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Abstract. In this paper, we investigate ideals and idempotents of a ring of generalized
power series. We show that: [[(Ra)®<]] = [[RSS]]ca and [[(R/I)%=]] = [[R%<]]

S, <
/[[I*°=]], and discuss the relation between [[\/T ]] and +/[[I5<]]. We also charac-
terize the idempotents of a ring of generalized power series.

In [2, 4 - 9], Ribenboim carried out an extensive study of rings of generalized
power series. Now we recall the definition of the ring [[R%<]]. Let (S, <) be an
ordered set. (5, <) is said to be artinian if every strictly decreasing sequence of
elements in S is finite. (59,<) is said to be narrow if every subset of pairwise
order-incomparable elements of S is finite. A monoid is a commutative semi-
group (its operation shall be denoted additively) with a neutral element 0. If S
is a monoid, and < is a compatible order relation (that is, if s < s’ and t € S
then s+t < &' +t), then S is called an ordered monoid. Further, if the order
is strict, that is, if s,s',¢ € S and s < ¢’ then s +t < s +1¢,(S5, <) is called a
strictly ordered monoid.

Unless stated otherwise, in this paper (5,<) and R will denote a strictly
ordered monoid and an associative ring, respectively.

Let A = [[R®=]] be the set of all maps f : S — R such that supp(f) =
{s € S|f(s) # 0} is artinian and narrow as an ordered subset of (S, <). With
pointwise addition, clearly supp(f + g) C supp(f) U supp(g) and supp(—f) =
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supp(f). It follows that A is an additive group. For any f,g € A and s € S, the
set

Xs(f9) ={(t,u) € Sx S| +u=s, f(t)#0, g(u)#0}
is finite [7]. This result allows us define the operation of convolution:

(fo)s) = >_  f(t)g(u),

(tw)eXs(f.9)

from which we can see that supp(fg) C supp(f) + supp(g).

With this operation, and pointwise addition, A becomes a ring, which is
known as the generalized power series ring. The elements of A are called gener-
alized power series with coefficients in R and exponents in S.

For example, if S = N the addition monoid of integers > 0 under the usual
order, then A = R|[[z]], the usual ring of power series. If S is a group and < is
the trivial order, then A = R[S], the group-ring of S over R. Further examples
are given in [6, 7].

It is easy to see that if R is commutative, then so is A; and if R possesses
unit element 1, then A has also. The identity 14 of A is that:

14(0) =1, 14(s)=0 forevery s(#0)eS.

For each f € A, f # 0, supp(f) is non-empty artinian and narrow. If (S, <)
is totally ordered, then there exists the smallest element of supp(f), denoted by
7m(f). The following notation we will due to [6]:

Let r € R, define a mapping ¢, € A as follows:

cer(0) =7, ¢ (s)=0 forevery s(#£0)€S.

In fact, ¢ = 14.

1. Ideals

Let R be a ring, S be a strictly ordered monoid, we still denote the generalized
power series ring [[R¥<]] by A. If I is an ideal (left ideal, or right ideal) of R,
let

([I5<]]={f€A|f(s) €I forevery sc S}.

It is easy to verify that [[*<]] is an ideal (left ideal, or right ideal) of A. Of
course, not all of ideals of A can be written as [[I*'<]] (I is an ideal of R). For
example, A = R][z]], Az is an ideal of A, which cannot be written as the form
15<])

The following result is obvious.

Proposition 1.1. Let I(k =1,...,n) be ideals of R. Then
n n
Oz=1 =[N 1))
k=1 k=1 ]

Theorem 1.2. For any a € R, [[(Ra)*>=]] = [[R¥<]]ca.
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Proof. Denote I = Ra. For any f € A, clearly fca € A = [[R%<]]. Now for
every s € S, we have

(fea)(s) = f(s)ca(0) = f(s)a € Ra=1.
So fca € [[I*=]]. Hence Aca C [[I°=]).
Conversely, for any f € [[I®=]], if s € supp(f), then f(s)(# 0) € I = Ra,
which follows that there exists rs € R such that f(s) = rsa.
Let 05 R {m s € supp(/f)
0, seS\supp(f).

