con-
tinuous linear maps which are bounded on some neighborhood of 0 € A («).

2.3. Let X be a subset of C" and E a locally convex space. A function f
defined on X with values in F is called holomorphic on X if it can be extended
to a holomorphic function on a neighborhood of X in C™. If this holds for uf
with all u € E’, the topological dual space of E, then we say that f is weakly
holomorphic on X.

Let V be an open subset of C™. We let

H=(V) ={f € HV) : [[fllv = sup{[f(2) : 2 € V} < o0},

where H (V) is the space of holomorphic functions on V. H*(V) is a Banach
space with the norm || .||y
Let X be a compact subset of C*. On |J H>(V), we define the equiva-

VDOX
Vopen

lence relation ~ as follows: f ~ g if there exists a neighborhood W of X such
that le = glw.
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We denote by H(X) the vector space of equivalent classes and the elements
of H(X) are called germs of holomorphic functions on X. H(X) is equipped
with the inductive limit topology

H(X) = limind H>® (V).

Now let X be a compact subset of C™. X is called a compact subset of uniqueness
if for every f € H(X), f|x = 0, then f = 0 on some neighborhood of X.

2.4. Let Q be an open subset of C”. A set E C Q is said to be pluripolar
if for each a € E there exist a connected neighborhood V of a in 2 and a
plurisubharmonic function

2 V — [7007 +OO)7 @% —0Q,

on V such that ENV C {z € V : ¢(z) = —oo}. It has been proved in [12]
that any locally pluripolar set E C () is globally pluripolar, i.e, there exists a
plurisubharmonic function ¥ on 2, ¢ Z —oo on every connected component of
Qand F C {¢p = —o0}.

2.5. Let 2 C C™ be an open subset and E C €. The relative extremal function
associated to the pair (E, Q) is defined by (see [12])

uga(z) =sup{v(z): ve€ PSH(Q), v<0 on E, v<1 on Q}, z€Q,

where PSH () denotes the set of plurisubharmonic functions on . We denote
by w(z, E,Q) = u} o(2) the upper regularization of ug o(2). Then the function
w(z, E, ) is plurisubharmonic on .

We say that E is pluriregular at a point a € E if w(a, ENV, V) = 0 for every
open neighborhood V of a.

Denote by E* the set of all points a € E N such that E is pluriregular at
a.

By a result of Bedford—Taylor [2] if £ is non-pluripolar then E* # () and E*
is non-pluripolar.

2.6. Let € be an open subset of R™ x ... x R™ and F be a Fréchet space.
A function f : Q — F is called to be p-separately analytic (1 < p < s) if
for every 2° = (29,...,22) € Q and for every sequence 1 < iy < ... < i, < s the

function
(Tiyy ey 24,) — f(:n(l), ey Ty 5 T ...,:Eg)

is analytic in a neighborhood of (x?l, ).

ey ip

For a p-separately analytic function f: ) — F, let
A(f)={z € Q: f is analytic in a neighborhood of =z}

denote its analytic set, and S(f) = Q\ A(f) its singular set.

2.7. Let K,L be compact sets in C™,C™ respectively and F' a Fréchet space.
Let f: K x L — F be an arbitrary function. The function f is said to be
separately holomorphic if the following conditions are satisfied:

(1) For every = € K, the function f, : L — F is extended holomorphically to a
neighborhood V of L in C", where f,(y) = f(z,y) forx € K, y € L.



Weak Holomorphic Extension of Fréchet-Valued Functions 157

(#3) For every y € L, the function f, : K — F'is given by f,(z) = f(z,y) for
z € K, is extended holomorphically to a neighborhood U, of K in C".

