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Abstract. We prove common fixed point theorems for three commuting self-mappings

on complete metric spaces which generalize and unify some previously known results.

Examples and applications to Menger spaces and random operator equations are also

given.

1. Introduction

In [4] we established common fixed point theorems for a pair of commuting self-
mappings on a complete metric space satisfying the g-quasi-contraction and a
metric condition of Fisher-Sessa, or Fisher-Iseki type, where g is a self-function
of R

+ satisfying the following properties
(g1) g is a non-decreasing function;
(g2) g is right-continuous;
(g3) ∀t > 0 g(t) < t;

(g4) ∃ lim
t→∞

g(t)
t

< 1.

Based on the approaches of [4, 8], we extended the results of [4] to the case
of three commuting mappings in [1, 3]. Afterwards following a suggestion by
Prof. Tien, we made an attempt in order to improve the mentioned results by
considering instead of (g4) the following weaker condition

(g4) ∃ lim
t→∞

g(t)
t

< 1.

*The work was supported by National Basic Research Program in Natural Science, Vietnam.
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In fact it turned out that one can slightly adapt the arguments of [1, 3] for
the purpose above. With condition (g4) involved, the main goal of the present
paper is to show that the results of [1, 3] remain true for a wider class of functions
g. As the reader will see later, the heart of the paper is Lemma 5.2 below, which
shows that any self-function of R

+, satisfying properties (g1)− (g3), (g4), can be
majorated by a nice function satisfying (g1) − (g4), i.e. the described situation
can be reduced in the obvious manner to the one treated in [1, 3]. However
in order to underline several interesting features of (g4) one feels plausible an
exposition with proofs based generically on exploiting the existence of upper
limit in (g4) that is certainly of independent interest. In a sense the paper
should be considered as an extended version of preprint [3]. As for illustration
purpose we discuss several examples in detail. We give also some applications
to the class of Menger spaces with t-norm T ≥ Tm and the theory of random
operator equations.

2. Preliminaries

Let (X, d) be a complete metric space, fi, i = 0, 1, 2 three commuting self-
mappings on X such that:
(1) fi(X) ⊂ f0(X), i = 1, 2;
(2) f1 and f2 satisfy the following g-quasi-contractive condition

d(f1x, f2y) ≤ g
(
m0(f1x, f2y)

)
, ∀x, y ∈ X, (2.1)

where m0(f1x, f2y) := max {d(f0x, f0y), d(f0x, f1x), d(f0y, f2y), d(f0x, f2y),
d(f0y, f1x)} and g is a function : R+ → R

+ satisfying properties (g1)−(g3), (g4).
Let us introduce the following new conditions which are generalizations of

metric conditions of Fisher–Sessa type, or Fisher-Iseki type (cf. [9, 10] and also
[4]):
There exists a point x ∈ X such that

sup
y,y′∈Of0(x)

{
d
(
fn+1

i y, fn
i y′), n = 0, 1, 2, . . . ; i = 1, 2

}
< ∞. (2.2)

There exist a point x ∈ X and a constant M such that

d(fn+1
i y, fn

i y′) ≤ (n + 1)M, ∀y, y′ ∈ Of0(x), (2.3)

for n = 0, 1, 2, . . . and i = 1, 2.
Here Of0(x) denotes the orbit of x under f0. It should be noted that in some

cases it is worth considering also the following conditions for the function g:
(g1′) g(0) = 0;
(g2′) g is upper semi-continuous.
Before proceeding further we make some easy remarks: (g1) and (g3) clearly
imply (g1’); (g1) and (g2′) imply (g2).

The following claim compares (g4) with property (g4′) first appeared in [5]
(g4′) lim

t→∞(t − g(t)) = ∞,
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Claim. With property (g3) fulfilled we have implication (g4) =⇒ (g4′), while the
converse (g4′) =⇒ (g4) is not true.

Proof. Assume q: = lim
t→∞

g(t)
t

< 1. Taking q0 such that q < q0 < 1, then by

definition of the upper limit one sees that there exists t0 (depending on q0) such
that g(t)/t /∈ [q0, 1] for all t ≥ t0, or equivalently

g(t)
t

< q0, ∀ t ≥ t0.

Hence
t − g(t) > t(1 − q0) → +∞, as t → +∞,

as claimed.
For the second statement one can take gα(t): = αt, if t ∈ [0, 1), and gα(t): =

[t]
√

t/(
√

t + 1), if t ∈ [1, +∞), where α ∈ [0, 1/2] is a constant and [t] denotes
the greatest integer not exceeding t; another example is g(t): = 0, if t ∈ [0, 3),
and g(t): = [t] − [log2t] − 1, if t ∈ [3, +∞).

