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Abstract. The paper is concerned with the study of almost sure convergence of

weighted quadratic forms for martingale difference sequences of random variables.

1. Introduction

Let (Ω,�, P ) be a probability space and {�n, n ≥ 1} be an increasing sequence
of sub-sigma fields of � and {Xn, n ≥ 1} be a sequence of independent real
random variables adapted to {�n, n ≥ 1} such that E[Xk] = 0 and E[X2

k ] =
1 for k = 1, 2, ... Let (ajk), j, k = 1, 2,... be a matrix of real numbers (not
necessarily symmetric). Varberg (1968) has studied the almost sure convergence
of Sn =

∑n
j,k=1 ajkXjXk as stated below.

Theorem A. If
∑∞

j,k=1 a2
jk < ∞ and

∑∞
k=1 |akk| < ∞, then Sn =

∑n
j,k=1 ajk

XjXk converges almost surely.

Theorem B. If there are positive constants δ and ε such that P [|Xk| > δ] ≥
ε, k = 1, 2, . . . , if

∑∞
k=1 |akk| < ∞, then

(a)
n∑

k=1

[ k−1∑
j=1

(akj + ajk)Xj

]2

,

(b)
n∑

k=1

[ k−1∑
j=1

(akj + ajk)Xj

]2

X2
k and

(c)
n∑

k=1

[ k−1∑
j=1

(akj + ajk)Xj

]
Xk +

n∑
k=1

akkX2
k converge on equivalent sets, i.e. on

sets which differs at most by null sets.
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Definition 1. An adapted sequence of random variables {Xn,�n, n ≥ 1} is said
to be a martingale difference sequence if E[Xn | �n−1] = 0 a.s. for each n ≥ 2.

In this paper we have proved results of the type mentioned in Theorems B
and A for martingale difference sequences.

2. Main Results

Theorem 2.1. Let
(i) {Xk, k ≥ 1} be a martingale difference sequence with E[X4

k | �k−1] = c < ∞,
E[X3

k | �k−1] = 0, and E[X2
k | �k−1] = 1 for all k ≥ 1;

(ii) (ajk), j, k = 1, 2, ... be a real symmetric matrix with
∑∞

j,k=1 a2
jk < ∞ and∑∞

k=1 |akk| < ∞. Then Sn =
∑n

j,k=1 ajkXjXk converges in quadratic mean
and almost surely.

Remark 2.1. If (ajk) is not symmetric, ajk = ajbk and if
∑∞

j,k=1 a2
jk = M < ∞,

then

Sn =
n∑

j,k=1

ajkXjXk =
( n∑

j=1

ajXj

)( n∑
k=1

bkXk

)

and

Tn = Sn −
n∑

k=1

akk = Sn −
n∑

k=1

akbk

converge almost surely and we do not need the assumption that E
(
X3

n |�n−1

)
= 0 and E

(
X4

n |�n−1

)
< ∞ for a martingale difference sequence {Xn, n ≥ 1},

where
∑∞

j,k=1 a2
jk < ∞.

Theorem 2.2. Let
(i) (ajk), j, k=1, 2, ... be a matrix of real numbers with

∑∞
j,k=1 a2

jk <∞ and
∑∞

k=1

|akk| < ∞;
(ii) {Xk, k ≥ 1} be a martingale difference sequence with E

[
X2

k |�k−1

]
= 1 for

all k ≥ 1. Then Sn =
∑n

j,k=1 ajkXjXk converges almost surely.

Theorem 2.3. Let
(i) (ajk), j, k = 1, 2, ... be a matrix of real numbers with

∑∞
j,k=1 a2

jk < ∞ and∑∞
k=1 |akk| < ∞;

(ii) {Xk, k ≥ 1} be a martingale difference sequence with E
[
X2

k |�k−1

]
= 1 for

all k ≥ 1 and
(iii) Vk =

∑k−1
j=1 (akj +ajk)Xj. Then

∑n
k=1 VkXk+

∑n
k=1 akkX2

k ,
∑n

k=1 V 2
k , and∑n

k=1 V 2
k X2

k converge almost surely.

