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Abstract. The paper is concerned with the study of almost sure convergence of
weighted quadratic forms for martingale difference sequences of random variables.

1. Introduction

Let (Q, S, P) be a probability space and {S,,,n > 1} be an increasing sequence
of sub-sigma fields of & and {X,,n > 1} be a sequence of independent real
random variables adapted to {S,,n > 1} such that E[X;] = 0 and E[X}] =
1 for k = 1,2,... Let (ajx), j,k = 1,2,... be a matrix of real numbers (not
necessarily symmetric). Varberg (1968) has studied the almost sure convergence
of S, = Z;ikzl a;jX; X}, as stated below.

Theorem A. If Z;ok:l a?y < oo and Y37, |agk| < oo, then S, = Z;‘L,kd aji
X; X converges almost surely.

Theorem B. If there are positive constants § and € such that P[|Xy| > 0] >

e k=1,2,...,if Ype; lawk| < oo, then
n k—1 2
() 3 | T (any +a)X;)
k=1 ‘5=1
k=1

(b) TZZL [ ‘ (akj Jrajk)X]} 2X,f and
2

> <
—

k=1
n n
(c) [ > (aw; + ajk)Xj}Xk + > appX? converge on equivalent sets, i.e. on
k=1"tj=1 k=1
sets which differs at most by null sets.
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Definition 1. An adapted sequence of random variables { X, Sn,n > 1} is said
to be a martingale difference sequence if E[X,, | Sn—1] =0 a.s. for each n > 2.

In this paper we have proved results of the type mentioned in Theorems B
and A for martingale difference sequences.

2. Main Results

Theorem 2.1. Let

(i) {Xk,k > 1} be a martingale difference sequence with E[X}|Sk-1] = ¢ < o0,
E[X}|Sk-1]=0, and E[X?|S_1] =1 for all k > 1;

(i) (ajr), j,k =1,2,... be a real symmetric matriz with kazl a?k < 0o and
Y orey lakk| < o0o. Then S, = Z;kzl a;x X Xy converges in quadratic mean
and almost surely.

Remark 2.1. If (a;i) is not symmetric, a;r = a;by and if kail a%, =M < oo,

then n n n j
Su=3" apX; Xy = (Zajxj) (Zbkxk)
k=

1 j=1 k=1

and
T, =5, — Zakk =S, — Zakbk
k=1 =1

converge almost surely and we do not need the assumption that E(Xg |§n_1)
=0 and E(X;|S,-1) < oo for a martingale difference sequence {X,,n > 1},
where 3370 | a3, < .

Theorem 2.2. Let
i) (ajz), 7, k=1,2,... be @ matriz of real numbers with > > _. a?, <oo and Y -
J J,k=1"jk k=1
lagk| < oo;
(i) {Xk,k > 1} be a martingale difference sequence with E[X}|Sy—1] =1 for
allk>1. Then S,, = szzl a;, X; Xy converges almost surely.

Theorem 2.3. Let
(i) (ajk), j.k =1,2,... be a matriz of real numbers with Z;ok:l a%, < oo and
oy lakk| < oo;
(i) {Xk,k > 1} be a martingale difference sequence with E[X} |Sk—1] =1 for
all k > % and
—1
(iif) Vi = > ;21 (akj+aju)X;. Then S Vi X+ Y r_ aXE, >k V2, and
ZZ:1 V,fX,f converge almost surely.

Proof of Theorem 2.1. Let Ty =0, T, = S, — E[Sy] and Y,, = T}, — T}, for
n=12,.

Now
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T, =S, — E[S Z XX~ B Y apX;Xe|
J,k=1 j.k=1
= Z aijij 7E|:Zaka]3:| 7E|: Z aijij}
i = i#k=1
Z ajrX; Xy *ZakkE (X2ISk-1)] = Z ajk B [E(X; Xk [Smin(k))
Jk=1 J#k=1

n

Z aij Xk — Z akk — Z ajkE[Xmin(j,k)E(Xmax (4,k) |%min(j,k))]
G k=1

JjFk=1
Z a]kX Xk — Zakk

7,k=1
Hence
n
S, =T, + Zakk.
k=1
Again
ZYk = Z (T — Th—1) = Tp.
k=1
For n # m,
EY, Y] = E[(Tn — Tp-1)(Tim —Tm ]
n—1
S (PITTEED S SpvE S
Jk=1 j.k=1 k=1
m—1
[ Z ajeX; Xp _Zakk - Z ajeX; X + Z akk”
k,j k=1 Jik=1 k=1

m—1
E{ [2)( Z Ak Xp + ann (X2 — 1) } [2Xm 3" G X+ G (X2, — 1)}}
k=1

wmhgpﬂwzwmmwmwm;mxfwmﬂ

+ 20 E[(X2 (imﬂﬂwwmﬂ%—mﬁ4ﬂ

-1

e S (S o) )

k=1

+ 240, E [E{(X,% - 1)Xm(mz_:1akak) I%n_lﬂ
k=1

n—1

+ 2ammE{E{(X7i f 1)Xn( anka) |%n71H
k=1
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+ Ann@mm B[B{ (X} — 1)(X2, — 1) [Sp-1}]
n—1 m—1
B X (Y ansXo) (2 amnXe) B{X0 [S0-1}]
k=1 k=1
m—1
+ QannE[Xm( 3 akak)E{(X;f ~1) |sn,1}}
k=1

+ 2amm E [(an -1) (nzjl anka>E{Xn |%n—1}:|
k=1

+ @ E[(X2, — DE{(X2 = 1) [Sn-1}] = 0.

