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Abstract. This paper deals with the inhomogeneous systems of the form D_ ) g = fp
when fj have compact supports. It shows the necessary and sufficient condition such
that the mentioned systems have solutions with compact supports.

1. Preliminaries
Let R™ be a m-dimensional Euclidean space and ey, ..., e, be an orthonormal
basis of R™. Then a basis of A is given by

{ea: ACN; N ={1,2,...,m}}

where e; = egy, i =1,...,m,e0 =ep =1 and ea = €4, - €q,, A={a,...,an}
with 1 < a7 < -+ < ap < m. The product in A is determined by the relations

€i€; + €€, = 725@'6() for Z,] = ]., ey

where eg = 1 is the identity of A. We define an involution in A as follows. Let
a be an element of A which can be presented as

a= ZaAeA, as €R.
A

Put @=),a4€4 where €4 =€,,€qa,_, - €a,,
ej=—e; for j=1,..,m; € =eo.

For n < m, the space R"™! can be embedded in A as follows.
Hence z = (z9, 21, ..., ) will be identified with
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n
To + & = xoeg + E T;e;.
Jj=1

For other definitions, we refer the reader to [1]. Let © be an open set of the
Euclidean space

Rm—i—l(x(l)) % Rm—i—l(x@)) N Rm—i—l(x(n)) _ R(m-‘,—l)n.

n

We consider the functions f, defined in 2 and taking values in the Clifford
algebra A. Then

f= ZfA(ac(l), wnz™)es  where zl) = (xéj), 2@y e R (£0))
A

for j =1,...,n and f4 are real-valued functions.
Further, we introduce the generalized Cauchy-Riemann operators

= 0
Dx(j) = Ci—, j = 17 N
2“0

Definition 1.1. A function f : Q@ — A is called multi-reqular in Q if f €
CL(Q, A) and satisfies the systems

D,»f=0 for j=1,..n. (1.1)

Note that, in case n = 1, the multi-regular functions reduce to the regular
functions (in sense of Delanghe(see [1])). Thus the multi-regular functions are
the natural generalizations to higher dimensions of the regular functions.

In case n = 2 the multi-regular functions are quite different from the biregular
functions studied by Brackx and Pincket (see [2]).

Remark 1.1. Let f € C?(Q2,.A) be a multi-regular function, then
Ay f =Dy Dy f = Dy Dy f =0 for j=1,...,n.
Hence

Af=Y A0 f=0.

j=1

This means that f is harmonic in 2. Then f is real analytic and the Uniqueness
theorem is valid for the multi-regular functions f.

2. Some Properties of Functions Taking Values in the Clifford Algebra A

Lemma 2.1. Let Q be an open set of R™™t and f,g € C*(Q2, A). Then we have

dg
Gxi

Do(fg) = (Dzf)g+ > _eif
1=0
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where
szlz;ezaxz T = (2,0, Tm) € QL. (2.1)
Proof. Suppose that f = ZfAeA, g= ZgBeB then
A B
fg=">_ fagseaes. (2.2)
A,B
We have
—~_ 9(f9)
= i—. 2.
Dulls) = ey 23

It is clear that

Z AgBeAeB) Z 8 ngB
A,
Ofa

s 2 "o,
= ( B+a—fA>eAegfz(é;];égBeAeBJrfA%eA@B)
AB , ‘ ’
= ( ~c4 (9BeB) + faea %Zf:eB>

o}

)

M

( ai ) (Soves) + (T saea) ($ 52en)

A
_of Jg o
= aacig + f@xi for i=0,1,...,m. (2.4)

It follows from (2.3), (2.4) that

Duso) =Y ei(2Ly+ 1 22)
2 1

(Zez )g+z zf_(sz)g+§ezf§_i

Lemma 2.2. Let A be an open set of R™* and D be a domain with smooth
boundary, such that D @ A, 0 ¢ dD. If g € C1(A, A), then

/ E(y).Dyg(y)dy — /D 9(y))dy =

/ (¢:B(w)doy ) — doy E(y)eia(v)
oD
fori=0,...m

Proof
a) Assume that ¢ = 0 then e; = 1. We will prove that
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/E Dgdy — /D Eg)dy = / (Edoy g — doy Eg). (2.5)
D oD

If 0 ¢ D, then according to [1, Lemma 9.2], we have

/Edoyg = /(ED.g+E.Dg)dy = /E.ngy (2.6)
oD D D
because ED = 0 (see [1]) and
/doy Eg= /D(Eg)dy. (2.7)
oD D

From (2.6), (2.7) it follows (2.5).