Proof of Theorem 2.1. Let T0 = 0, Tn = Sn − E[Sn] and Yn = Tn − Tn−1 for
n = 1, 2,...
Now
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Tn = Sn − E[Sn] =
n∑

j,k=1

ajkXjXk − E
[ n∑

j,k=1

ajkXjXk

]

=
n∑

j,k=1

ajkXjXk − E
[ n∑

k=1

akkX2
k

]
− E

[ n∑
j �=k=1

ajkXjXk

]

=
n∑

j,k=1

ajkXjXk −
n∑

k=1

akkE
[
E(X2

k |�k−1)
] −

n∑
j �=k=1

ajkE
[
E(XjXk |�min(j,k))

]

=
n∑

j,k=1

ajkXjXk −
n∑

k=1

akk −
n∑

j �=k=1

ajkE
[
Xmin (j,k)E(Xmax (j,k) |�min (j,k))

]

=
n∑

j,k=1

ajkXjXk −
n∑

k=1

akk.

Hence

Sn = Tn +
n∑

k=1

akk.

Again
n∑

k=1

Yk =
n∑

k=1

(Tk − Tk−1) = Tn.

For n �= m,

E[YnYm] = E[(Tn − Tn−1)(Tm − Tm−1)]

= E
{[ n∑

j,k=1

ajkXjXk −
n∑

k=1

akk −
n−1∑

j,k=1

ajkXjXk +
n−1∑
k=1

akk

]

[ m∑
k,j,k=1

ajkXjXk −
m∑

k=1

akk −
n−1∑

j,k=1

ajkXjXk +
m−1∑
k=1

akk

]}

= E
{[

2Xn

n−1∑
k=1

ankXk + ann(X2
n − 1)

][
2Xm

m−1∑
k=1

amkXk + amm(X2
m − 1)

]}

= 4E
[
XnXm

(n−1∑
k=1

ankXk

)(m−1∑
k=1

amkXk

)]
+2annE

[
(X2

m − 1)Xm

(m−1∑
k=1

amkXk

)]

+ 2ammE
[
(X2

m − 1)Xn

( n−1∑
k=1

ankXk

)]
+ annammE

[
(X2

n − 1)(X2
m − 1)

]

= 4E
[
E

{
XnXm

( n−1∑
k=1

ankXk

)( m−1∑
k=1

amkXk

)
|�n−1

}]

+ 2annE
[
E

{
(X2

n − 1)Xm

( m−1∑
k=1

amkXk

)
|�n−1

}]

+ 2ammE
[
E

{
(X2

m − 1)Xn

( n−1∑
k=1

ankXk

)
|�n−1

}]
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+ annammE
[
E

{
(X2

n − 1)(X2
m − 1) |�n−1

}]

= 4E
[
Xm

( n−1∑
k=1

ankXk

)( m−1∑
k=1

amkXk

)
E{Xn |�n−1}

]

+ 2annE
[
Xm

( m−1∑
k=1

amkXk

)
E

{
(X2

n − 1) |�n−1

}]

+ 2ammE
[
(X2

m − 1)
( n−1∑

k=1

ankXk

)
E

{
Xn |�n−1

}]

+ annammE
[
(X2

m − 1)E
{
(X2

n − 1) |�n−1

}]
= 0.

(
since Xn is a martingale difference sequence and E[X2

n |�n−1] = 1
)

Hence Yn

is orthogonal. Again

Yn = Tn − Tn−1 = 2Xn

n−1∑
k=1

ankXk + ann

(
X2

n − 1
)

= Kn + Ln (say)

Now

E[K2
n] = E

[
2Xn

n−1∑
k=1

ankXk

]2

= 4E
{
E

[
X2

n

( n−1∑
k=1

ankXk

)2

|�n−1

]}

= 4E
{( n−1∑

k=1

ankXk

)2

E[X2
n |�n−1]

}

= 4E
[( n−1∑

k=1

ankXk

)2] (
since E[X2

n |�n−1] = 1
)

= 4E
[ n−1∑

k=1

a2
nkX2

k + 2
n−1∑

j<k=1

anjankXjXk

]