For our later use we need the following two auxiliary lemmas.

Lemma 2.1. Assume that we are given g satisfying properties (g1′), (g2′), (g3).
Then
(i) for every t > 0 fixed one has lim

n→∞ gn(t) = 0;

(ii) for any sequence {dn} of non-negative real numbers such that dn+1 ≤ g(dn),
n = 1, 2, . . . , we have lim

n→∞ dn = 0.

For a proof see, e.g. [4].

Lemma 2.2. Assume that the conditions (g1), (g3), (g4) are fulfilled. Then
(i) For any fixed integer k > 0

lim
t→∞

gk(t)
t

≤ qk;

where q: = lim
t→∞ g(t)/t.

(ii) There exist a positive integer k0 and t0: = t(k0) depending on k0 such that

gk(t) <
t

2
, ∀t ≥ t0, k ≥ k0.

Proof.
(i) If g(t) is bounded, as t → ∞, (i.e. q = 0), then the first statement is obvious.

Otherwise one may apply the product formula for upper limits to

gk(t)/t = [gk(t)/gk−1(t)].[gk−1(t)/gk−2(t)] . . . [g2(t)/g(t)].[g(t)/t].

(ii) As above after taking q0: q < q0 < 1 one can choose k0 satisfying qk0
0 < 1/2

and t0, depending on k0, q0 such that in view of (g3), (i) and by definition
of the upper limit we have for any ∀k ≥ k0, t ≥ t0
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gk(t)
t

≤ gk0(t)
t

≤ qk0 < qk0
0 <

1
2
,

hence the conclusion (ii) easily follows. �

Note that examples above show that conclusion (ii) of Lemma 2.2 is false
if q = 1. In fact there are examples satisfying (g1) − (g3), (g4), but lim

t→∞ g(t)/t

does not exist. For every positive ε0 < 1/2 fixed we construct the sequence {ni}
and function gε0(t) as follows: n0 = 0, n1 = 1, n2k = n2k−1 + 1, n2k+1 =

[δn2k] + 1, k = 1, 2, . . . , where δ :=
1/2 + ε0

1/2 − ε0
. We put gε0(t): = n2k−1

(
1/2− ε0

)

for t ∈ [n2k−1, n2k) and gε0(t): = n2k

(
1/2 + ε0

)
for t ∈ [n2k, n2k+1). It is easy to

verify that gε0(t) satisfies (g1) − (g3), (g4): lim
t→∞g(t)/t = 1/2 + ε0. At the same

time gε0(n2k−1)/n2k−1 → 1/2 − ε0, gε0(n2k)/n2k → 1/2 + ε0 as k → ∞.
Let δ(A): = sup{d(x, y) : x, y ∈ A} denote the diameter of a subset A of X

and

O(x,∞): =
{
fk
0 fm

1 fn
2 x : k, m, n = 0, 1, 2, . . .

}
;

Lemma 2.3. Let commuting mappings f0, f1, f2 satisfy (2.1) − (2.2). Then

δ[O(x,∞)] < ∞.

Proof. If we denote by O(x, N): = {fk
0 fm

1 fn
2 x : 0 ≤ k, m, n ≤ N}, N =

1, 2, . . . , then δ[O(x, 1)] ≤ δ[O(x, 2)] ≤ . . . , so it is clear that δ[O(x,∞)] =
sup

{
δ[O(x, N)] : N = 1, 2, . . .

}
. Next putting xk,m,n: = fk

0 fm
1 fn

2 x, in view of
(2.1) one has for 0 ≤ k, m, n, k1, m1, n1 ≤ N, m > 0, n1 > 0

d(xk,m,n, xk1,m1,n1) ≤ g
(
δ{xk+1,m−1,n, xk1+1,m1,n1−1, xk,m,n, xk1,m1,n1}

)

≤ g
(
δ[O(x, N)]

)
.

Since f0, f1, f2 are commuting and because of property (g3) of g without loss
of generality we may assume that there are the following possibilities we have
to consider:
1. δ[O(x, N)] = d(fk

0 x, fk1
0 x). In view of (2.2) and the triangle inequality we

have

δ[O(x, N)] ≤ d(fk
0 x, f1f

k
0 x) + d(f1f

k
0 x, fk1

0 x) ≤ 2L,

where

L := sup
y,y′∈Of0(x)

{
d(fn+1

i y, fn
i y′), n = 0, 1, 2, . . . ; i = 1, 2

}
< ∞.

