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Abstract. Autoregressive time series, generated by data which are α-mixing (strong

mixing), ϕ-mixing or are Lp-mixingales, are proved to be Lp-mixingales. Under a

condition on mixingale rates they satisfy the strong law.

1. Introduction

Let (Yn) and (Xn), n = 0,±1,±2, . . . , be sequences of real random variables
such that

Xn =
∞∑

i=1

diXn−i + Yn a.s., (1)

for all n, where di are constants such that d =
∑∞

i=1 |di| < 1. Then we say
X = (Xn) is an autoregressive time series generated by random data Y = (Yn).

Even when Yn are independent random variables defined by P (Yn = 1) =
P (Yn = 0) = 1/2, the sequence (Xn) is not necessarily α-mixing (strong mix-
ing)(cf. examples in Davidson [1, p.216]). It seems most autoregressive time
series are not α-mixing i.e. Xn depends strongly on each other. So the known
limit theorems, especially the strong law, for mixing random variables could not
be applied directly to them. There are only few strong laws found for (Xn)
(as far as author knows). McLeish [4, Example 2] and Peligrad [5, Application
2] showed that if (Yn) is a martingale difference sequence then (Xn) satisfies
the strong law under conditions on rates of tending to zero of |dn| and that
supn ‖Xn‖2 < ∞. Also, if Yn are uniformly bounded ϕ-mixing (uniform mixing)
random variables then the strong law holds also for (Xn) (cf. Tuyen [6]).

A sequence of real random variables Yn is called α-mixing or ϕ-mixing if

αn = sup
k

sup |P (BA) − P (B)P (A)| → 0 or

ϕn = sup
k

sup |P (B|A) − P (B)| → 0,
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respectively, where both second sup’s are taken over all the sets A ∈ σ(Y1, ..., Yk)
and B ∈ σ(Yk+n), such that P (A) and P (B) > 0 (cf. McLeish [4]).

Let (Yn), n = 0,±1,±2, . . . , be any sequence of integrable random variables
and (Fn) be any sequence of increasing sub σ-algebras of a σ-algebra F . For
simplicity denote EnYm = E(Ym|Fn). The sequence of pairs (Yn,Fn) is called
Lp-mixingale for any p ≥ 1, if ‖Yn‖p < ∞ for all n and there exist finite nonneg-
ative numbers Cn, and ζm, m = 0, 1..., called mixingale coefficients, such that
ζm → 0 and

‖En−mYn‖p ≤ Cnζm,

‖Yn − En+mYn‖p ≤ Cnζm+1

hold for m ≥ 0 and all n (cf. Davidson [1, p. 247]). L2-mixingales are usually
called mixingales which were first dealt with by McLeish [4].

Remark. The random variables of any Lp-mixingale are always zero mean-valued
since, by notations above, for any n

|EYn| = |E(En−mYn)| ≤ ‖En−mYn‖p ≤ Cnζm → 0 as m → ∞.

All α-mixing or ϕ-mixing sequences of centered random variables Yn’s are Lp-
mixingales with Fn = σ(Y1, Y2, . . . , Yn) if they are bounded by Lr-norm, i.e.,
sup

n
‖Yn‖r < ∞, for any p < r ≤ ∞ [4, p. 834]. In this case ζn = α

1/p−1/r
n or

ϕ
1−1/r
n , respectively, and Cn = 6 sup

n
‖Yn‖r.

This paper shows that any sequence (Xn) of (1) is a Lp-mixingale after
centered, if (Yn) is so. As a consequence, any limit theorems for Lp-mixingales
could apply to them. Moreover if mixingale coefficients ζn of data (Yn) obey
some rate conditions while tending to zero then so does the time series’s. Then
under rate conditions they are showed to satisfying the strong law.

2. Results

It seems most (Xn) of (1) are Lp-mixingales although are not α-mixing, including
examples in [1], as shown by the following

Theorem 1. Let (Xn), n = 0,±1,±2,..., be an autoregressive time series defined
by (1) such that d < 1. Suppose for any p ≥ 1 lim supn→−∞ ‖Xn‖p < ∞,
supn ‖Yn‖p < ∞ and (Yn − EYn) is a Lp-mixingale such that Cn = Cn(Y ) is
bounded. Then (Xn − EXn) is also a Lp-mixingale with the same sequence of
σ-algebras Fn = Fn(Y ) and with Cn(X) = 1.

One important class of (Xn) is the case when (Xn) has a starting point,
that is Xn = Yn = 0, for all n < 0, which leads to that (1) is a recur-
sive formula. In that case if Yn is Fn(Y )-measurable, especially Fn(Y ) =
σ(Y1, Y2, ..., Yn), we have σ(X1, X2, ..., Xn) ⊂ Fn(Y ). Then the sequence of
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pair (Xn −EXn, σ(X1, X2, ..., Xn)) is also a Lp-mixingale with the same mixin-
gale coefficients, since by Jensen’s inequality for conditional expectations, for
any m < n

‖E[Xn − EXn|σ(X1, X2, . . . , Xm)]‖p ≤ ‖E[Xn − EXn|Fm(Y )]‖p.