= 4
[ n−1∑

k=1

a2
nkE(X2

k) + 2
n−1∑

j<k=1

anjankE(XjXk)
]

= 4
[ n−1∑

k=1

a2
nkE

{
E(X2

k |�k−1)
}

+ 2
n−1∑

j<k=1

anjankE
{
E(XjXk |�j)

}]

= 4
n−1∑
k=1

a2
nk

(since E(Xk |�j) = 0, Xk being a martingale difference sequence) and

E[L2
n] = E

[
a2

nn(X2
n − 1)2

]
= E

[
a2

nn(X4
n − 2X2

n + 1)
]

= a2
nn

[
E

{
E(X4

n |�n−1)
} − 2E

{
E(X2

n |�n−1)
}

+ 1
]

= a2
nn[c − 2 + 1] = a2

nn[c − 1].

And lastly
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E[KnLn] = E
[
2Xn

( n−1∑
k=1

ankXk

)
ann(X2

n − 1)
]

= 2annE
{

E
[( n−1∑

k=1

ankXk

)
(X3

n − Xn) |�n−1

]}

= 2annE
{( n−1∑

k=1

ankXk

)
E

[
(X3

n − Xn) |�n−1

]}
= 0

(since E[X3
n |�n−1] = E[Xn |�n−1] = 0). So

E[Y 2
n ] = E[(Kn + Ln)2] = E[K2

n] + E[L2
n] + 2E[KnLn] = 4

n−1∑
k=1

a2
nk + a2

nn[c− 1].

We know that
∑n

k=1 Yk = Tn converges in quadratic mean if and only if∑∞
n=1 E[Y 2

n ] < ∞ as {Yn} is orthogonal.
But

∞∑
n=1

E[Y 2
n ] =

∞∑
n=1

[
4

n−1∑
k=1

a2
nk + a2

nn[c − 1]
]

= 2
∞∑

n=1

[
2

n−1∑
k=1

a2
nk + a2

nn

]

+ [c − 3]
∞∑

n=1

a2
nn = 2

∞∑
j,k=1

a2
jk + [c − 3]

∞∑
n=1

a2
nn < ∞.

So Tn converges in quadratic mean.
We have Sn = Tn +

∑n
k=1 akk.

Hence Sn converges in quadratic mean since
∑∞

k=1 akk < ∞. To prove the
almost sure convergence we have

Tn = Sn − E[Sn] =
n∑

j,k=1

ajkXjXk −
n∑

k=1

akk

=
n−1∑

j,k=1

ajkXjXk −
n−1∑
k=1

akk + 2
n−1∑
k=1

ankXkXn + ann(X2
n − 1)

So

E[Tn |�n−1] = E
[( n−1∑

j,k=1

ajkXjXk

)
|�n−1

]

−
n−1∑
k=1

akk + 2E
[( n−1∑

k=1

ankXkXn

)
|�n−1

]
+ annE

[
(X2

n − 1) |�n−1

]

=
n−1∑

j,k=1

ajkXjXk −
n−1∑
k=1

akk+2
n−1∑
k=1

ankXkE
[
Xn|�n−1

]
+ann

[
E(X2

n|�n−1) − 1
]

=
n−1∑

j,k=1

ajkXjXk −
n−1∑
k=1

akk = Tn−1.
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Thus it implies that {Tn} is a martingale. Now

E[|Tn|] ≤
{
E[T 2

n ]
}1/2 =

{ n∑
k=1

E(Y 2
k )

}1/2 (
since E(YjYk) = 0 for j �= k

)

≤
{ ∞∑

k=1

E(Y 2
k )

}1/2

=
{

2
∞∑

j,k=1

a2
jk+(c − 3)

∞∑
k=1

a2
kk

}1/2

<∞.

Hence Tn converges almost surely and so Sn converges almost surely since
Sn = Tn +

∑n
k=1 akk and

∑∞
k=1 akk < ∞.