2. δ[O(x, N)] = d(fk
0 x, xk1,m1,n1) with m1 > 0. Applying (2.1), (2.2) and the

triangle inequality one gets
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δ[O(x, N)] ≤ d(fk
0 x, f2f

k
0 x)+d(f2f

k
0 x, fm1

1 fn1
2 fk1

0 x) ≤ L+g
(
δ[O(x, N)]

)
. (2.4)

3. δ[O(x, N)] = d(fn
2 fk

0 x, fn1
2 fk1

0 x) with n > n1. The case n1 = 0 reduces to
the inequality (2.4) above. Further again the triangle inequality implies that

δ[O(x, N)] ≤ d(fn
2 fk

0 x, fn
1 fk

0 x) + d(fn
1 fk

0 x, fn1
2 fk1

0 x).
So we can apply (2.1) to both terms on the right-hand side, e.g. for d(fn

2 fk
0 x,

fn
1 fk

0 x), say, we have

d(fn
2 fk

0 x, fn
1 fk

0 x) ≤ g
(
δ{fn−1

2 fk+1
0 x, fn−1

1 fk+1
0 x, fn

2 fk
0 x, fn

1 fk
0 x}).

In view of (g1), (g3) and (2.2), either d(fn
2 fk

0 x, fn
1 fk

0 x) ≤ g(L) ≤ L, or one can
descend further by applying (2.1)

δ[O(x, N)] ≤ gn
(
δ[O(x, n)]

)
+ gn1

(
δ[O(x, n)]

) ≤ 2gn1
(
δ[O(x, N)]

)
. (2.5)

Now if we choose n0 such that qn0
0 < 1/2, then Lemma 2.2 shows that (2.5)

is impossible as far as n1 ≥ n0 and δ[O(x, N)] is unbounded for N sufficiently
large. Otherwise we have

δ[O(x, N)] ≤ δ[O(x, n0)] + g
(
δ[O(x, n)]

)
.

One concludes therefore that either δ[O(x, N)] is bounded for all N , or there
exists a sequence {Nn} such that Nn → ∞ as n → ∞ and ∀Nn: (2.4) (or (2.5))
holds. The second possibility leads us to a contradiction with (g4′). �

3. Main Results

The aim of this section is to prove our main theorems which are generalizations
of the results of [1, 3, 4, 9, 10] (cf. also references therein).

Theorem 3.1. Let (X, d) be a complete metric space; fi i = 0, 1, 2 commuting
self-mappings of X such that
(i) fi, i = 0, 1, 2 satisfy conditions (2.1)− (2.2) for a function g with properties

(g1) − (g3), (g4);
(ii) fj(X) ⊂ f0(X), j = 1, 2;
(iii) f0 is continuous.
Then there exists a unique common fixed point in X for f0, f1, f2.

Proof.
1. Let us construct the sequence {xn} as follows: for x0 arbitrary in X , let
x1 ∈ X , guaranteed by (ii), be such that f2x0 = f0x1 and denote it by y0.
Having defined xn ∈ X, let xn+1 ∈ X be such that f1x2k+1 = f0x2k+2 with
n = 2k + 1, and f2x2k = f0x2k+1 with n = 2k. Letting y2k+1 = f1x2k+1, and
y2k = f2x2k we prove that d(f0yn, f0yn+1) → 0 as n → ∞. Say for n = 2k we
have by (2.2)

d(f0y2k, f0y2k+1) ≤ g
(
δ{f0y2k−1, f0y2k, f0y2k+1}

)
.

So either d(f0y2k, f0y2k+1) ≤ g
(
d(f0y2k−1, f0y2k)

)
, or descending further as

in the proof of Lemma 2.3 yields
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d(f0y2k−1, f0y2k+1) ≤ gk−1
(
δ[O(x,∞)]

)
.

Both cases together with Lemma 2.3 imply d(f0y2k, f0y2k+1) ≤ gk
(
δ[O(x,∞)]

)
.

Analogously for n = 2k + 1 d(f0y2k+1, f0y2k+2) ≤ gk+1
(
δ[O(x,∞)]

)
. Sum-

ming up one concludes in view of Lemmas 2.2 and 2.3 that in either case
lim

n→∞ d(f0yn, f0yn+1) = 0.