In the case when some rate of tending to zero of mixingale coefficients of (Yn −
EYn) can be verified, the time series (Xn−EXn) has the same “mixingale rate”.

Theorem 2. Let (Xn) be a sequence satisfying all the conditions of Theorem 1.
Suppose further that

|dn| = O(1/nq+1L(n)) and ζn(Y ) = O(1/nqL(n)),

for any positive slowly varying sequence L(n) and 0 < q < 1, where ζn(Y ) are
mixingale coefficients of (Yn −EYn). Then there exist also ζn(X), the mixingale
coefficients of (Xn − EXn), such that

ζn(X) = O(1/nqL(n)).

Under a stronger rate condition (Xn) satisfies also the strong law. Let us
first introduce a needed definition of size of rates.

Definition. [4] A sequence of nonnegative numbers (an), n ≥ 1, is called of size
−q for any q > 0 if there exists a positive sequence (Ln) such that
(a)

∑∞
n=1 1/nLn < ∞,

(b) Ln − Ln−1 = O(Ln/n),
(c) there is a k such that Ln is nondecreasing on {n ≥ k} and
(d) an = O(1/nq[Ln]2q).

Note that an → 0 by (d) and (c), so the above definition deals really with
rates of tending to zero of sequence.

For definiteness, we also call a sequence an, n ≥ 1 slowly varying if its
extension L(t) := an for n− 1 < t ≤ n on the interval (0,∞) is a slowly varying
function (cf. Feller [3, p. 269]).

Theorem 3. Let (Xn) be a sequence satisfying all the conditions of Theorem 1.
Suppose (|dn|) is of size −3/2 with a slowly varying sequence Ln(d), and {ζn(Y )}
is of size −1/2 with a slowly varying sequence Ln(Y ). Then there exists a slowly
varying sequence Ln such that (Xn − EXn) is a Lp-mixingale with {ζn(X)} of
size −1/2 with Ln. Consequently for p = 2

∑n
i=1(Xi − EXi)/n → 0 almost

surely, as n → ∞.

3. Proofs

Lemma 1. Given nonnegative numbers an, ζn, xn, n = 1, 2, . . . and x0 > 0
such that

∑∞
n=1 an = a < 1 and ζn → 0. Suppose



188 Dao Quang Tuyen

xn ≤
∞∑

i=n+1

aix0 +
n∑

i=1

aixn−i + ζn (2)

for all n ≥ 1. Then xn → 0.
If in addition an = O(1/nq+1L(n)) and ζn = O(1/nqL(n)) for any 0 <

q < 1, where L(n) is any given positive slowly varying sequence, then xn =
O(1/nqL(n)).

Proof. Put ζ′n = supi≥n ζi for n ≥ 1. Then ζ′n ↓ 0 and ζ′n ≥ ζn. Put B =
max(x0, ζ

′
1/(1 − a)). Define recursively v1 = aB + ζ′1 and

vn =
∞∑

i=n

aiB +
n−1∑
i=1

aivn−i + ζ′n,

for n ≥ 2. Then v1 ≤ B and by induction xn ≤ vn, for all n. Hence it is enough
to show vn → 0.

Since

vn − vn+1 = anB − anv1 +
n−1∑
i=1

ai(vn−i − vn+1−i) + (ζ′n − ζ′n+1),

for n ≥ 2 and since v2 ≤ v1 ≤ B, by induction vn − vn+1 ≥ 0, for all n. So
B ≥ vn ↓ v ≥ 0. For any ε > 0 there exists n(ε) such that v ≤ vn ≤ v + ε, for
all n ≥ n(ε). Then by the definition of vn, for n ≥ n(ε)

v ≤ vn ≤
∞∑

i=n−n(ε)

aiB +
n−n(ε)−1∑

i=1

ai(v + ε) + ζ′n.

Letting n → ∞ we see that the last term tends to a(v + ε). So v ≤ a(v + ε). As
a < 1, v must be 0.

For the second part of Lemma 1 let C be a constant such that an ≤ C/nq+1

L(n) and ζn ≤ C/nqL(n) for all n. Since C/nq+1L(n) is summable [3, Lemma,
p. 272], there exists N such that

∑∞
n=N C/nq+1L(n) < 1 − a. Define

fn =
{

an, for n < N

C/nq+1L(n), otherwise.

