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Abstract. In this paper we consider the third-order non-autonomous differential equa-
tion

&+ Wi = pF(x,4,%,t,€) (1)

where the C" (r > 2) map F' is periodic in ¢ and p, € are real parameters. We give
some conditions for Eq. (1) in order to reduce it to a second-order differential equation.
Then we show that the periodic (homoclinic ) solutions of the second-order equation
imply the periodic (homoclinic) solutions of Eq. (1). Then we use the Hopf bifurcation
theorem for the second-order equation and obtain periodic solutions and non-trivial
bounded invariant sets for it. The effect of the quadratic terms on Eq. (1) is also
studied.

1. Introduction

There are many papers on the existence of periodic solutions for second-order
differential equations (for example see [1, 2, 5]), but there are not many papers
for nonlinear third-order differential equations. These kinds of equations arise
in engineering, for example, in problems related to energy and acceleration.
Because of the topological characteristics of the three-dimensional space the
investigation of periodic solutions for the third-order differential equations is a
difficult problem.
In [6], Mehri and Niksirat considered the nonlinear equation

X =F(X,X,X) XeRH!
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and showed that under some conditions, there exists w > 0 such that X(w) =

X (0). Then Mehri and Niksirat [7] considered the nonlinear third-order differ-
ential equation

i+ Wi = pF(x, 4, %) (2)

and obtained some conditions for the existence of a periodic solution for it. We
will write their result in the following form. Consider Eq. (2) where F is assumed
to be smooth enough such that the existence and uniqueness of the solution are
guaranteed. Let A = 2w ™! + u7 and define

2(0) —z(\)
Tx(a,b,7) = | £(0) — &(N\)
Z(0) — Z(N)

Assume that there exist ag, by # 0 such that

2rw 1

/ F(ag + bg coswt, —bg sinwt, —bg coswt) dt =0
0

2rw =1

/ F(ag + bg coswt, —bg sinwt, —bg coswt) coswt dt = 0
0

27w 27w

/ / [h(t)Fy(u) — Fyp(t)h(u)] coswt dt du # 0

where

OF
Fy(s) = —((ap + bo cosws, —bg sinws, —bg cosws) v € {x,&, %}

ov

h(s) = coswsF,(s) — sinwsF;(s) — coswsFy(s).

Then there exists Ag > 0 such that for all |A| < Ag Eq. (2) has a nonconstant A-
periodic solution. Also they proved that if all the stationary points of Eq. (2) are
non-periodic and I'g(a, b, 7) has odd signed periodic orbits then Eq. (2) has at
least one signed periodic solution for 0 < p < 1. In [10], Rabiei and Afsharnejad
considered the Eq. (2). They showed that if the map F is the sum of partial
derivatives of a map f(z, ) with fz,(0,0) # 0, then Eq. (2) has many periodic
solutions.

In what follows, we extend the concept of [10] for non-autonomous third-
order equations. We consider the third-order differential equation

i+ w?i = pF(z,4,%,t,e) >0 (3)

and obtain some conditions for the existence of periodic solutions for it. These
conditions are applicable to many third-order differential equations. Let H(x, ,
t,e) = f(z, &) + eg(x, 4, t) be C"(r > 3) and
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F(x,&,%,t,e) = Hy(x,&,t,€)t + Hy(z,2,t,)& + Hi(x, &, t,€). (4)

We show that if f,:(0,0) # 0, then under some conditions, Eq. (3) has many
periodic solutions.

In Sec. 2 we present some mathematical preliminaries and show that the exis-
tence of periodic (homoclinic) solutions for the second-order differential equation
implies the existence of periodic (homoclinic) solutions for the third-order dif-
ferential equation. The existence of the fixed points and the type of these fixed
points is studied in Sec. 3. We also use the averaging theorem and find peri-
odic solutions for the third-order differential equation. Sec. 4 is devoted to the
existence of non-trivial bounded invariant sets for the third-order differential
equation. In Sec. 5 we study the effect of the quadratic terms on Eq. (3).

2. Preliminaries

Our main tools in the development of the article are the averaging method
and the Poincare-Andronove-Hopf ’s bifurcation theorem which is usually called
Hopf bifurcation theorem. The averaging methods used for a non-autonomous
differential equation are very various; the method which we will use is usually
called time averaging method. Using the Sec. 5.1 of [3], we explain the time
averaging method.