(since X, is a martingale difference sequence and E[X2|S,_1] = 1) Hence Y,

is orthogonal. Again
n—1

Y, =Ty —Tho1=2X, Z ank Xk + ann (X2 = 1) = K, + Ly, (say)

k=1

Now

n—1 2 n—1
E|KY =E [2Xn Z anka} - 4E{ [XQ ( Z anka) |Jn,1} }

n—1

ol (S mio )
=

a ka> } (since E[X7|S,—1] =1)

,_.

/—\

k=1
n—1 n—1
:4E[Za%kX,§+2 Z anjankaXk}
k=1 j<k=1
n—1 n—1
[ZankE X)+2 Y anjamE(X; Xk)}
k=1 Jj<k=1
n—1 n—1
_ [ZankE{E X280} +2 Y anjanc B{E(X; Xk [3;) }}
k=1 j<k=1

n—1
k=1
(since E(Xy|S;) =0, X being a martingale difference sequence) and
E[L}) = E[ (X = 1)%] = Elan, (X5 - 2X7 + 1)]
=a., [E{E(X; S 1)} —2B{E(X}|Sn-1)} +1]
=a? [c—2+1]=d> [c—1].

And lastly
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E|K,Ly] = E{2Xn(7§anka) (X2 — 1)}
k=1

- QannE{E[(nZ:l anka) (X3 - X,,) |%n71} }
k=1
B

n—1
= 20, B{ (3 an X ) E[(X3 = X,) [ 4] } =0
k=1

(since E[X3[S,-1] = E[X, |[Sn—1] =0). So
n—1

EY;] = E((Kyn + Ln)’] = EIK2] + B[L}] + 2E[K, L] =4 aly +aj,[c—1].
k=1

We know that ZZ=1 Y = T, converges in quadratic mean if and only if
> EB[Y2] < 0o as {Y,} is orthogonal.

But
00 00 n—1 0o n—1
SEVA =Y (4 ek adile—1)] =23 [23 0k + ad,]
n=1 n=1 k=1 n=1 k=1
(oo} (oo} (o]
+ [e¢ — 3] ain:22ajk+[c—3]2a,2m<oo
n=1 j,k=1 n=1

So T), converges in quadratic mean.

We have S,, =T, + > 7_, akk.

Hence S,, converges in quadratic mean since Z;ozl agr < 0o. To prove the
almost sure convergence we have

T,=5,— FE[S,)] = Z ap X Xp — Zakk
k=1

J,k=1
n—1 n—1 n—1
= Z aijij — Z aipr + 2 Z Ak XpXn + ann(X,Ql — 1)
G k=1 k=1 k=1
So
n—1
E[T, |Sn1] = EK 3 aijij) |sn_1}
k=1
n—1 n—1
— N + 2E[( 3 ankaXn) |<5n_1} + A E[(X2 = 1) S 1]
k=1 k=1
n—1 n—1 n—1
=3 app XXk =Y a2 @k XiE [ Xn|Sno1]+ann [B(X2 S0 1) — 1]
G k=1 k=1 k=1
n—1 n—1
= a;p X Xg — Z app = Tn1.
G k=1 k=1
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Thus it implies that {7} is a martingale. Now

512
E(Yk)} (since E(Y;Yi) =0 for j # k)

NE

BT} < {BlT2}"* = {

<

Hence T, converges almost surely and so S, converges almost surely since
n o0
Sn =T+ j_qarrand > .~ apr < 00.

1

1/2 o > 1/2
E(Ylf)} :{2 Z atp+(c— 3)2 aik} <oo0.
k=1

jk=1

e 7

k

Il
N

Proof of Theorem 2.2. We have

Sn = Z aijij
7,k=1

n n

Jj—1 k—1 n
= ZXJZ aijk—i—Z sz ¢ +Z aka,f:Kn—i—Ln—i-Mn (say)
=1 k=1 k J=1 k=1

=1
Now

n—1 j—1 n—1
E[K, [Sy-1] = Z X; Zaijk + E|:Xn Z 9.¢* |%n—1i|
k=1 k=1

j=1

=Kp, 1+ ( anka)E[Xn |§n—1] =Ky 1.