2. Now we prove that the sequence {f0yn} is a Cauchy sequence. We assume
contrariwise that this sequence is not Cauchy’s, that is

(∗) ∃ ε > 0, for every integer N one can choose n(N) > N such that

d(f0yn(N), f0yN) ≥ 2ε.

Since d(f0yn, f0yn+1) → 0 as n → ∞, there exists N(ε) such that if n > N(ε)
then d(f0yn, f0yn+1) < ε. In particular it is easy to see that for any N = 2k >
N(ε) one can choose 2m(k) > 2k such that

d(f0y2k, f0y2m(k)) > ε. (3.1)

(Indeed if n(2k) chosen in (*) is odd, say n(2k) = 2m(k) + 1 one can write

d(f0y2m(k), f0y2m(k)+1) + d(f0y2k, f0y2m(k)) ≥ d(f0y2k, f0y2m(k)+1) ≥ 2ε,

which implies (3.1), since d(f0y2m(k), f0y2m(k)+1) < ε). One can also assume
that 2m(k) is chosen minimum among such even integers > 2k so that
d(f0y2k, f0y2m(k)−2) ≤ ε. Combining this and (3.1) we get

ε < d(f0y2k, f0y2m(k)) ≤ ε+d(f0y2m(k)−2, f0y2m(k)−1)+d(f0y2m(k)−1, f0y2m(k)),

or as k tends to ∞
lim

k→∞
d(f0y2k, f0y2m(k)) = ε. (3.2)

On the other hand we have

d(f0y2k, f0y2m(k)) ≤ d(f0y2k, f0y2k+1) + d(f0y2k+1, f0y2m(k)). (3.3)

One has to estimate the term d(f0y2k+1, f0y2m(k)) from the right-hand side of
(3.3). From the above and the condition (2.1) of the theorem it follows that

d(f0y2k+1, f0y2m(k)) ≤ g
(
max

{
ε + d(f0y2m(k)−2, f0y2m(k)−1), d(f0y2k, f0y2k+1),

d(f0y2m(k)−1, f0y2m(k)), ε + d(f0y2m(k)−2, f0y2m(k)−1) + d(f0y2m(k)−1, f0y2m(k)),

ε + d(f0y2m(k)−2, f0(y2m(k)−1)) + 2d(f0y2m(k)−1, f0y2m(k)) + d(f0y2k, f0y2k+1)
})

.

Since lim
n→∞ d(f0yn, f0yn+1) = 0 and because of (g1) for g this yields

d(f0y2k+1, f0y2m(k)) ≤ g(ε + δ) (3.4)

for δ > 0 and k sufficiently large. In view of (3.2)–(3.4) and the right-continuity
of g one obtains as k → ∞ and δ → 0+ ε ≤ g(ε), that contradicts (g3). We
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have proven that the sequence {f0(yn)} is Cauchy’s, hence convergent. Let us
call the limit by u.
3. Now we show that u is a common fixed point of f0, f1, f2 and this common
fixed point is unique. We first claim that u = f0u Indeed, if u 
= f0u then from
the condition (2.1) and properties of f0 we have

d(f0y2k+1, f
2
0 y2k+2) = d(f1y2k, f2f1y2k)

≤ g
(
δ
{
f0y2k, f0f1y2k, f1y2k, f2

0 y2k+2

}) ≤ g
(
δ
{
u, f0u, u, f0u

})

as k is sufficiently large. Letting k tend to ∞ gives a contradiction with (g3). So
that d(u, f0u) = 0, in other words u is a fixed point of f0. Using the condition
(2.1) of the theorem and assume that u 
= f1u we estimate

d(f1u, f0y2k)=d(f1u, f2y2k−1) ≤ g
(
δ
{
f0u, f0y2k−1, f2y2k, f1u)

})≤g
(
d(u, f1u)

)

as k sufficiently large. Letting k tend to ∞ gives a contradiction with (g3). So
that u is a fixed point of f1. Analogously putting x = y = u in the condition
(2.1) of the theorem one obtains that u is also a fixed point of f2. The uniqueness
is almost evident. �

Corollary 3.2. Let (X, d) be a complete metric space; fi i = 1, 2 commuting
self-mappings of X satisfying conditions (2.1) with f0 =id and (2.2). Then there
exists a unique common fixed point in X for f1, f2.

Theorem 3.3. Let (X, d) be a complete metric space; fi, i = 0, 1, 2 commuting
self-mappings of X such that
(i) fi, i = 0, 1, 2 satisfy conditions (2.1), (2.3) for a function g with properties

(g1) − (g3), (g4);
(ii) fj(X) ⊂ f0(X), j = 1, 2;
(iii) f0 is continuous.
Then there exists a unique common fixed point in X for f0, f1, f2.