Consider the system

t=cf(z,t,e) z€UCR", 0<e<<l1 (5)

where f : R x R xR — R" is C", » > 0, bounded on bounded sets, and of
period T > 0 in ¢. The time averaged system of Eq. (5) is defined by

i=cq [ fw.t.00dt=cf) (6)
0

In this situation we have

Theorem 1. [3] There exists a C" change of coordinates x = y + eW (y,t,¢)
under which Eq. (5) becomes

y = Ef(y) + €2f1(y7 t, 5)
where f1 is of period T in t. Moreover
(i) if po is a hyperbolic fized point of Eq. (6) then for e sufficiently small, Eq. (5)
has a unique hyperbolic periodic orbit v.(t) = po+ O(e) of the same stability

type as pg.
(ii) Consider the equations

iy { 7= ef(y) iy 4 0= ef(y) +e2fi(y.0,¢)
0=1 =1

If Eq. (ita) has a hyperbolic periodic solution vy, then for e sufficiently small
Eq. (iib) has a hyperbolic invariant torus T. = vo x ST + O(e).
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Proof. See [3 Secs. 4.1 & 4.4] .

There are several versions of the Hopf bifurcation theorem but we give the
version which is in [12]; the interested reader can find other versions of this
theorem in [4] or [3].

Theorem 2. (Hopf bifurcation theorem) Consider the C™ (r > 3) planner vector
field

X=F(X,\) AeR. (7)

Assume that there exist an open interval I and a C* map (x,y) : I — R such
that

F(z(N),y(M\),\) =0.

Also assume that the linear part of Eq. (7) has the eigenvalues a(N\)TiB(\) with

a(Xo) = 0 and B(Xo) # 0. If &' (o) # O then there exist a unique three-
dimensional center manifold passing through (x(X\o),y(Xo), Xo) in R? x R and
a smooth system of coordinates for which Eq. (7) in polar coordinates is given by

{ = (& (M)A + pr2)r + ON2r, Ar3, r5)

6= B(M) + B (Ao)A + br? + O(N2, M2,73). (®)

Furthermore, if p # 0, then for each A\ # 0 with Ao/ (Mo)p < 0 and | M| sufficiently
small, there is a surface of hyperbolic periodic solutions in the center manifold.
Moreover if p < 0, these periodic solutions are stable and if p > 0, these periodic
solutions are repelling. In addition, if we consider (7) in its standard form, i.e

then

1
p= E [fzzz + fzyy + Gy + gyyy]
1

+ _1660‘0) [f:cy(f:cx + fyy) - ga-y(g:cx + gyy) — foxGrz + fyygyy}

where all partial derivatives are computed at (x(Ao),y(Xo), Ao))-

Proof. See [12, Sec.3.1B].

Remark 1. In the Hopf bifurcation theorem, if p = 0 then the periodic solutions
exist. In fact for each € > 0 and any neighborhood U of x(\g), there exists A
with |A — Ag| < & such that the Eq. (7) has a non-trivial periodic solution in U.
This fact is proven in [4, Sec. 11.2].

Definition 1. Consider Eq. (7) and suppose that the Hopf bifurcation theorem
holds for it. We say that for A = Ao, a Hopf bifurcation occurs at x(No) for Eq.

(7).
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Now we reduce the third-order differential equation to a second-order differ-
ential equation. Consider the equation

T=1y
y== 9)
z':—w2y+uF(:E,y,z,t,€), H, eeR
where F is C", r > 2 and of period 2mw™! in t. Assume that there exists the
C™ map H(x,i,t,e) = f(x,3) +eg(z,2,t) such that
Ay : £(0,0) =0 and Df(0,0) =0,
As i g(z,,t) is of period 27w =" in t,
As: Flx,z,%,t,e) = Hy(x, &, t,e)d + Hz(x, 2, t, )3 + He(x, 2,1, €).
Substituting Az in Eq. (3) we obtain

d
E(m + WQLL‘ - ,LLH(I', ilata E))

=i +w?i — p(Hy(z,3,t,)% + Hy(w,3,t, €)% + Hy(z,3,t,8)) = 0.

F(z,d,i,t,¢)

Therefore
&+ w?e — pH(x,d,te) =k

where k is a real constant. If we put k = w?X and T = = — A then we get
I+ w?z = pH(T + N\ T,t,¢).

Dropping the bars we obtain

{27 (10)

y=—wx+plf(x+Ny) +eglz+ Ay, t).