Consequently, supp(g) = supp(f), so g € A. If s € supp(f), (gca)(s) =
g(s)ca(0) = rsa = f(s); If s € S\ supp(f), (gca)(s) = 0 = f(s). So f = gea,
that is, f € Aca, hence [[[®<]] C Aca. ]

Theorem 1.3. Let I be an ideal of R. Then [[R*=]]/[[I°=]] = [[(R/1)%<]].

Proof. Let n : R — R/I be the natural homomorphism. For any f € A, consider
the mapping nf : S — R/I. Tt is easy to see that supp(nf) C supp(f), so
supp(nf) is artinian and narrow. Thus nf € [(R/I)><]].

Let 6 A — [[(R/T)5S]]: [ nf.
1) For any f,g€ A,s € S

(o(f +9))(s) =

Thus ¢(f + g) = 6(f) + 6(9).
(@(f9)(s) = (f)) ) =n((f)s) =n( D flwg())

= Y a@)nig) = > mhHwng)(v)

(u,v)€Xs(f,9) (u,v)€X5(nf;ng)

= ((nf)(ng))(s) = (&(£)P(9))(5)-

Thus ¢(gf) = ¢(f)d(g). Hence ¢ is a ring homomorphism.
2) Let h € [[(R/I)%=]]. Then, for every s € S, h(s) € R/I. Since 7 is the
natural homorphism, n~1(h(s)) # 0. Now we take an element 75 from n~1(h(s)),
(if h(s) = 0, then let rs = 0).

Let f: S — R: s+ rs. We find that supp(f) = supp(h) is artinian and
narrow. Thus f € A, and

(@(f))(s) = (nf)(s) = n(rs) = h(s);
it follows that ¢(f) = h. Hence ¢ is surjective.
3) If f € [[I%=]], then f(s) € I for every s € S, so n(f(s)) = 0, thus ¢(f) =
nf =0, hence [[I*=]] C Ker ¢.
Let f € Ker¢. Then nf = ¢(f) = 0, thus, n(f(s)) = 0 for every s € S, so
f(s) € I and f € [[I®=]], hence Ker ¢ C [[I®=]]. Therefore, Ker¢ = [I%=]].
Now we have [[R=]]/[[[%=]] = [[(R/1)%=]]. "
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In [7], Ribenboim considered a pair of ideals of A : [[\/TSS]] and /[[15<]].
Now we investigate their relation.

Let R be a commutative ring and I be an ideal of R. Let vI = {a € R|
there exists integer n > 1 such that o™ € I'}. We know that, VT is an ideal of R

and contains I. Thus, both [[\/TSS]] and +/[[I%=]] are ideals of A.

Theorem 1.4. Let R be a commutative ring and I be an ideal of R, (S, <) be
a strictly totally ordered monoid. Then +/[[I%=<]] C [[\/TSS]]

Proof. Let f € \/[[I5<]]. There exists integer n > 1 such that f™ € [I%<]]. So
f"(s) € I for every s € S.

suppose there exists s € S such that f(s) ¢ v/I. Then for every integer
m>1, f(s)™ & 1.

Denote B = {s € S| f(s)™ & I for every positive integer m}. Clearly, B C
supp(f), then B is artinian and narrow. Since S is totally ordered, there exists
the smallest element in B, which is denoted by sq.

f™(nso) = > Flur) f(us) ... fun).
ultuz+---+un=nso
Note that the above is a finite sum, we have
l

™ (nso) = f(s0)™ + Y fura) f (una)... f (wrn)

k=1

for every summand f(ug1)f(ur2)...f(ugn)(k = 1,2,...,1), we know that ug; +
ko + -+ -+ Upn = nSo and ug; < So for some i, so f(ug;) € VI. Now let n; be a
positive integer such that f(uy:)™ € I. Since f"(nso) € I, we have

1
nitnz+-tng
f(nSO)n(n1+n2+...+m) — (fn(nSO)_Z f(ukl)f(qu) . f(Wm)) cl
k=1
This contradicts that sg € B.
Hence, f € [[\/TSS]]
Notice that the inverse statement is false. n

aq a9 cee [e2%

Ezample 1.5. Let R, = { la; €Z, i=1,2, ,n} R,
aq as

a1 dyxn

is a commutative ring with the operation of matrix. Then the direct product

R = ][ R, is also a commutative ring.
n=1
Let S = N with the usual ordered. Then (S, <) is a strictly totally ordered
monoid. So, A = [[RS=]] = R[[z]].
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o 1 --- 1
Let A, = o . Then A, € R,, and 4,,™ = 0.

nxn

Let

By =0x Ay x0x0x---,
B3 =0x0x A3 x0x---,

Br,=0x--Xx0Xx A x0x---,

It is easy to show that By* =0€ R, k=2,3,---.