Lemma 3.4. Under the hypotheses of Theorem 3.3 there exists a constant L
such that for N = 1, 2, . . . .

δ[O(x, N)] ≤ 2NL.

Proof. Indeed as one has seen in the proof of Lemma 2.3, the only step we have
to replace (2.2) with (2.3) is step 2. We have either

δ[O(x, N)] ≤ 2nM ≤ 2NM,

where M is the constant from (2.3), or by descending argument δ[O(x, N)] are
bounded. Thus the conclusion of the lemma follows.

Before proving Theorem 3.3 one notes that properties (g1) and (g4) imply
the following property
(g5) lim

k→∞
gk(ka) = 0 for a > 0 fixed.
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Indeed recall that q: = lim
t→∞ g(t)/t < 1 in view of (g4), for a chosen q < q0 <

1, there exists t0 as above so that
g(t)
t

< q0, ∀t ≥ t0,

in particular for any t ≥ t0: g(t) < q0t. Clearly by (g1) and induction applied
to this inequality one gets: gk(t) < qk

0t. Furthermore putting t = ka we have
for k sufficiently large: gk(ka) < qk

0ka. Thus as k tends to ∞ one obtains the
desired (g5).

We continue the proof of Theorem 3.3. Let {xn} be the sequence constructed
in proving Theorem 3.1. Taking into account Lemma 3.4 we have

d(f0y2k+1, f0y2k+2) ≤ gk+1
(
δ[O(x, 2k + 2)]

) ≤ gk+1
(
4(k + 1)L

)
,

d(f0y2k, f0y2k+1) ≤ gk
(
δ[O(x, 2k + 1)]

) ≤ gk
(
(4k + 2)L

)
.

So property (g5) yields lim
k→∞

d(f0yn, f0yn+1) = 0. The rest of the proof is iden-

tical to steps 2 and 3 in the proof of Theorem 3.1. �

Corollary 3.5. Let (X, d) be a complete metric space; let fi i = 1, 2, be
commuting self-mappings of X satisfying condition (2.1) with f0 =id and (2.3).
Then there exists a unique common fixed point in X for f1, f2.

Note that the main results of [4] (and in particular of [5, 7, 9, 10]) are
immediate consequences of Corollaries 3.2, 3.5.

4. Examples

4.1. We can give various examples satisfying the conditions of Theorems 3.1
– 3.3 above. Let X = [0, +∞) with usual metric. Consider the following self-
mappings f0(x) = q0x, f1(x) = q1x with q0 > q1 > 0, and f2(x) ≡ 0. One
checks easily that f0, f1, f2 satisfy the conditions of Theorems 3.1, 3.3 above
with function g(t) = qt, q := q1/q0. Hence they have a unique common fixed
point in X .

4.2. Let N be the set of positive integers. Consider the following self-mappings of
N : f0 = id, f1(n): = n+1, f2(n): = n+2. Clearly f0, f1 and f2 are commuting.
Note that any metric d on N should satisfy d(n, n) = 0. One may try to choose a
metric d such that d(m, n) ↓ t0 ≥ 0 as min{m 
= n} → ∞. Certainly a plenty of
such metrics exists, for instance, one can define for m > n : d(m, n) = d(n, m): =
a + 1/nα with non-negative a, α; or d(m, n) = d(n, m): = a + 1/ζn(1) with non-
negative a; or d(m, n) = d(n, m): = a + 1/ζn(2) with a ≥ −6/π2, where for two
last families we use the notation ζn(s): = 1+1/2s + · · ·+1/ns - the “truncated”
Riemann zeta-function. With these circumstances and if t0 > 0 N is a complete
metric space. In fact f0, f1 and f2 would satisfy the conditions (2.1)-(2.2) for a
chosen function g with properties (g1) − (g3), (g4′). But one could not have a
choice for g to satisfy property (g4): such a function fails to satisfy (g3) at t = t0.



Generalizations on Common Fixed Points for Three Commuting Mappings 275

These examples show that the conditions (g2), (g3) and (g4) are essential. The
only way to get rid of this “difficulty” at t = t0 is as follows: one has to choose the
metric d such that t0 = 0, e.g. as a = 0, α > 0; a = 0; a = −6/π2 respectively
in the above families of metrics. But in this case N is not complete. Clearly one
obtains a completion by adding the point ∞ to N with natural ordering n < ∞,
for all n ∈ N and f1, f2 are extended well to the whole N ∪ {∞} in the obvious
manner. So that ∞ is the unique fixed point of f0, f1, f2 in accordance with
Theorem 3.1.