Lemma 1.

(i) The curve (z(t),x(t)) is a solution for Eq. (10) if and only if (x(t) — A, (¢),
Z(t)) is a solution for Eq. (9). Furthermore, if (x(t),z(t)) is a periodic (ho-
moclinic) solution then (x(t) — X\, &(t),Z(t)) is a periodic (homoclinic) solu-
tion.

(ii) The non-trivial bounded invariant sets of Eq. (10) indicate the non-trivial
bounded invariant sets of Eq. (9).

Proof.

(i) Tt is obvious that if (z(t),z(t)) is a solution for Eq. (10) then (z(t) — A, &(t),
Z(t)) is a solution for Eq. (9). Let (x(t), 2(¢)) be a periodic solution with period
To. For each t € R we have

e(t+To+h)—o(t+To) .  @(t+h)—at) .
h = jim, h = &(t).

(t+1To) = lim

Therefore (x(t)—\, @(t), Z(t)) is a periodic solution with period Ty. Let (x(t), (t))
a homoclinic solution with lim, +__(x(t),#(t)) = (x0,0). Since (xo,0) is a fixed

point for (10) so then (xg — A, 0,0) is a fixed point for (9), moreover
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lim () = lim —~w?zg + pH (w0 + A, 0,t,€) = 0.

t—»foo t—" o0

Hence (x(t) — A\, @(t), Z(t)) is a homoclinic solution.
(ii) Let 0 < &, p, A be fixed and let V' be a non-trivial bounded invariant set for
Eq. (10).
Assume that
W(t, to, w0, yo) = (z(t, to, To,y0), y(t, to, 0, Yo))

be the solution of Eq. (10) satisfying ¥(to,t0,z0,y0) = (z0,y0). Since V is
invariant so for each tg € R and (zg,y0) € V, ¥(¢t,t0,20,90) €V t € R. We
define

V:{(x(tfthmOﬁgO)i)‘a y(t7t07$0790)7 y(tat07x05y0)) . t7 tO eR (x07y0)ev}-

By (i), V is a non-trivial invariant set for Eq. (9). On the other hand

y(tatO; manO) = 7w21'(t,t0’3307y0) + uH(Z(tatmﬂCanO) + A,y(t,to,xo, yO)ata E)'

Since V is a bounded invariant set and the map H is continuous and periodic
in ¢, so y(t,to, To,yo) is bounded. This shows that V is bounded. n

3. Averaged Equation and Fixed Points

Consider Eq. (10). Changing the coordinates by u = z(et), v = y(et) we obtain
L -
{ RV (11)
U= 5( —w?u+ pf(u+ A\v) +5ug(u+)\,v,t)).
Averaging Eq. (11) we get

U = €V
{O:E(—w2u+,uf(u+)\,v)).

Backing to the (z,y) coordinates we have

{Jb:y (12)

v =—wlr+pf(z+Ay).

If A = 0 then the origin is a fixed point for Eq. (12). If A # 0 then it is important
for us to know fixed points of Eq. (12).

Theorem 3. For each 0 < M € R there exist an open rectangle R C R?
containing [—M, M| x {0} and a C* map = : R — R such that (z(u, \),0) is
a fized point for Eq. (12). Furthermore the real part of the eigenvalues of the
linear part of Eq. (12) is pfy(xz(p, A) + X,0). Also for each (1,0),(0,)) € R,
x(p,0) = 2(0,A) = 0.

Proof. Consider the map
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B:R}>R
(%M,A) - 7w2x+,u'f(z+>‘70)'

Since for each p € R, B(0,u,0) = 0 and B,(0,p,0) = —w? # 0, then by the
implicit function theorem there exist an open neighborhood U, containing (y, 0)
and a C' map z, : U, — R such that for each (v,)\) € Uy, B(z,(v,\)) = 0.
Therefore (z,(v,A),0) is a fixed point for Eq. (10). Since [—M, M] x {0} is
compact, so we can find —M < ug,...,ur < M such that [-M , M] x {0} C
Uf:o U,,. Let R be an open rectangle with [-M, M] x {0} C R C Uf:() Uy,-
If (v,\) € Uy, UU,,, (i # j) then by the uniqueness of the solution for the
implicit function theorem, x,, (v, A\) = x,, (v, A). This shows that we can define
the C'! map:

r:R—R
(s A) = @, (1, A) - (1, A) € U,

The linear part of Eq. (12) at (z(u, A),0) is

0 1
A(M’A)<w2+ﬂfz ,Uffy)

where all partial derivatives are computed at (z(u, A) + A,0). The eigenvalues
of A(u, \) are

wfy D/ (fy)? + Apfe — o)
D12 =T \) = —2 Viedy 5 - : (13)
If (ufy)? +4(pfe —w?) < 0 then the real part of I'y o is ufy,. By A1, Df(0,0) =0
furthermore (pufy )% +4(uf —w?) varies continuously with respect to (1, A). Since
for all p € [-M, M], x(u,0) = 0 therefore we have

iin%)(ﬂfy)Q +4(pfe — WQ) = —4w® <0.

Since the closure of the set R is compact in R? and (uf,)? +4(ufr — w?) varies
continuously with respect to (i, ), so (ufy)? + 4(ufe — w?) is uniformly con-
tinuous in R. Therefore we can shrink R such that [—M, M] x {0} C R and

(nfy)? +4(pfz — w?) <O0. "

Lemma 2. Let (u,\) € R. Then (0x/ON)(u, \) # —1.
Proof. We have
—2x(u, \) + puf (@(p, ) +X,0) =0 (u,\) €R.

Computing the derivative with respect to A we get

1o} 0 0
B (1 0) e (i 0) + 0, 0) (G5 (1, 2) +1) =0,

If (0x/0N)(n,\) = —1 then —w?(dx/ON)(u, A) = 0. But we assumed that
(0x/0XN) (1, A) = —1. This is a contradiction hence (0z/0N)(u, A) # —1. ]
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Theorem 4. Let (11,0) € R. If f1,(0,0) # 0 then for e sufficiently small Eq. (9)
has periodic solutions.

Proof. By Theorem 3, for each (u,\) € R, (x(u,\),0) is a fixed point for
Eq. (12). Furthermore the real part of I'(p, A) is fy(z(p, A) + A, 0). Let us define
g(A) = fy(z(p, A) + X,0). Then g(0) = 0 and by Lemma 2

Oz
OA
This shows that for each 0 < || sufficiently small, g(A\) # 0. Hence (x(u, A),0) is
a hyperbolic fixed point for Eq. (12). By the averaging theorem, for ¢ sufficiently

small, Eq. (10) has hyperbolic periodic solutions therefore, by Lemma 1, Eq. (9)
has periodic solutions. ™

g'(0) = fay(0,0)| =5 (1, 0) + 1} £ 0.

4. Hopf Bifurcation and Invariant Sets

In this section we obtain some conditions for Eq. (10) in order to have a Hopf
bifurcation. We consider the set R and the map z : R — R defined in Sec. 3.

Suppose that for A = 0 a Hopf bifurcation occurs at the origin for Eq. (12),
by a long but direct computation, we can see that the stability parameter of the
Hopf bifurcation theorem is

w

w? 1 w
pP= 7fxmy+?fyyy+§fzzfzy+§fzyfyy (14)
where all partial derivatives are computed at (0,0). If p # 0, then Eq. (12) has
many hyperbolic periodic solutions. This enables us to find non-trivial bounded
invariant sets for Eq. (9).

Theorem 5. Consider Eq. (9) and suppose that the map F satisfies the condi-
tions A1, Az and Az. Also assume that fu,(0,0) # 0 and p # 0 where p is the
stability parameter computed by (14). Then for each (u,0) € R and € sufficiently
small Eq. (9) has non-trivial bounded invariant sets.

Proof. By Theorem 3, for (i,0) € R, the real part of I'(¢,0) is pf,(0,0) = 0.
Moreover by Lemma 2, (0x)/(0\)(i,0) # —1 therefore

d Ox

L RelT(1,0) = [— 0,0 1} - 0(0,0) £ 0.
By the Hopf bifurcation theorem, for A = 0 a Hopf bifurcation occurs for Eq. (12)
at the origin. Hence for || sufficiently small and Appfzy < 0, Eq. (12) has hy-
perbolic periodic solutions. In Sec. 3 we saw that Eq. (12) is the time averaged
equation of Eq. (10). Therefore, by averaging theorem, for ¢ sufficiently small,
Eq. (10) has invariant torus. By Lemma 1 Eq. (9) has non-trivial bounded in-
variant sets. [ |

Remark 2. Suppose that for A = Ay # 0, a Hopf bifurcation occurs at (z (0, Ao ), 0)
for Eq. (12). By simple transfer we can assume that Ao = 0 and z (1o, Ag) = 0.
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Hence by Theorem 4 and Theorem 5 Eq. (9) has periodic solutions and non-
trivial bounded invariant sets.