Now let f = By + B3z + Byx? + -+ + Byiox® +--- I = {0} be the zero
ideal of R. Since for any k € S, f(k) = Bry2 € VI, s0, f € [[\/TSS]] But
f & +/[[I%=]]. In fact, for any n > 1,

fn :B2n +B3n1'n+B4n£L'2n + .“+Bnnm(n72)n+Bn+1 nl,(nfl)n+ ,

note that By,41™ # 0, so f™ # 0, and then f & /[[I5=]]. n
Now, we discuss the case of [[\/TSS]] C /[[I%=]], and give some conditions

such that [VI ~]] = /I5=]N.

Lemma 1.6. [6] Let I, I’ be ideals of a ring R. Then [I5<]] C [[I'5<]] if and
only if  C I'.

Proposition 1.7. Let (S, <) be a strictly totally ordered monoid, I be an ideal
of a commutative ring R. If \/[[I®<]] can be written as [J%=]] (J is an ideal

of R) then J = /T and [[\/TSS]] =/[[I%=]].
Proof. By Theorem 1.4 and Lemma 1.6, J C /1.

On the other hand, let » € V/I. Then there exists n > 1 such that 7 € I,
now c; € A:

cr(0) =r" c(s) =0 (s#0).
So ¢ € [[I%=]] and ¢, € \/[[I5=]] = [[J=]]. Thus 7 = ¢,(0) € J, then /T C J.
Therefore J = /1. ™

Proposition 1.8. Let I be an ideal of a commutative ring R. If there exists
<
n>1 such that VI C I, then [[\/TS_]] C V[[I%=]).

S, <
Proof. For any f € [VI <]] and u € S, we know that f(u) € vI. Then for any
se s,

)= 3 flun)f(uz) o flun) VT CI,

urtuzttun=s
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consequently, f € [I=]], so f € \/[[I%=]] and [[I%=]] C \/[[I%=]]. "

Corollary 1.9. Let (S, <) be a strictly totally ordered monoid, I be an ideal of a
commutative ring R. If there exists n > 1 such that /I C I, then [[ﬁs’g]]ca =

VIITE=] n

S, <
In particular, if I is a prime ideal, then /T = I, thus [[v/T <]] = /[[I5=]].

Lemma 1.10. Let R be a noetherian commzﬁfative ring and I be an ideal of R.

Then there exists integer n > 1 such that VI CI.

Proof. Because R is noetherian, v/ is finitely generated. Let /T = (a1, a2, ..., Gm)
m

with ;" € I,i=1,2,...,m. Denote Y n; = k.
i=1

For any by, ba, ..., by € V1, let bj = rjra1+rja+...Frimam, Jj=1,2,.., k.
Then

biby by = (r11a1 + -+ Tim@m) - (Te1@1 + - TlemGm)

= > (r1jy gy ) (r2go @y ) -+ - (Phji @)

1<j1,42, ,jk<m

= > (r1jir2gs -+ Thj ) (@5, a5, - - @, ).
1<j1,92, . Jk<m

Every term of the sum has a form as
rata? -abn, L Hlo+ - 4l =k,

then there must exist some I; such that Iy > ns, so aff € I and ralll al; - ~al,,’1” el.
k
Now by, by - by, € I. Hence, VI C I. ™

Thus, by Lemma 1.10, Proposition 1.8 and Theorem 1.4, we can obtain the
following result.

Theorem 1.11. Let R be a noetherian commutative ring and I be an ideal of
R, (S, <) be a strictly totally ordered monoid. Then [[\/TSS]] =[[I%]]. =

We now consider the order monoid (.5, <) satisfying the following condition:

(S0) 0<s forevery s€S.

Proposition 1.12. Let (S, <) be a strictly totally ordered monoid with (S0), I
be an ideal of a commutative ring R. If f € [[\/TS’S]], andT ={se€ S|f(s) ¢ I}

is finite, then f € \/[[I5=]].