If 0 € D, then we choose R > 0, such that B(0, R) C D where B(0, R) is the
ball in Rm“ Using (2.5) for the domain (D \ B), we obtain

/ E.Dgdy — / D(Eg)d / (Edo, g — do, Eg). (2.8)

D\B D\B O(D\B)
Clearly, if R — 0%, then the left hand side of (2.8) tends to
/E.ngy - /D(Eg)dy, (see [1, Theorem 9.5]). (2.9)
D
The right hand side of (2.8) has the form
/ (Edoy g — doy Eg) — / (Edoy g — doy Eg). (2.10)
aD 8B(0,R)

Applying the method used in the proof of Theorem 9.5 (see [1]), we have

Al / Edoy g = g(0). (2.11)

9B(0,R)

Similarly, we can prove that

Rh—>nOl+ / doy Eg = ¢(0). (2.12)
8B(0,R)
Hence we get
RH—>H01+ / (Edoy g — doy Eg) = ¢g(0) — g(0) = 0. (2.13)
8B(0,R)

By (2.8), (2.9), (2.10) and (2.13), we obtain (2.5).

b) Using the similar method in the proof a) we are able to prove the Lemma for
1 =2,...,m
Thus Lemma 2.2 is proved.

Lemma 2.3. Let D be a bounded domain in R™! with smooth boundary,
feCYD,A), x €D then
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f@) = [ doy By - 21w - [ Dy(BW -0 fw)dy. @210
D

oD

Proof. According to [1, Theorem 9.5], we have

/E — z)doy (y)—/E(y—x)-Dyf(y)dy- (2.15)

Puty—x=mn, g (x + 1), then the right hand side of (2.15) reduces to

/E )doy, g( )—/E(n)-Dng(n)dn- (2.16)

oD’
By Lemma 2.2, (2.16) is of the form

/ do, E(n)g(n) — / Dy (E(n)g(n))dn =

oD’

[ oy Ew-0)1) - [ Dy(EG - 0)f)d
D

aD
So we have (2.14).

Corollary 2.1. Let D be a domain as in Lemma 2.5. If f € CL(D, A), then

/D )f(y))dy for z € D. (2.17)

3. The Inhomogeneous Generalized Cauchy—Riemann Systems

In this section, we consider the system
D,omg=fn for h=1,...n, n>2 (3.1)

where f}, are defined in an open set €2 C R™+D7 and take values in the Clifford
algebra A.
Note that in case n = 1 the system (3.1) was studied in [1].

Lemma 3.1. Suppose that fr, € C*(Q,A). If g € C*(Q,A) is a solution of
(3.1), then

8 - 0
1=0 1
8f 0
Z e; (;) Z e, 8 (gh) (3.3)

for h =1,...,n, where
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Ofn _ Ofn oy ) .
89351) P (1)( T, T )a
o6 _ 0h  a @
= (=M 4,23, 2(™),
aﬂCEh) O Z(4h)
dg dg

_ L 2 (n)
ax(h)fax(h)(x + 2\ 2™,

Proof. The right hand side of (3.2) has the form
dg ~  dg
ZD (Blme: <h>) "(E(")Zeiaxm))
i=0 i
= Dn( (n )D;c(h)g) = Dy(E(n)fr) because D,ug = fa. (3.4)

By Lemma 2.1, (3.4) reduces to

Dy(E(n)fn) = M) fr + Z e where 7 = (1o, ..., 7hm)
=0+ Z e; B afh
= Z e (1) since E(n) is regular (see [1]).