Proof of Theorem 2.2. We have

Sn =
n∑

j,k=1

ajkXjXk

=
n∑

j=1

Xj

j−1∑
k=1

ajkXk+
n∑

k=1

Xk

k−1∑
j=1

ajkXj+
n∑

k=1

akkX2
k =Kn+Ln+Mn (say)

Now

E[Kn |�n−1] =
n−1∑
j=1

Xj

j−1∑
k=1

ajkXk + E
[
Xn

n−1∑
k=1

ajkXk |�n−1

]

= Kn−1 +
( n−1∑

k=1

ankXk

)
E[Xn |�n−1] = Kn−1.

So {Kn} is a martingale. Again

E[K2
n] = E

[ n∑
j=1

X2
j

( j−1∑
k=1

ajkXk

)2]

+ E
[∑

j �=k

j−1∑
l=1

k−1∑
m=1

ajlakmXjXkXeXm

]

= E
{

E
[ n∑

j=1

X2
j

( j−1∑
k=1

ajkXk

)2

|�j−1

]}

+
∑
j �=k

j−1∑
l=1

k−1∑
m=1

ajlakmE[XjXkXeXm]

= E
{ n∑

j=1

( j−1∑
k=1

ajkXk

)2}

(since for l < j, k; m < j, k �= k, E(XjXkXlXm) = 0, and E[X2
j |�j−1] = 1)
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=
n∑

j=1

E
( j−1∑

k=1

a2
jkX2

k + 2
j−1∑

k<l=1

ajkajlXkXl

)
=

n∑
j=1

j−1∑
k=1

a2
jk < ∞.

Hence by martingale convergence theorem Kn converges almost surely. Simi-
larly, it can be shown that Ln is also a martingale with respect to �n and
E[L2

n] < ∞. So Ln also converges almost surely. Lastly

Mn =
n∑

k=1

akkX2
k =

n∑
k=1

akk(X2
k − 1) +

n∑
k=1

akk.

Here
∑n

k=1 akk(X2
k − 1) is a martingale and

E
[∣∣∣

n∑
k=1

akk(X2
k − 1)

∣∣∣
]
≤

n∑
k=1

|akk|E
[|(X2

k − 1)|] ≤ 2
n∑

k=1

|akk| < ∞.

Thus
∑n

k=1 akk(X2
k − 1) converges almost surely.

Again
n∑

k=1

akk ≤
∣∣∣

n∑
k=1

akk

∣∣∣ ≤
n∑

k=1

|akk| ≤
∞∑

k=1

|akk| < ∞.

So Mn converges almost surely. Hence the result follows.

Proof of Theorem 2.3
(a) Let Sn =

∑n
k=1 VkXk +

∑n
k=1 akkX2

k = Pn + Mn (say)
Now

E[Pn |�n−1] =
n−1∑
k=1

VkXk + E[VnXn |�n−1] = Pn−1 + VnE[Xn |�n−1] = Pn−1,

(since Xn is a martingale difference sequence).
So Pn is a martingale. Again

E[P 2
n ] = E

[ n∑
k=1

{ k−1∑
j=1

(akj + ajk)Xj

}2

X2
k

]

+ E
[ n∑

k �=i

k−1∑
j=1

i−1∑
l=1

(akj + ajk)(ali + ail)XiXjXkXl

]

=
n∑

k=1

E
[
E

({ k−1∑
j=1

(akj + ajk)Xj

}2

X2
k |�k−1

)]

+
n∑

k �=i

k−1∑
j=1

i−1∑
l=1

(akj + ajk)(ali + ail)E[XiXjXkXl]

=
n∑

k=1

E
[{ k−1∑

j=1

(akj + ajk)Xj

}2]



150 S. K. Acharya and C. K. Tripathy

=
n∑

k=1

E
[ k−1∑

j=1

(akj + ajk)2X2
j + 2

k−1∑
j<l=1

(akj + ajk)(akl + alk)XjXl

]

=
n∑

k=1

k−1∑
j=1

(akj + ajk)2 < ∞,

(using the fact thatE[XiXjXkXl]=0 as proved in Theorem 2.2 andE[X2
k |�k−1]=1).

So Pn converges almost surely using the martingale convergence theorem.
Again

Mn =
n∑

k=1

akkX2
k =

n∑
k=1

akk(X2
k − 1) +

n∑
k=1

akk.