S,<
Proof. Consider T is finite and let T' = {s1,82,---,sx}. By f € [[VT ~]], for
every s; (i = 1,2,...,k), there exists the smallest positive integer n; such that
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k
f(si)" € I. Let n € 3 ny; then f™ € [[I°°=]]. In fact, for every s € S,
i=1

1=

)= YL flua)fuz) - flun).

ulFuz+-Fun=s

We can divide the finite summands of f™(s) into two parts, denoted by 4
and X(9) respectively. For every summand f(u1) f(u2)...f(un) of £y, w1, u2,- -+,
u, € T, it means that, every u; is taken from {s1, 2, - , Sx }, then there must be
some s; which is at least taken n; times, thus f(u1)f(uz2)--- f(un,) = f(s;)™Y €
I. For every summand f(u1)f(uz) - - - f(un) of X (g, there must exist some u; ¢ T,
then f(u;) € I, so f(u1)f(uz) - f(un) € I. Hence f™(s) € I. Therefore

fevIE=]. "

Proposition 1.13. Let (S,<) be a strictly totally ordered monoid satisfying

(50), I be an ideal of a commutative ring R. Let f € [[\/TSS]] - RVAITENP

then there must exist g = f™ (m is a positive integer) and a sequence 0 < s1 <

S9 < 83--- in S such that:

(1) gi(si)gIa i:1a273a"';

(2) For every k > 1, there exists ny > 1, such that spi > nsg for any n > ny;

(3) For everyn > 1, if n =k +j, then s, > sx + sj, and s, = si + s; if and
only if g*(sx).¢7 (s;) & I.

Proof. We firstly consider the case of f(0) € I.

Since f ¢ \/[[I5=]], for every n > 1, f™ & [[I*=]]. Now, let X,, = {s €
S|f™(s) € I} # 0. Clearly X,,(C supp(f™)) is a artinian and narrow set. By
(S, <) is totally ordered, we denote the smallest element of X, by s,,.

Note that f(0) € I, then s; > 0.

Ifn>2 by ff(spn) €1, f(sn) = >  f" 1(u)f(v), and then, there exist

u+v=sy,
u1,v; € S,u; +v1 = s, such that f*~Y(ui)f(v1) € I. Since s, = uy + vy >
Sn—1+ 81 > Sp_1, we obtain a sequence in S:

0<s1<s9<83<-"-

(1) By the definition of s;, fi(s;) € I,i=1,2,....

(2) For every k > 1, since f € [[\/TS’S]], fke [[\/fsg]] Thus there exists
ny > 1 such that (f*(s;))™ € I.
For any n > ng,

P ) = >0 ) fFu) - ()

Uit g =snk

if for every summand f*(uy)f*(ug)--- f*(u,), there is some u; < s, then
fF(u;) € I, it follows that every summand f*(u1)f*(uz)--- f*(u,) € I, so
™ (snx) € I, which is impossible. Now consider

S nsk) = (F*(s0)™ + Y FHun) fFluz) - fF(un).



320 Minging Xiao and Lin Xin

In Sf%(ur) f*(ug) - - f¥(uy,), every summand satisfies that “u; + -+ + u, =
nsk and there exists some u; < s”. Thus X f*(uy)f¥(ug) - f*(u,) € I, but
(f¥(si))™ € I, so f™*(nsy) € I. Hence spi > nsy.

(B) I n =kt j thnby f"(s2) & I, f"(s0) = 5 fH)f(v). We have

utv=s,
Sp 2 Sk + 8;.

If s, = si + s, then
F(sn) = ™ (sk+ 55) = (1) 7 (s5) + D FF(u) 7 (v).

For every summand of Sf*(u)f7 (v), u,v satisfy “u+v = s + s; and u < sj or
v <s;7. So XfF(u)fi(v) € I. Then by f™(sn) €1, f*(sk)f(s;) € I.

If f*(sk)f7(s;) & I. By above, it follows that f"(sx+s;) € I. So s, < sp+s;.
Since s, > si + S5, Sn = Sk + 55.