Remark 8. Cousider Eq. (12) and suppose that for A = 0, a Hopf bifurcation
occurs at the origin for it, also assume that p = 0. By Remark 1, Eq. (12) has
many periodic solutions. Since these periodic solutions may be non-hyperbolic
so they cannot imply the invariant torus for Eq. (10); however by Lemma 1 the
equation i + w?i = pu(f.@ + f4&) has many periodic solutions.

Corollary 1. Let e(t) be C", r > 2, and of periodic 2mrw=t. Also let f : R — R
be a C™1 function such that f(0) = Df(0) = 0.
(i) If w*D3f(0)+ Df(0)#0 then for each (u,0) € R and ¢ sufficiently small
the equation
i+ w?d — (i + i+ D f(2) +ee (t) =0

has non-trivial bounded invariant sets.
(i) If D?£(0) # 0 then for each (u,0) € R and e sufficiently small the equation

i+ w?i — p(i® + zi + 2D f(z) + € (1)) = 0
has non-trivial bounded invariant sets.

Proof.
(i) By Theorem 5 for A = 0, a Hopf bifurcation occurs at the origin for the
equation

T =y
{yﬁw+M@+Am+f@D

By (14), we obtain the stability parameter p = 27 w (w3D3f(0) + Df(0)) # 0,
hence for each (1,0) € R and e sufficiently small the equation

i+ wi — p(@? + zi + EDf (i) + g€ (£) =0

has non-trivial bounded invariant sets.
(ii) By Theorem 5 for A = 0, a Hopf bifurcation occurs at the origin for the
equation

T=1y
{y=—ﬁx+M@+Aw+f@ﬂ
By (14), we obtain the stability parameter p = D?f(0) # 0, hence for each
(14,0) € R and e sufficiently small the equation

i+ wi — p(@? + zi + @D f(x) + g€ (£) =0

has non-trivial bounded invariant sets. n

5. Effect of the Quadratic Terms

In this section we study the effect of quadratic terms on Eq. (9). First, let us
consider the equation
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2. 2 . o .92 oo )
T+ w'r = u[anx + a122x + 413X + a22x” + a23TX + a33xT ]

We can write the equation by

a a
E T+ wlr — M(;lﬂ + ai3xT + %1’2)} = a11£L'2 + (a22 — alg)i‘2 + a33a’é2.

Now suppose that z(t) is a nontrivial periodic solution for the equation with
period T', then

T T
d ai12 a3 2
% :chw xr— U 7:0 +a13:mc+—:£ au:c + 0@270,13)1‘ +a33:c
0 0

Therefore

T
.. 2 a12 -2
rtw'r—p 71’ + a13xT + —:c au:c + a22 — a13):c + as3®
0
since z(t) is periodic, so it is equal to 0
which implies

T

2 .2 -2
/ a112” + (a22 — a13)a* + agsd* = 0.
0

Suppose that a11, (a22 — a13), ass are non-negative (non-positive) and at least
one of them is non-zero. Since z(t) is a non-trivial periodic solution so
T
/ a117? + (aze — a13)@? + azzi® # 0.
0

This is a contradiction; hence the equation has no non-trivial periodic solution.
Similar proof shows that Eq. (15) cannot has homoclinic orbits.

Corollary 2. Consider Eq. (15). If a11, (a2 —a13), ass are non-negative (non-
positive) and at least one of them is non-zero then the equation has no non-trivial
periodic solution and homoclinic orbit.

Now we consider Eq. (15) with a7 = (a2 — a13) = a3z = 0. Putting
27 a1y =a, a3 =2b, and 2 lags = ¢ we get

jt[x—i—w T — (ax2 + bea'c+ca'c2)] =0.

Reducing the equation to the second order equation we obtain

{27 (16)

y=—wlr+pf(z+Ny)
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where f(z,y) = ax?® + 2bxy + cy?.

If b # 0 then f;,(0,0) = b # 0, hence by Theorem 5, for A\ = 0, a Hopf
bifurcation occurs for Eq. (16) at the origin. Furthermore the stability parameter
p = 2b(a + wc). Hence if a + we # 0 then for Aupfz, < 0 and |\| sufficiently
small Eq. (16) has invariant torus.