Here
∑n

k=1 akk(X2
k − 1) is a martingale and E

[∣∣∣∑n
k=1 akk(X2

k − 1)
∣∣∣
]

< ∞
as shown in Theorem 2.2. Thus

∑n
k=1 akk(X2

k − 1) converges almost surely by
the martingale convergence theorem.

Again
n∑

k=1

akk ≤
∣∣∣

n∑
k=1

akk

∣∣∣ ≤
n∑

k=1

|akk| ≤
∞∑

k=1

|akk| < ∞.

So Mn converges almost surely and hence Sn converges almost surely.
(b) n∑

k=1

V 2
k =

n∑
k=1

[ k−1∑
j=1

(akj + ajk)Xj

]2

=
n∑

k=1

[ k−1∑
j=1

(akj + ajk)2X2
j +

k−1∑
j �=l=1

(akj + ajk)(akl + alk)XjXl

]

= Kn + Ln (say)

Now

Kn =
n∑

k=1

k−1∑
j=1

(akj + ajk)2(X2
j − 1) +

n∑
k=1

k−1∑
j=1

(akj + ajk)2.

Proceeding as in the proof of (a),
∑n

k=1

∑k−1
j=1 (akj + ajk)2(X2

j − 1) is a martin-

gale with E
[∣∣∣ ∑n

k=1

∑k−1
j=1 (akj + ajk)2(X2

j − 1)
∣∣∣
]

< ∞. So
∑n

k=1

∑k−1
j=1 (akj +

ajk)2(X2
j − 1) converges almost surely.

Again
n∑

k=1

k−1∑
j=1

(akj + ajk)2 < ∞ as n → ∞.

So Kn converges almost surely. Now
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Ln =
n∑

k=1

k−1∑
j �=l=1

(akj + ajk)(akl + alk)XjXl

≤
[ n∑

k=1

k−1∑
j=1

(akj + ajk)2X2
j

]1/2[ n∑
k=1

k−1∑
l=1

(akl + alk)2X2
l

]1/2

for j �= l.

Hence Ln converges almost surely and so
∑n

k=1 V 2
k converges almost surely.

(c)
∑n

k=1 V 2
k X2

k =
∑n

k=1 V 2
k (X2

k − 1) +
∑n

k=1 V 2
k = Qn + Rn (say).

Now

E[Qn |�n−1] = E
[ n∑

k=1

V 2
k (X2

k − 1) |�n−1

]

=
n−1∑
k=1

V 2
k (X2

k − 1) + E[V 2
n (X2

n − 1) |�n−1]

= Qn−1 + V 2
n [E(X2

n |�n−1) − 1] = Qn−1,

so Qn is a martingale.
Now

E[|Qn|] = E
[∣∣∣

n∑
k=1

V 2
k (X2

k − 1)
∣∣∣
]
≤

n∑
k=1

E[|V 2
k | |(X2

k − 1)|]

≤
n∑

k=1

E
{
E

[|V 2
k |

(|X2
k | + 1

) |�k−1

]}
= 2

n∑
k=1

E[V 2
k ]

= 2
n∑

k=1

E
[ k−1∑

j=1

(akj + ajk)Xj

]2

= 2
n∑

k=1

E
[ k−1∑

j=1

(akj + ajk)2X2
j

+ 2
k−1∑

j<l=1

(akj + ajk)(akl + alk)XjXl

]

= 2
n∑

k=1

k−1∑
j=1

(akj + ajk)2E
{
E

[
X2

j |�j−1

]

+ 4
n∑

k=1

k−1∑
j<l=1

(akj + ajk)(akl + alk)E
{
E

[
XjXl |�j ]

}
< ∞.

So Qn converges almost surely.
We have already shown that Rn =

∑n
k=1 V 2

k converges almost surely. So∑n
k=1 V 2

k X2
k converges almost surely.

References

1. W.F. Stout, Almost Sure Convergence, Academic Press, New York, 1974.

2. D. E. Varberg, Almost sure convergence of quadratic forms in independent random

variables, Ann. Math. Stat. 39 (1968) 1502–1506.