5. Applications

We now proceed to the case of probabilistic (random) metric spaces. First let us
mention some definitions [11 - 13]. Let δ0 denote the set of all distribution func-
tions F with F (0) = 0 (F is nondecreasing, left-continuous and sup

t∈R

F (t) = 1).

A probabilistic metric space (a PM -space) is an ordered pair (X,F) consisting
of a nonempty set X and a symmetric mapping F : X × X → δ0 (F(x, y) is
denoted by Fx,y for (x, y) ∈ X) which satisfies the following conditions:
(1) Fx,y(t) = 1 for all t > 0 if and only if x = y.
(2) If Fx,z(t) = 1 and Fz,y(s) = 1, then Fx,y(t + s) = 1 for all x, y, z ∈ X and
t, s > 0.

A Menger space is a triplet (X,F , T ), where (X,F) is a PM -space, T is a
triangular norm (t-norm) and the Menger triangular inequality Fx,y(t + s) ≥
T

(
Fx,z(t), Fz,y(s)

)
holds for all x, y, z ∈ X and t, s > 0. Recall that a t-norm T

is a commutative, associative and nondecreasing mapping T : [0, 1]×[0, 1] → [0, 1]
such that T (0, 0) = 0, T (a, 1) = a. There are two important t-norms: T (a, b): =
min (a, b) and Tm(a, b): = max (a+ b−1, 0) which will be used frequently in the
sequel. The case (X,F , min) was studied extensively (see, e.g. [6, 14] and cited
references therein). In this case for each λ ∈ (0, 1) one can define a pseudo-metric
dλ by putting dλ(x, y) = sup {t: Fx,y(t) ≤ 1 − λ} so that

Fx,y(t) > 1 − λ if and only if t > dλ(x, y). (5.1)

The following lemma is a key point in applications below.

Lemma 5.1. Let g: R+ → R
+ be a function satisfying (g1) − (g3), (g4). Then

there exists a continuous and strictly increasing function f : R+ → R
+ satisfying

(g4) such that g(t) ≤ f(t) < t for all t > 0.

Proof. Firstly one constructs a continuous and strictly increasing function f0 on
[0, 1] such that g(t) ≤ f0(t) < t for t > 0, as in [6, Proposition 1]

a0: = min
[1,2]

(t − g(t)), an: = min
[1/(n+1),1/n]

(t − g(t)) for n ∈ N,

b1: = min {a0, a1}, bn: = min
{
a0, · · · , an; 1/n(n + 1)

}
, for n ≥ 2,

f0(0): = 0, f0(1/n): = 1/n− bn, and for t ∈ [0, 1/n(n + 1)]
f0(1/(n + 1) + t): = [1 − n(n + 1)t]f(1/(n + 1)) + n(n + 1)tf(1/n).
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Next as in the proof of Claim and Lemma 2.2, for a chosen q < q0 < 1, in view of
(g4), there is N0 = N(q0) such that for all t > N0, g(t)/t < q0. By (g1)− (g3)

one can take a partition [1, N0] =
k⋃

i=1

Ii of [1, N0] by closed subintervals Ii such

that g(t)/t is continuous on Ii for i = 1, ..., k, and putting

qi: = max
Ii

g(t)/t, q1: = max
0≤i≤k

{
f0(1), qi

}
< 1, t0: = sup

{
t ∈ [0, 1] : f0(t) = q1t

}
,

one obtains the required function f(t): = f0(t), if t ∈ [0, t0], and f(t): = q1t, if
t ∈ [t0, +∞). �

Remark. There are examples showing the necessity of involving the construction
of f0(t) on [0, 1]; for instance, one can take g(t): = 1 − e−t, if t ∈ [0, 1), and
g(t): = 2t/3, if t ∈ [1, +∞). At this point we may see another interesting feature
of the condition (g4).