2.8. Let E be a locally convex space and A C E. By ConvA we denote the
balanced convex envelope of A, that means

ConvA = {zn:)\ixi, r; €A, z”: A < 1}.
i=1 i=1

3. Weakly Holomophic Extension of Fréchet-Valued Functions on Com-
pact Subsets of Uniqueness in C”

The aim of this section is to establish the equivalence between the notion of
weakly holomorphic extension and that of holomorphic extension of Fréchet-
valued functions on compact subsets of uniqueness in C™. In order to obtain
this equivalence the linear topological invariant (LBy) plays an essential role.
Hence, first we investigate the following

3.1. Stability of Property (LB,) for Second Duals

Now we prove the following

Theorem 1. Let F' be a Fréchet space having property (LBoo). Then (Fy,,.);
and, in particular, F§ has also property (LB ) where Fy,,. denotes the dual space

bor

F’ equipped with the bornological topology associated to the strong topology 3.
In order to prove the above theorem we need the following

Lemma 1. A Fréchet space F has propety (LBo) if and only if Y{p.} /
400 dp Vg Ing > q, D > 0 such that

UY C D Clyiprpy conv( U N {rpk Uo + %Ug}). 2)

q<k<ng r>0
Proof
Sufficiency. Let A denote the set in the right part of (2). For z € F we have
[ #]lq = sup{ |u(z)| : v € UJ}.
By (2) it follows that
llzllg < sup{lu(z)|:u € A}.

On the other hand, it is easy to see that A is o(F”, F')-compact. However, since
x is o(F', F)-continuous for all x € F then in order to obtain the estimation
sup{|u(z)|:u € A}

it suffices to estimate

sup{ |u(z)|:ue D Conv( U ﬂ {rp’“U,g + %Ug})}.

q<k<ngr>0
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1
Let w € D Conv( U ﬂ{r”"U,?—i—; Uz?})' Write u = DZ)\juj,Z [Aj] <1,
q<k<ngr>0 jel Jjel
1
. . 0 0
where I is finite and u; € U m {r”’“Uk + - Up}.
q<k<ngr>0
1
By the balanced convexity of the sets ﬂ {7"”’“ U,S + - Ug} forall g <k <ng
r

>0
one can assume that

no
u=2D E )\jUj,
J=q

1
0 0 .
where u; € ﬂ {erUj + - Up}, j=q,...,ng.
r>0
Hence
fu(@)| <D max [uy(a)].
g<j<no
. . 1 0 0
For each r > 0 write u; = r® v, + —w,, v, € Uj , Wy € Up.
r
Then

) 1 ) 1
a5 (@) < 2 on(@)] + S lwp @) < 7zl + ], forall r>o0.

Hence

Pj —Pj 1

J 1
uj(@)| < Cjllell;™ llallp™ , where Cj=(p;™" + p;""), a<j<no

Pj
1+p;

1
This implies that |u(z)] < D max Cj||:n||;+')" l|z|l,”", for all u € D
q<j<no

1
Conv( U m {7")" Ul + = Ug}). Hence, by the above argument it follows
q<k<ngr>0 r
that
1 ]

T+p; T+p;
lzlq < D max Cjllz]; el

This yields that there exists ¢ < k < ng such that

1 Pl
|llg < DCwl[l,""* llllp ™",

or, equivalently,
lzllgt? < Cllzllxllzlps,
where C' = (DCy)'*** only depends on ¢. Hence F' has the property (LBo).
Necessity. Now let F' have property (LBx). Then
V{pr} / +o0 IpVq Ing > ¢q,D >0Vx € F ¢ < k < ng:
lzllg" < Dlax]lz]p*

We prove that (2) holds for the above D.
Assume that (2) is false. This means that we can find
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1
0 0 0
u €U, \ D Clypr ) Conv( U ﬂ {rpkUk + - Up}).
q<k<ngr>0
Since F' = (F',o(F', F))’, by Hahn—Banach theorem, it follows that there exist
x € F with |u(z)| > 1 and |v(z)| <1 for all
1
veD U ﬂ {rp’“U;SJr;US}.

q<k<ngr>0

Hence

sup{|v(m)| veD mo{rp’“U,ng%Uz?}} <1
>

for all ¢ < k < ng. This shows that for every ¢ < k < ng and every r > 0 we

have , 1 1
k — J—
el + el <

Hence,

(o Tor 4 o ) llally ™ flllp ™™ <

o~

for all ¢ < k < ny.
However, from —p, 1
Pk LT pp =1

for all ¢ < k < ng we derive that
1+1p lip 1
k E<—
R

Hence - Lk
) )
Dljzlly"™* [lzlp™™ <1

for all ¢ < k < ny.
By the hypothesis we claim that ||z|; < 1. Hence |u(x)| < 1 which is impossible.