Then an ≤ fn for all n and still
∑∞

1 fn < 1. By [3, Theorem 1, p. 273] of Feller
and that q > 0

ζn ≤ C/nqL(n) ≤ C1

∞∑
i=n

fi, (3)

for some constant C1 and large enough n, hence for all n with large enough C1.
For such fn define recursively uo := x0 + C1 and for n ≥ 1

un :=
∞∑

i=n+1

fiuo +
n∑

i=1

fiun−i =
∞∑

i=n

fiuo +
n−1∑
i=1

fiun−i. (4)
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By (3) and that an ≤ fn

∞∑
n

aix0 + ζn ≤
∞∑
n

fiuo,

for all n ≥ 1. Hence rewritting (2) in the form

xn ≤
∞∑

i=n

aix0 +
n−1∑
i=1

aixn−i + ζn,

we get by induction xn ≤ un, for all n. It remains to show that the conclusion
holds for un, for which we follow the proof of McLeish [4, p. 833].

First note that by (4) un is nonnegative and monotone non-increasing since
un − un+1 =

∑n
i=1 fi(un−i − un+1−i) for n ≥ 1, and uo ≥ u1, and then use

induction.
Since (4) is the renewal equation (cf. Feller [2, p. 330]) hence if we define gen-

erating functions F (s) :=
∑∞

i=1 fis
i, V (s) :=

∑∞
i=o uis

i and B(s) :=
∑∞

i=o bis
i

where bo := uo, bn :=
∑∞

i=n+1 fiuo for n ≥ 1, for any 0 < s < 1, then by some
elementary computations we have, for each 0 < s < 1,

B(s) = uo(1 − F (1)) + uo
F (1) − F (s)

1 − s

and
V (s) =

B(s)
1 − F (s)

.

Since F (s) ↑ F (1) < 1 , V (s) ∼ (constant)B(s), as s ↑ 1. By Theorem 1
of Feller [3, p. 273] bn ∼ constant/nqL(n). Again by that theorem, as q < 1,∑n

i=o bi ∼ (constant)n1−q/L(n). Consequently by Theorem 5 of Feller [3, p. 423]
applying to B(s)

V (s) ∼ (constant)B(s) ∼ constant
(1 − s)1−qL(1/(1 − s))

,

as s ↑ 1. Now because un is monotone and q < 1, applying the reverse part of
the last cited theorem to V (s) we can conclude that un ∼ constant/nqL(n). �

For xn satisfying a non-recurrent relation (5) below, we will have the same
conclusions.

Lemma 2. For nonnegative numbers an, ζn, xn, for n ≥ 1, and B > 0 suppose∑∞
n=1 an = a < 1, ζn → 0, xn < B and

xn ≤
∞∑

i=n+1

aiB +
n∑

i=1

aixn+i + ζn, (5)

for all n. Then xn → 0.
If in addition an = O(1/nq+1L(n)) and ζn = O(1/nqL(n)) for any q > 0,

where L(n) is any given positive slowly varying sequence, then xn = O(1/nqL(n)).
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Proof. To prove xn → 0, suppose, in contrary, lim supn xn = A > 0, where
A ≤ B. Then for any ε > 0, there exists n(ε) for all n > n(ε) xn < A+ε, ζn < ε
and

∑∞
i=n+1 aiB < ε. So by (5), as a < 1, for suitable chosen small ε > 0 and

all n > n(ε)

xn <

∞∑
i=n+1

aiB +
n∑

i=1

ai(A + ε) + ε < a(A + ε) + 2ε < A − ε,

which leads to contradiction with lim supn xn = A.
For the remaining part of Lemma 2, as in the proof of Lemma 1, we can find

fn such that fn = O(1/nq+1L(n)), an ≤ fn for all n ≥ 1,
∑∞

1 fn = f < 1 and
∞∑
n

aiB + ζn ≤
∞∑
n

fiB
′ ∼ constant/nqL(n),

for some B′ ≥ B and all n ≥ 1.
Put vn = supi≥n xi. Then vn ↓ and xn ≤ vn ≤ B for all n. By (5) for any

k ≥ n

xk ≤
∞∑

i=k

aiB +
k−1∑
i=1

aixk+i + ζk ≤
∞∑

i=k

fiB
′ +

k−1∑
i=1

fivn+i ≤
∞∑

i=n

fiB
′ +

n−1∑
i=1

fivn+i.

Taking the supremum over the set {k : k ≥ n} on both sides we have

vn ≤
∞∑

i=n

fiB
′ +

n−1∑
i=1

fivn+i ≤
∞∑

i=n

fiB
′ + fvn,

since vn ↓. Hence xn ≤ vn ≤ B′
1−f

∑∞
i=n fi. �

Proof of Theorem 1. Without loss of generality we can suppose ‖Yn‖p ≤ B,
Cn(Y ) ≤ B for all n and ‖Xn‖p ≤ B

1−d for n ≤ K.