One can have an easy application of the result above to Menger spaces with
T = min. Recall that the (ε, λ)-topology in a Menger space (X,F , T ) can be
defined by the family {Ux(ε, λ); x ∈ X, ε > 0, λ ∈ (0, 1)} of (ε, λ)-neighborhoods,
where

Ux(ε, λ): = {y ∈ X ; Fx,y(ε) > 1 − λ}.
If sup

a∈(0,1)

T (a, a) = 1 then (X,F , T ) is a Hausdorff topological space in the (ε, λ)-

topology. It is easy to see that dλ(x, y) = inf {ε > 0: y ∈ Ux(ε, λ)} in the case
T = min. The family {dλ} generates the same topology in (X,F , min). In
particular it satisfies the following property: dλ(x, y) = 0, ∀λ ∈ (0, 1) if and
only if x = y. We now formulate a probabilistic version of conditions (2.2), (2.3):
There exist a point x ∈ X and a constant L such that for all y, y′ ∈ Of0(x)

Ffn+1
i

y,fn
i

y′(L) = 1, n = 0, 1, 2, . . . ; i = 1, 2. (5.2)

There exist a point x ∈ X and a bounded function ϕ: (0, 1) → R
+ such that

inf
y,y′∈Of0(x)

{
Ffn+1

i
y,fn

i
y′((n + 1)ϕλ), i = 1, 2

}
> 1 − λ, ∀ λ ∈ (0, 1), (5.3)

where ϕλ: = ϕ(λ).
As an immediate consequence of Theorems 3.1 and 3.3 one obtains

Corollary 5.2. Let (X,F ,min) be a complete Menger space, f0, f1, f2 three
commuting self-mappings with f0 continuous and fi(X) ⊂ f0(X) for i = 1, 2.
Assume that there exists a function g: R+ → R

+ satisfying (g1)− (g3), (g4) such
that for all x, y in X and t > 0

Ff1x,f2y(g(t)) ≥ min
{
Ff0x,f0y(t), Ff0x,f1x(t), Ff0y,f2y(t), Ff0x,f2y(t), Ff0y,f1x(t)

}
.

(5.4)



Generalizations on Common Fixed Points for Three Commuting Mappings 277

If, in addition, either (5.2), or (5.3) holds for some x ∈ X, then there exists a
unique common fixed point in X for f0, f1, f2.

Let (X,F , T ) be a Menger space. It is well known that if t-norm T satisfies
sup

a∈(0,1)

T (a, a) = 1, then in the (ε, λ)-topology X is a metrizable topological

space. A t-norm T1 is stronger than a t-norm T2 (written as T1 ≥ T2) if T1(a, b) ≥
T2(a, b), ∀a, b ∈ [0, 1]. Moreover if there is a pair (a, b) with strict inequality,
then we say T1 strictly stronger than T2. We now extend the method here to
the class of Menger spaces with t-norm T ≥ Tm, and since by [13] every E-space
is a Menger space w.r.t. t-norm Tm, we can apply the results of this type to
the theory of random operator equations. In the case T ≥ Tm one can use the
following metric with nice properties (cf. [2])

β(x, y): = inf{u: Fx,y(u+) > 1 − u}.
Theorem 5.3. Let (X,F , T ) be a complete Menger space with T ≥ Tm, f0, f1, f2

commuting mappings of X into itself with f0 continuous and fi(X) ⊂ f0(X) for
i = 1, 2. Assume that there exists a function g: R+ → R

+ satisfying (g1) −
(g3), (g4) such that for all x, y in X and t > 0

1 − Ff1x,f2y(g(t)) ≤ g
(
1 − min

{
Ff0x,f0y(t), Ff0x,f1x(t),

Ff0y,f2y(t), Ff0x,f2y(t), Ff0y,f1x(t)
})

.
(5.5)

Then f0, f1, f2 have a unique common fixed point in X.

Proof. By Lemma 5.1 there exists a continuous and strictly increasing (hence
invertible) self-function of R

+ satisfying (g4) such that g(t) ≤ f(t) < t, ∀ t > 0.
Since β is bounded we now show that the condition (2.1) of Theorems 3.1, 3.3
holds w.r.t. the metric β. Assume the contrary that there exist x, y in X such
that

β(f1x, f2y) > f
(
m0(f1x, f2y)

)
, i.e. t: = f−1

(
β(f1x, f2y)

)
> m0(f1x, f2y),

here m0(f1x, f2y) is defined as in (2.1) w.r.t. the metric β. So in view of the
properties of the metric β, and by using the monotonicity of f and distribution
functions we have

1 − Ff1x,f2y

(
g(t)

) ≥ 1 − Ff1x,f2y

(
f(t)

) ≥ β(f1x, f2y) > f
(
m0(f1x, f2y)

)

≥ f
(
max

{
1 − Ff0x,f0y(β(f0x, f0y)+), 1 − Ff0x,f1x(β(f0x, f1x)+),

1 − Ff0y,f2y(β(f0y, f2y)+), 1 − Ff0x,f2y(β(f0x, f2y)+),
1 − Ff0y,f1x(β(f0y, f1x)+)