Proof of Theorem 1. Assume that F has property (LBy). By Lemma 1 we have
V{pn} /" +o0 Ip ¥q Ing > ¢, D > 0 such that

U) C D Clyprpy COHV( U ﬂ {TpkU’S T % US})

q<k<ngr>0

cp Y N {r”’“U;SJr%UZ?}.

q<k<ngr>0

The last inclusion is a consequence of the o(F”, F')-compactness and the balanced
1
convexity of ﬂ {rPeUR + ;Ug}. Then for u € (Fy,,.); we have
r>0
lullg” = sup{lu(y)| : y € Ug}

<D Y |ul 1
4<k<no I:l{rpka-F;;Ug}

1 Pl

<D Y Culluly T T

p
q<k<ng
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— Pl 1

I+pg 1+pp )

where C, = ( p + P

Hence

1

Pk
lully* < Dno_masx (Cillulli™™ ull; ).

This shows that (£},,)} has the property (LBe).

3.2. Holomorphic Functions on Compact Sets in C™

The main result of this section is to prove the main theorem. However in
order to meet reader’s convenience we recall the contents of this theorem.

The main theorem . Let F be a Fréchet space. Then F has property (LBs)
if and only if
H,(X,F)=H(X,F)

holds for every compact set of uniqueness X in C" and for every n > 1.

Proof

Necessity. Assume that F has property (LB).
It suffices to prove that H,(X,F) C H(X,F). Let f € H,(X,F). By the
uniqueness of X we may define a linear map

fiF — H(X)

given by . —
flw) = uf

for u € Fy,., where L/L} denotes the holomorphic extension of wf to some
neighborhood of X in C™.

Again by the uniqueness of X it follows that f has a closed graph. Hence,
from the closed graph theorem of Grothendieck [8] it follows that f is continuous.
On the other hand, by [14] [H(X)]j is isomorphic to a quotient space of s =
Asc(log(n 4 1),,>1), where s is the space of rapidly decreasing sequences.

Now, by a result of Vogt [22] we infer that
L(Fyop, H(X)) = LB(Fy,,, H(X))

because (f)l : (H(X))’ﬁ — (Féor)/ﬁ

is continuous and by Theorem 1 (Fy,,.)}; has property (LBs). Hence, we can

find a neighborhood W of 0 € F},, such that F(W) is bounded in H(X). Since
H(X) = limindH*>(V,) is regular [6], we derive that there exists p such that
p

f(W) is contained and bounded in H>*(V,,). Then f(F},.) C H®(V,).
Now we define a function g : V, — (Fy,,)}; by setting
g(z)(u) = f(u)(z) for z€V,, ueF,.

Then g : V, — (F},,)} is holomorphic. Moreover, it is easy to see that g|x =
f. Again by the uniqueness of X and by the identity theorem, we infer that
there exists a neighborhood V' of X such that g : V' —— F is holomorphic and
it is a desired holomorphic extension of f.
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Sufficiency. First by [16] there exists a compact polar set of uniqueness X C C.
Then by a result of Zaharjuta [25] H(X) = H({0}). Hence

[H(X)]5 = H({0})j; = H( Cx \ {0}) = H(C).

Then second isomorphism is a result of a dual theorem of Grothendieck. By
Vogt [22] in order to prove that F' has property (LBs) it suffices to prove that

L([H(X)]3, F) = LB([H(X)]5, F).

Let S € L([H(X)]}, F) be given. Then we can define a map f: X — F given
by f(z) = S(0,) where d,(h) = h(z) for z € X and h € H(X) is the Dirac
functional. It is easy to see that f € H, (X, F). Using the hypothesis we can
find a neighborhood U of X in C and a F-valued holomorphic function f on U
such that f|X =f.

By shrinking U we may assume that B = f(U) is bounded in F. Then

18" (w)(2)| = |f(z)(u)| <1forzeU, ue B°,

where B denotes the polar of B in Fé. This shows that S’(B°) is contained
and bounded in H*(U) and, hence, S’(B") is bounded in (H'(X)g)" = H(X).
Put C = (S'(B°))°. Then C is a neighborhood of 0 € [H(X)]}.