Secondly we consider the case of f(0) & I. Since f(0) € VI, there exists
m > 1 such that f(0)™ € I, then f™(0) = f(0)™ € I. Let g = f™. Then
9(0) € 1. By f € [IVI"=)l. g = f" € [V =]}, but f ¢ [T s0 9 = ™ ¢
VI[I5=]]. Now we come back to the first case. ]

Let Nil(R) denote the nil radical of R. If R is commutative, Nil(R) = /0,
[[0%=]] = 0 is the zero-ideal of A. Thus

[NiL(R)<]) = [VO=]), Nil([[RS<])) = \/[[05<].

Hence, it follows that all results above adapt to [[Nil(R)*<]] and Nil([[R*<]]).
If “<” is a total order on S, [[Nil(R)*:<]] D Nil([[R®'<]]). But the inverse is not
true (see Example 1.5).

We recall that the nil ideal of a commutative artinian ring is nilpotent. By
Corollary 1.9, we have

Corollary 1.14. If (S, <) is a strictly totally ordered monoid, R is a commu-
tative artinian ring, then [[Nil(R)%<=]] = Nil([[R%=])). ]

2. Idempotents

In this section, we pay attention to the idempotents of A = [[R®<]]. In the
following, we let R be a ring with identity 1, thus A possesses identity, namely
14.

Firstly, we give some notations: Id(R) = {all idempotents of R}, Cen(R) =
{r € R|rz = zr for every x € R}, U(R) = {all units of R}. A ring R is called
normal if Id(R) C Cen(R). Now, we have

Theorem 2.1. Let (S, <) be strictly totally ordered and satisfy condition (S0),
R be a normal ring. If f € A, then f is an idempotent of A if and only if there
be an idempotent e in R such that f = c..

Proof. (<) We shall proof that if e € Id(R), then c. € Id(A).
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In fact, if e € Id(R), then
(cece)(0) = ce(0)ce(0) = ee = e = ¢.(0).
For any non-zero s € S, (cece)(s)=0=ce(s). SO cece=ce, and then c, € Id(A).
(=) f f=0€ A, thenlet e=0=€ R. So, f = ce.
If f€ Aand f # 0. Since f is an idempotent, f = f2. Then f(0) = f2(0) =
£(0).£(0).
Let e = f(0). Then e € Id(R). Now we have to proof f = c..

By f#0, f(0) # 0. In fact, if f(0) =0, then so = 7(f) > 0. It is clear to
see that X, (f, f) =0, so f(s0) = f2(s0) = 0. This is impossible.

For every non-zero s € S, by f = f2, we know f(s) = f2(s). Consider
Xs(f, f) ={(u,v) |u+v=s,u,v € supp(f)}. Since S is strictly totally ordered,
any (u,v) in X,(f, f) satisfies 0 < u,v < s. If there exists v and 0 < u < s, then
note that M = {u|0 < u,v < s, (u,v) € Xs(f, f)}, M # 0. Since X (f, f) is
finite, M is a finite set. Thus M has the smallest element, namely ug. Clearly,

Xuo (f, f) = {(0,up), (up,0)}. Then, by f € A, f(0) € Cen(R),

f(uo) = f*(uo) = £(0)f (uo) + f (uo) £(0) = 2£(0) f (o)
F(0)f (uo) = 2(£(0))* f (uo) = 2/(0) f (uo)-

So f(0)f(ug) = 0, and then f(ug) = 0, this contradicts the assumption that

ug € supp(f). Now consider f(s). If f(s) # 0, then Xs(f, f) = {(0,s), (s,0)},
and

f(s) = f2(s) = F(0)f(s) + £(5)£(0) = 2£(0) f(s),
F(0)f(s) = 2(f(0))*f(s) = 2f(0)f(5)-

So f(0)f(s) =0, and so f(s) = 0, which is contradiction.
Therefore, f(0) # 0 and f(s) =0 for any non-zero s € S. Hence f =c.. m

Corollary 2.2. Let (S, <) be strictly totally ordered and satisfy condition (S0).
Then A is normal if and only if R is normal.

Proof. («=) By Theorem 2.1, for any f € Id(A), there exists e € Id(R) such that
f = ce. Note that Id(R) C Cen(R), we have e € Cen(R).

For any g€ A, s € S,
(f9)(s) = (ceg)(s) = ce(0)g(s) = eg(s) = g(s)e = (gce)(s) = (9.f)(s)

So fg=gf. Hence f € Cen(A). Hence Id(A) C Cen(A), and so A is normal.