})

≥ f
(
max

{
1 − Ff0x,f0y(t), 1 − Ff0x,f1x(t), 1 − Ff0y,f2y(t), 1 − Ff0x,f2y(t),

1 − Ff0y,f1x(t)
})

= f
(
1 − min

{
Ff0x,f0y(t), Ff0x,f1x(t), Ff0y,f2y(t), Ff0x,f2y(t), Ff0y,f1x(t)

})

≥ g
(
1 − min

{
Ff0x,f0y(t), Ff0x,f1x(t), Ff0y,f2y(t), Ff0x,f2y(t), Ff0y,f1x(t)

})
,
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a contradiction to (5.5). �

We can apply the results above in showing the existence of a unique solution
of a system of random operator equations.

Let (Ω,A, μ) be a complete probability measure space; and let (X, | · |) be
a normed linear space. By B we mean σ-algebra of Borel subsets of X , so
that (X,B) is a measurable space. A mapping x: Ω → X is called an X-valued
random variable (or generalized random variable), if x−1(B) ∈ A for all B ∈ B.
A mapping A: Ω × X → X is said to be a random operator if for any x ∈ X
A(., x) is a random variable. A random operator A is continuous if for each
ω ∈ Ω, A(ω, .) is continuous in the topology induced by the norm |·|. The ordered
pair (E,F) is an E-space over (X, |·|) if the elements of E are equivalence classes
of measurable functions from (Ω,A, μ) into X such that for every x, y ∈ E and
t ∈ R the set {ω ∈ Ω: |x(ω) − y(ω)| < t} belongs to A, and F is given via
Fx,y(t): = μ{ω ∈ Ω: |x(ω)− y(ω)| < t}. By [13] it is known that (E,F , Tm) is a
Menger space. In the following we shall assume that (X, | · |) is a Banach space,
then (E,F , Tm) is complete. A random variable x(ω) ∈ E is said to be a random
fixed point of the random operator A(ω, .) if x(ω) = A(ω, x(ω)), ∀ ω ∈ Ω. If A
is continuous, then A(ω, x(ω)) ∈ E, whenever x(ω) ∈ E. Consider the following
system of random operator equations⎧⎪⎨

⎪⎩

x0(ω) = A0(ω, x0(ω)) + α0(ω)
x1(ω) = A1(ω, x1(ω)) + α1(ω)
x2(ω) = A2(ω, x2(ω)) + α2(ω)

(5.6)

where αi ∈ E, i = 0, 1, 2. Let fi: Ω × X → X be defined by fi(ω, .): =
Ai(ω, .) + αi(ω), i = 0, 1, 2. The corresponding self-mappings of E are de-
fined in a natural way; we shall denote them by the same letters: (fix)(ω): =
Ai(ω, x(ω)) + αi(ω), i = 0, 1, 2.

Theorem 5.4. Let (Ω,A, μ), (X, | · |), (E,F , Tm), Ai, αi, fi, i = 0, 1, 2 be as
above. Assume
a) f1(E) ⊂ f0(E), f2(E) ⊂ f0(E),
b) f0, f1, f2 are commuting,
c) f0 is continuous,
d) there exists a function g: R+ → R

+ satisfying (g1) − (g3), (g4) such that for
all x, y in E and t > 0

μ{ω ∈ Ω: |(f1x)(ω) − (f2y)(ω)| ≥ g(t)}
≤ g

(
max

{
μ{ω ∈ Ω: |(f0x)(ω) − (f0y)(ω)| ≥ t},

μ{ω ∈ Ω: |(f0x)(ω) − (f1x)(ω)| ≥ t},
μ{ω ∈ Ω: |(f0y)(ω) − (f2y)(ω)| ≥ t},
μ{ω ∈ Ω: |(f0x)(ω) − (f2y)(ω)| ≥ t},
μ{ω ∈ Ω: |(f0y)(ω) − (f1x)(ω)| ≥ t}})

.

(5.7)

Then there exists a unique solution of the system (5.6).

Proof. Obviously (5.7) is equivalent to
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1 − Ff1x,f2y(g(t))

≤ g
(
1 − min

{
Ff0x,f0y(t), Ff0x,f1x(t), Ff0y,f2y(t), Ff0x,f2y(t), Ff0y,f1x(t)

})
,

so Theorem 5.3 applies: there exists a unique common fixed point in X for
f0, f1, f2, which is a unique solution for (5.6). �
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