So {K,} is a martingale. Again

n Jj—1 2

E[K?] = E[ZXJQ(Z aijk> }
j=1 k=1
J—1 k—1

n E[Z >3 ajlakaijXeXm}

j#k 1=1 m=1

{3 (S an) 5,4}
j=1 k=1
j—1 k-1

+ 33N ajiarm BIX; X X Xo]

j#k =1 m=1

n —1

- {3 (L anx) }

J
j=1 k=1

(since for [ < j,k; m < j,k#k, E(X;XX;X,) =0, and E[X7[S;_1] =1)
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n

j—1
*ZE(ZGJ’“X’C +2 Z a]ka]leXl) = Za?k < 00.
j=1 k=1

k<i=1 j=1k=

Hence by martingale convergence theorem K,, converges almost surely. Simi-
larly, it can be shown that L, is also a martingale with respect to <, and
E[L2] < 0. So L,, also converges almost surely. Lastly

n n n
M, = Zakalf = Zakk(le — 1) + Zakk.
k=1 k=1 k=1

Here Y _, ape(X7 — 1) is a martingale and

EH;M(X,? IE ;mkuEU(Xﬁfl)u <23 Jaw < .

k=1

Thus Y, _, akk(X? — 1) converges almost surely.

Zakk<‘2akk‘< |akk|<2|akk|<oo

k=1

Again

So M,, converges almost surely. Hence the result follows.

Proof of Theorem 2.3
(a) Let Sp =Y ViXk + > 1y akX? = P, + M,, (say)

Now
n—1
B[Py [Sna] =Y ViXi+ E[VaXp [Sno1] = Po1 + VaE[Xn [Sno1] = Po1,
k=1

(since X, is a martingale difference sequence).

So P, is a martingale. Again

E[P?] = [Z{j_: arj + ajn) X } Xk}

n
+ E[Z (arj + ajr)(ay + ail)XinXle}
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n k—1 k—1
= ZE{ (akj +ajk) X2+2 Z Ak +ajk)(akl +alk)X Xl:|
k=1 Jj=1 J<l=1
n k—1
= Z (akj + ajx)” < oo,
k=1 j=1

(using the fact that F[X; X; X; X;]=0 as proved in Theorem 2.2 and E[X?|S%_1]=1).

So P, converges almost surely using the martingale convergence theorem.
Again

n n n
M, = Zakalf = Zakk(Xlg — 1) + Zakk.
k=1 k=1 k=1
Here Y 7_, arx(X? — 1) is a martingale and EH Sor ake(XP — 1)” < 00

as shown in Theorem 2.2. Thus Y ;_, axx(X7 — 1) converges almost surely by
the martingale convergence theorem.

n n n [e.¢]
Zakk < ‘Zakk‘ < Z|akk| < Z |akk| < oo.
k=1 k=1 k=1 k=1

So M, converges almost surely and hence S,, converges almost surely.

Again

(b) n n k-1
ZVIS = Z {Z(akj —l—a]k)XJ}
k=1 k=1 j=1
n k—1 k—1
= Z {Z(ak]’ +a5)’ X7 + Z (akj + ajr)(ar + alk)Xle}
k=1 j=1 jA=1

=K, + L, (say)

Now
n k—1 n k—1
K=Y > (an +am) (X7 =1+ 3> (an +a0)”
k=1 j=1 k=1j=1

Proceeding as in the proof of (a), > p_, Z;:ll (a; + ajk)Q(X2 — 1) is a martin-
gale with EH Sy Z?;ll(akj + ajk)Q(X]2 — 1)H < oo. So Y p_, Z (akj
ajr)?(X ]2 — 1) converges almost surely.

Again

E

n k—1
g (ak; +ajr)? < oo as n — oo.
k=1 j=1

<.
Il

So K,, converges almost surely. Now
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n k-1
Z Z akj + ajr)(ar + ar) X;X;
k=1 j#l=1
n k—1 n k—1 1/2
< [ Zaijrajk :| [ZZ akl+alk Xl for j#l
k=1 j=1 k=1 I=1

Hence L,, converges almost surely and so > ,_, V,f converges almost surely.
(c) ZZ:1 VEXE = 22:1 VEXE -1+ 22:1 Vi =Qn+ Ry (say).
Now

[Qn|\fn 1 [ZVkQ ka]'
k=1
n—1
= Vk2(Xk — 1)+ EV,(X: = 1) S0
= anl + VnQ[ (X»Z |\Yn71) - 1] = anla

so @, is a martingale.

Now

E[IQu] =EHZVk (X2 -1) H E[V2| (X} ~ D]

=1

Ms

<

E{E[|VZI(IX|+1) ISk }}2iE[VkQ]

k=1 1
n k—1 n 1
=23 B[l 0] =23 B[l 02
k=1 j=1 k=1  j=1
k—1
+2 (arj + aji)(ap + alk)Xle}
Jj<l=1
n k—1
= 22 (ak]- —+ ajk)QE{E[Xf |Sj*1}
k=1 j=1
n k—1
+4) > (ks + aji)(ar + an) E{E[X; X, |35]} < oc.
k=1j<i=1

So @, converges almost surely.

We have already shown that R, = ZZ=1 V2 converges almost surely. So
Sor_, VZX? converges almost surely.
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