By Lemma 1 and Theorems 4 and 5 we have

Corollary 3. Suppose that e(t) is C", r > 2 and of periodic 2rw™" in t. If
b # 0 then for € sufficiently small the equation

i+ w?i = plax 4 bi)i + p(bx + ci)i + e (t)

has periodic solutions. Furthermore if a + wc # 0 then for e sufficiently small
the equation has non-trivial bounded invariant sets.

Now we consider Eq. (16) where b= 10

Case 1. We consider (16) with a = b = 0 and ¢ # 0. In this case (16) has the
following form

T =y
{ j=—w’r + pey®.
Proposition 1. For each p € R, the equation
i+ w?d — pc(2d) =0 (c €R)
has many periodic solutions.

Proof. See [10]
Case 2. We consider Eq. (16) with b = ¢ =0 and a # 0. In this case Eq. (16) is

=y
{ ¥ = ap)? + (2ap) — w?)x + au?.
Setting v = au, we get
T =
{;2 (17)

¥ =vA? + (2v\ — w?)z + vat
Proposition 2. For each p € R the equation

T=y
y==z
3 = —w?x + apzy

has many homoclinic orbits and periodic solutions. The homoclinic orbits make
a 2-dimensional C' surface. In addition each homoclinic orbit lies on a C!
2-dimensional orientable manifold and inside it is filled up with the periodic
solutions.

Proof. See [10]
Now let us consider the equation
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T=1y

18

{ y=—w?x + vz + \)? +eelt). (18)

where e(t) is a C? and of period T. In Sec. 2, we saw that the time averaged
equation of Eq. (18) is
i =
{2 (19)

0= —w?x + v+ N2
Eq. (19) has (x(v, A),0) as a hyperbolic saddle point where

w? =20\ Vw* — 4Avw?
+ .

z(v,\) =

2v 2v
—_—— —}/ —
a &)

hence for ¢ sufficiently small Eq. (18) has a hyperbolic periodic solution (t) =
(z(v,A),0) + O(e); hence by Lemma 1 we have

Corollary 4. Suppose that e(t) is a C? periodic map. For each ¢ sufficiently
small the equation

&+ wii = plrd 4 e’ ()]

has periodic solutions.

Case 3. Let us consider Eq. (16) with b = 0 and a, ¢ # 0. In this case (16) is
reduced to

T =1y
{ ¥ = apA? + (2ap\ — w?)x + aur® + cuy?.
Setting v = pa and d = ¢/a, we get

=y
{yw%+uﬂz+mw, (20)

where f(x,y) = 2% + dy?. For each v # 0 and (v,)) € {(v,\) : VA < w?/4},
Eq. (20) has two fixed points (a ™ 3,0) where a and 3 are as in case 2. (a+4, 0)
is a hyperbolic saddle point and the corresponding eigenvalues of (o — 3, 0) are
purely imaginary. Putting £ =2 — (o + 8, 0) and § = y, we obtain

r=y
7 = Vwt — 2T + vz2 + dvy?.

For convenience we drop the bars and obtain
=y
21
{ 7 = Vwt — vz + va? + dvy?. (21)
This system has two fixed points (0,0) and (z,0) = (—Vw? — 4vw? /v, 0).

Proposition 3. For each u € R the system
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i =
y=z (a,c € R)
2= —wy + plax + cz)y

has many periodic solutions. In addition if ac > 0 then the system has many
homoclinic orbits which make a C' 2-dimensional surface. In this case each
homoclinic orbit lies on a C' orientable 2-dimensional manifold and inside it is
filled up with the periodic solutions.

Proof. See [10]
Suppose that e(t) is a C? periodic map with period T'. Consider the equation

{iy (22)

§=—w?z +v(z+ N2+ dvy + ee(t).

We saw that the time averaged equation is

{ T =wy (23)
¥ = Vwt — dvdw?z + va? + dvy?.

Eq. (23) has (0,0) as a hyperbolic fixed point hence for ¢ sufficiently small,
Eq. (22) has a hyperbolic periodic solution 7. (t) = (0,0) + O(¢). By Lemma 1
we have

Corollary 5. Suppose that e(t) is a C? periodic map. For ¢ sufficiently small
the equation

i+ w?i = plaxd + cid + ee ()]

has periodic solutions.
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