(=) For any e € Id(R), (cece)(0) = ce(0)ce(0) = €2 = e = ¢.(0), and for
every s(# 0) € S, (cece)(s) = 0. So ¢ is an idempotent(in A) and ¢, € Cen(A).
Thus, for any r € R, we have ¢.ce = cec,, and so re = er and e € Cen(R).
Hence R is normal.
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Recall that two idempotents eq, es of a ring R are called orthogonal, if e;es =
0 = eze1. A non-zero idempotent e € R is called primitive, if e can not be written
as a sum of two non-zero orthogonal idempotents.

Lemma 2.3. [10, p.143, Theorem 5] Let e € R be an idempotent. Then e is
primitive if and only if for any idempotent r € R, r = e whenever r = er = re.
|

Corollary 2.4. Let (S, <) be strictly totally ordered and satisfy condition (S0),
R be a normal ring, f € A. Then f € A is a primitive idempotent if and only if
there exists a primitive idempotent e € R such that f = ce.

Proof. (=) suppose that f is a primitive idempotent of A. Then, by Theorem
2.1, there exists an idempotent e € R such that f = c..

Suppose idempotent r € R satisfies r = er = re. Hence ¢, € Id(A), and
¢r(0) = r = er = ¢.(0)¢,(0) = (cec,)(0). Similarly, ¢,(0) = (cecr)(0). For any
s € 8,570, cr(s) =0, (cecr)(s) = 0= (cree)(0), er(s) = (cecr)(s) = (crce)(s).
Thus ¢, = cecr = ¢rce. Since ¢, = f is a primitive idempotent, by Lemma 2.3,
cr = Ce, then r = e, it follows that r is a primitive idempotent.

(<) suppose f = c¢.,e € R is a primitive idempotent. For any idempotent
¢r € A(r € Id(R)), if ¢, = fe, = ¢f, then r = er = re, so r = e, and so
¢r = ce = f. It follows that f € A is a primitive idempotent. n

A ring R is called to be local, if R has a unique maximal left ideal. A ring
R is local if and only if for any = € R, either x or 1 — z is invertible. Other
equivalent conditions of a local ring can be found in [1, p.170, Prop. 15.15]. Let
e € R be an idempotent, e is called local if eRe is a local ring.

P. Ribenboim gave a useful result of units of a generalized power series ring;:

Lemma 2.5. [7] Assume that S satisfies condition (S0) and let f € A. Then
feU(A) if and only if f(0) € U(R).

By this result, we obtain:

Proposition 2.6. If S satisfies condition (S0), then A is a local ring if and
only if R is local.

Proof. (=) For any a € R, since A is local, either ¢, or 14 — ¢, is a unit of A.
Note that ¢,(0) = a, (14 — ¢,)(0) =1 — a, by Lemma 2.5, either a or 1 — a is a
unit of R. So R is local.

(<) For any f € A, clearly f(0) € R. Since R is a local ring, so either f(0) or
1 — f(0) is invertible, then by Lemma 2.5, either f or 14 — f is invertible, so A
is local. n

Corollary 2.7. Let (S, <) be strictly totally ordered and satisfy condition (S0),
R be a normal ring, f € A. Then f € A is a local idempotent if and only if there
exists a local idempotent e € R such that f = c..
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Proof. (=) Assume that e € R is a local idempotent, then eRe is a local ring.
By e € Id(R) C Cen(R), eRe = Re, so Re is a local ring. By Proposition 2.6,
[[Re®=]] is a local ring. By Theorem 1.2, [Re%<]] = [[R%=]]c. = Ace, thus
Ac, is local. By Theorem 2.1 and Corollary 2.2, ¢, € Id(A) C Cen(A), then
ceAce = Ace is a local ring, hence f = ¢, is a local idempotent of A.

(<) If f € A is a local idempotent, by Theorem 2.1, there exists an e € Id(R)
such that f = c.. Thus ¢, € A is a local idempotent, then Ac. = c.Ac, is a local

ring. And then, [[Re¥<]] = Ac. is a local ring, so Re is a local ring, and eRe is
local. Hence ¢ is a local idempotent of R. [ ]
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