Now for u € BY and t € C we have

SO W) = 19" w)(®)] <1.

Thus S(C) € B N F and, hence, is bounded in F. The desired conclusion
follows.

4. Singular Sets of Fréchet-Valued Separately Holomorphic Functions
on the Product of Compact Subsets

In this section we extend results of Saint Raymond - Siciak - Blocki on structure
of singular sets of Fréchet-valued separately holomorphic functions to products
of compact subsets and to open subsets.

For the product of compact subsets by using the results of Alehyane and
Zeriahi [1] we establish a result on structure of singular sets of Fréchet-valued
separately holomorphic functions on the product of two compact subsets. The
analogous problem for a product of more two compact subsets is still an open
problem.

For the case of open subsets it is easy to see that the results of Saint Raymond
- Siciak and more general, of Blocki are still valid for functions with Banach val-
ues. However, it is difficult to study the problem for functions with Fréchet
values because such functions are given by a sequence of functions with Banach
values. Hence, in general, the singular set of the given function is not able be
contained in the union of singular sets of component functions with Banach val-
ues. Here we only prove results of Saint Raymond - Siciak - Blocki for functions
with values in Fréchet spaces having the linear topological invariant (DN) and
the general case is still open.

Let K, L be non-pluripolar connected compact subsets in C", C™ respec-
tively and F' a Fréchet space. Let f : K x L — F be a separately holomorphic
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function. We put A(f) = {(z,y) € K x L: f is extended holomorphically to
an open neighborhood of (z,y) in C* x C™}, and S(f) = K x L\ A(f). Now

we have

Theorem 2. Let S7 and Sy be the projections of S(f) to C™ and C™ respectively.
Then S1 is pluripolar in C™ and So is pluripolar in C™.

The proof of Theorem 2 relies on the following

Lemma 2. LetU C C™, V C C™ be domains and K C U, L C V non-pluripolar
closed subsets and F a Fréchet space. Let

Y=(KxV)u(U x L)
and f: Y — F be a function satisfying
(i) The function f,:V — F given by
f2(w) = f(z,w), weV,
is holomorphic on 'V for all z € K;
(ii) The function f*: U — F given by
fw(z) - f(zaw)a z€eU,

is holomorphic on U for all w € L

Then f is extended holomorphically to an open neighborhood Q of Y™ =
(K x L*)U (K* x L) which is the union of connected components of Y meeting
K* x L*, where

Y ={(z,w) € UxV :w(z K" U)+ww,L* V) <1}
Proof. Let u € F’ be an arbitrary continuous linear form on F. Consider the

separately holohorphic function
uf:Y — C.

By a result of Alehyane and Zeriahi [1, Théoréme 2.2.4] uf has a holomorphic
extension Q/L}’ :Y — C. Let Q be the union of connected components of Y
meeting K* x L*. By the indentity principle we can define the map

S Féor — H(Q),

given by
S(u)(z) = 1:}(2), 2€Q, uek,,

where F) . is F' equipped with the bornological topology associated with the
strong topology 3.

By the definition of © and by using the identity principle, it follows that S
is linear and has a closed graph. Hence, in view of the closed graph theorem of
Grothendieck [8] we derive that S is continuous.

Now we can define the map fio— [Fyor)i3 Dy the formula

F)(w) = S@)(z), 2€Q, ue Fy,.

For each u € F},,. we have
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fe)w) = S)) = uf(z), = € 2
and hence, we deduce that f : Q — [F}

bor|3 is holomorphic. However, F is a

~

closed subspace of [Fy, ]j; and f(K* x L*) = f(K* x L*) and by the definition
of 2 and the identity principle it follows that f: ) — F' is holomorphic. The
lemma is proved.

Proof of Theorem 2. Since K and L are connected compact subsets in C"
and C™ respectively, then there exists a connected decreasing neighborhood
basis {Uk}r>1 of K in C™ (resp. {Vi}r>1 of L in C"). Suppose that S is not
pluripolar. For each k& > 1 put

Sy ={weS: f¥eHU,F)}.