’L

Thus (3.2) is proved.
On the other hand, we get

dg dg " 0 dg
el P g = 2 §.1>(a )

i j=0 Ly
-3 ai (S ) - ;;Ba?)?()
5T (o) - (S )
- aazh) (ji:%ej ai?)) B aszh) (e 0?” )
It follows from (3.5) that
@iE(ﬂ);;—];m = eiE(n)~Dn%§m for i=0,...,m. (3.6)

Hence we obtain (3.3).
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Theorem. Suppose that fi,..., fn € CERMTU™ A) k> 2, then the system
(3.1) has at least a solution g € CE(RNI™ A) if and only if the following
condition is satisfied

S el s~ [ S ekl iy (37)

Rm+1 =0 Rm+1 =0 z
0 0
for h =2, ....n and for all (z(V), ..., 2(™) € RO"Dn yyhere I and N are
ax§1> 0301(-}1)

defined as in Lemma 3.1. When the conditions of the Theorem are satisfied then
the solution g € CE(RM™TD™ A) is uniquely determined.

Proof

1. Necessity

Suppose that the system (3.1) has a solution g € CF(R™+N7 A) we will
prove that (3.7) is valid.
According to Lemma 3.1, we get

S 3fh - dg
= D,(E(n)ei—— ), (3.8)
G- oo
- 8f1 - dg
Z = ZeiE(n).Dnax(h). (3.9)
=0 z’ =0 i
Since g € CE(R(m+TD7 A), % also have such a property.

Ox;
It follows from Lemma 2.2 that

iDn (E(n)e-ajf ) / Zel 88<h> . (3.10)

rm+1 =0 ? rm+1 =0

By (3.8), (3.9) and (3.10) we have (3.7).

2. Sufficiency
Assume that (3.7) is satisfied. Set

o@D, .. 2 = / By — 2) fi(y, 2@, ... ™)y

Rm+1

(3.11)
T / E(n) Az +n,2®, .20 dn,

Rm+1
then

Dx(h)g(ac(l),...,x(”)):—/ Do Em) f1(z® +n,2@ . 2Mydn.  (3.12)

Rm+1
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Using Lemma 2.1 we see that the right hand side of (3.12) has the form

- / [(Dl(’t)E(n))fl(x(l) +nal‘(2)aax(n))

Rm+1

(3.13)
+ Zel 2V 4, 2@ x("))} dn.
i)If h=1, then D_wm) E(n) =0, because E(n) is regular.
ii) If h > 2, then D, m E(n) = 0, because E(n) is independent of ("),
Hence (3.13) reduces to
S B2 (00 4 a® ™)y, (3.14)
Rm+1 =0 i
From (3.7) and Corollary 2.1, (3.11) becomes
S eulin) 2D ) 4 2 )y =
=0 ’L
R (3.15)
- / Dy(E(y_I(l))fh(yax(2)77x(n)))dy:fh(x(1)7a‘r(n))
Rm+1
forh=1,...,n

According to (3.12)—(3.15), g defined by (3.11), is a solution of (3.1).
Finally, we will show that g has a compact support.

n , 1/2
It is easy to see that g(x("), ..., z(™) = 0 for all 2()) € R™+1 if (Z |2 |2)

is large enough. So ¢ = 0 in the unbounded connected component of R(™+1)7,
On the other hand, f; have compact supports, then g is multi-regular outside
of a compact disc C' of R(m+1)n,

From the Uniqueness theorem for multi-regular functions (see Remark 1.1),
it follows that g = 0 outside C'. Hence g has a compact support.

Now we are able to prove that the solution g € CF (R(™+1)" A) of system
(3.1) defined by (3.11), is uniquely determined.

In fact, suppose that g and g; are solutions with compact supports of system
(3.1). Then we have

D,w(g—g1)=fn—frn=0 in R™HD™ for all h = 1,...n

Hence ¢ = g — g1 is a multi-regular function in R(™*Y"_ Since g and ¢; have
compact supports, then ¢ has also a compact support. According to the Unique-
ness theorem for multi-regular functions (Remark 1.1), it follows that ¢ = 0 in
the whole R(m+1n,

Thus g = gy in R?+D7,
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