Since Xn,k :=
∑k

i=1 diXn−i + Yn → Xn a.s. as k → ∞, applying Fatou’s
lemma to |Xn,k|p we have

‖Xn‖p ≤ lim inf
k

‖Xn,k‖p ≤
∞∑

i=1

|di|‖Xn−i‖p + ‖Yn‖p.

Then by induction, begin at K, for all n

‖Xn‖p ≤ B

1 − d
. (6)

Furthermore |Xn,k| ≤
∑∞

i=1 |di||Xn−i|+|Yn|, where the last term is integrable by
Monotone convergence theorem and (6). So by Lebesgue dominated convergence
theorem EXn,k → EXn. Hence we have

Xn − EXn =
∞∑

i=1

di(Xn−i − EXn−i) + (Yn − EYn) a.s.,
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that is (1) holds also for centered random variables. So we suppose from now
on, without loss of generality, EYn = EXn = 0, for all n.

Also by Lebesgue dominated convergence theorem for conditional expecta-
tions we have En−NXn,k → En−NXn a.s., for all N ≥ 1. So applying Fatou
lemma for conditional expectations to |En−NXn,k|p and using (6) we have

‖En−NXn‖p ≤ lim inf
k

‖En−NXn,k‖p

≤
∞∑

i=1

|di|‖En−NXn−i‖p + ‖En−NYn‖p

≤
∞∑

i=N

|di| B

1 − d
+

N−1∑
i=1

|di|‖En−NXn−i‖p + ‖En−NYn‖p.

Taking the supremum over n on both sides and putting ζ′N (X) = supn ‖En−NXn‖p

we obtain that

ζ′N (X) ≤
∞∑

i=N

|di| B

1 − d
+

N−1∑
i=1

|di|ζ′N−i(X) + BζN (Y )

for all N ≥ 1, where ζn(Y ) are mixingale coefficients of (Yn). Putting ζ′o(X) :=
B

1−d , as d < 1 and ζN (Y ) → 0, by Lemma 1 ζ′N (X) → 0.
Similarly we have for all N ≥ 1 En+NXn,k → En+NXn a.s. and

‖En+NXn − Xn‖p ≤ lim inf
k

‖En+NXn,k − Xn,k‖p

≤
∞∑

i=n+1

|di| 2B

1 − d
+

n∑
i=1

|di|‖En+NXn−i − Xn−i‖p + ‖En+NYn − Yn‖p.

Hence putting ζ′′N (X) = supn ‖En+NXn − Xn‖p we obtain that

ζ′′N (X) ≤
∞∑

i=n+1

|di| 2B

1 − d
+

n∑
i=1

|di|ζ′′N+i(X) + BζN+1(Y ).

As by (6) ζ′′n(X) ≤ 2B
1−d for all n, by Lemma 2 ζ′′n(X) → 0.

So (Xn) is a Lp-mixingale with ζn(X) = max(ζ′n(X), ζ′′n−1(X)) and Cn(X) =
1, according to the definition of Lp-mixingales. �

Proof of Theorem 2. The second parts of Lemma 1 and Lemma 2 applying to
the inequalities for ζ′N (X) and ζ′′N (X) in the proof of Theorem 1 lead to the
conclusion, with the same ζn(X) defined above. �

Proof of Theorem 3. First note that, since Ln(d) is positive eventually nonde-
creasing, there exists a > 0 such that Ln(d) > a for large enough n, so by (d) of
the definition of size rate

|dn| ≤ O(1/n
3
2 a2Ln(d)) = O(1/n

3
2 Ln(d)). (7)
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Define Ln such that

1
Ln

=
1

Ln(d)
+

1
Ln(Y )

, (8)

for all n. Then Ln is slowly varying, because sums and reciprocals of slowly
varying functions are so.

As Ln ≤ Ln(d) and Ln ≤ Ln(Y ), by (7) and (d) |dn| = O(1/n
3
2 Ln) and

ζn(Y ) = O(1/n
1
2 Ln), thus by Theorem 2 there exist ζn(X) = O(1/n

1
2 Ln) such

that (Xn − EXn) is a Lp-mixingale with them.
The sequence ζn(X) is of size −(1/2), because beside (d) Ln satisfy (a) and

(c) obviously. From (8), and for (b)

Ln − Ln−1 = LnLn−1

[
(

1
Ln−1(d)

− 1
Ln(d)

) + (
1

Ln−1(Y )
− 1

Ln(Y )
)
]

≤ LnLn−1

[ C

nLn−1(d)
+

C

nLn−1(Y )

]
=

C

n
Ln,

for some constant C, as Ln(d) and Ln(Y ) satisfy (b).
So if in addition (Xn) and (Yn) satisfy all the conditions of Theorem 1 with

p = 2, the strong law holds for (Xn−EXn) according to Corollary 1.9 of McLeish
[4]. �
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