Then Sz = |J S&. Thus there exists kg > 1 such that S§ is not pluripolar
k>1

for every k > ko. Moreover, without loss of generality, we may assume that for

every k > ko, S% is closed. Similarly, for each j > 1 put

Zj={zeK: f,e HV,;, F)}.

Then K = |J Z; and, hence, there exists jo > 1 such that Z;, is not pluripolar.
j=>1

We also assume that Z;, is closed. For each £ > ky consider the separately

holomorphic function

[ (U x S5)U(Z, x Vj,) — F.

By Lemma 2 f is extended holomorphically to a neighborhood of Uy, x (S&)*.
Thus f extends holomorphically to a neighborhood of |J Uy x (S5)*.
E >k
This follows that ’
S S x(S2\ | Usx (S5)).

k>ko

H
ence 52 c SQ\ U (S§>*’ or U (Sf)* :(Z).

k‘Zk‘o kaO

This is impossible, because S4 is non-pluripolar for k > ko then by a result of
Bedford-Taylor [2] U (S%)* # 0.
k>ko

In 1992, by omitting the assumption p > s/2, Blocki [3] gave a complete
characterization of singular sets of separately analytic functions. At the end of
this paper we want to extend the result of Blocki to Fréchet-valued separately
analytic functions. However as the above we only establish this result in the
case where F' is a Fréchet space having the property (DN). Namely, we prove
the following

Theorem 3. Let 0 C R™ x ... x R™ be an open subset and F' a Fréchet space
having the topological linear invariant (DN). Assume that f : Q@ — F is a
p-separately analytic function (1 < p < s). Then for every 1 < j1 < ... <
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Jjg <8, ¢ = s —p the projection of S(f) on R™1 x ... x R™a is pluripolar in
Cm™i1 x ... x C™a,

First of all, by repeating arguments used in the paper of Blocki [3], we remark
that Theorem 3 still holds in the case where F' is a Banach space. By using this
remark we give the proof of Theorem 3 as follows.

Proof of Theorem 3. Let F' be a Fréchet space with the topology defined by an
increasing sequence of semi-norms

e < e £ S e <

By F}, we denote the Banach space associated to the k-th semi-norm. Since F'
has the property (DN), we have

(DN) IpVq3kVd>03C>0:

11 < Cl- el - 15

Write F' = limprojFy. Let IIx : I — F} be the canonical projection and put
fr=Igo f. If f: QO — F is a p-separately analytic function then it is easy to
see that for each £ > 1 the function fi :  — F} is also p-separately analytic.
Now we prove that if F' has the property (DN) then

S(f) < | St (*)
k=1

Indeed, let ¢y ¢ U S(fr). Hence, fi is analytic at zg for all k > 1. Write the

k=1
Taylor expansion of fj at xp in the form

fk(xO + h) = Z -Pn,f;C (1'0; h)a
n=0

where the right series is convergent in the ball B (Jco, ) with

_ L
1 Rfk (:EO)
Rfk (xo) =

T-

Since F has the property (DN) then for h € C™ x ... x C", ||h]| < 1 we
have
1P, g, (0, )15 < Cl\Pa, g, (20, W) |1 || P, (0, 1) I3

Hence, Lid 4
|Pa. g, (@)lIE < 1P g, (20) | 6l| Py, (o) 2

This implies that
Ly14+d 1
(I[Pus, (z0)]|57) " < €7

1.d
b

1o @I ([| o, (20)]

and we derive that

Ry, > (Ry,)™ (pr)#dd-
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On the other hand, from the property (DN) we can choose d sufficiently large
such that

R > L and (B )™ > IR

(Ry)™0 > 5 and (Ry, )™ > SRy,
Thus, if d is chosen sufficiently large then for all ¢ > 1 we have

1
qu > Zpr = R,

and the function f, is analytic on B(zg, R). This fact shows that f is analytic
at o, and, hence zg & S(f). The inclusion (x) has been proved. Let II; . ;.
denote the projection of S(f) onto R™1 x ... x R™a¢, ¢ = s — p. From (%) we
have

0,5, ((S(H) © |J M., (S(fr)),
k=1

and the pluripolarity of IT;, ;. ((S(f)) in C"1 x ... x C"a follows.
Theorem 3 is proved.
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