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Abstract. We introduce a new approach to fractional Brownian motion by showing
that it can be approximated in L? by semimartingales. Also, a relation between a
fractional Brownian motion and a process of long memory is investigated.

1. Introduction

Many achievements have been made on fractional Brownian motion (fBm) in
some recent years. Also, there are various approaches to fractional stochastic
calculus by using some difficult tools as Malliavin Calculus (see, for example
[1, 2]), theory of Wick product [3]. However, for many practical problems, one
needs a simple method for study of stochastic dynamical systems driven by a
fBm so that the method is not difficult for numerics.

In this note we prove that a fBm can be approximated in L?(2) by semi-
martigales and show its relation to a time series of ARIMA type.

We recall that a fractional Brownian motion is a centered Gaussian process
having covariance function R(t,s) given by

1
R(s,t) = 5(|s|2H + [t — |t — s2H), (1.1)

where the constant H is called the Hurst index, 0 < H < 1. As we know, a fBm
is not a semimartingale for H # % For H = %, we have a standard Brownian
motion. Put a = H — % It is known that a fractional Brownian motion W/
can be decomposed as follows:

W — ﬁ [+ /Ot(t —s)eam,], (1.2)

where T is the gamma function,
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v, = / (£ — 5)* — (—s)°)aIW,, (1.3)

and W; is a standard Brownian motion.

We suppose from now on that 0 < a < % (or equivalently % < H < 1). The
case where 0 < H < % has been studied in [5]. Then U, is a process having
absolutely continuous trajectories and we consider only the stochastic fractional
integral

1

¢
1
Bt:/(tfs)o‘dWS, 0<a<§,a:Hf§. (1.4)
0

The term B; of the decomposition (1.2) of W/H plays an essential role in
exhibiting a long range dependence and it is sometime defined as a fractional
Brownian motion (see [1], [4]). By is not a semimartingale but it is approximated
by semimartingales as shown below.

2. Approximation of B; by Semimartingales

For every € > 0 we define

t t 11
Bf:/(t—s—i—g)H*%dWs:/(t—s—i—zs)adWs, (0<oz<§0r§<H<1)7
0 0

(2.1)
then we can prove that (Bf, ¢t > 0) is a semimartingale. Indeed we have
Lemma. The process (BS, t > 0) has an Ité differential of the form:

t
dB; = (/ a(t — s +¢e)* HdW,)dt + e*dW,. (2.2)
0

Proof. We notice firstly that an application of It6 formula to the function
F(t, W) = ¢(t).W;, where ¢ is a deterministic function will give us a formula
of intergation-by-parts:

| etoraw. = eow, - [ Wadp(s). (2.3)
0 0

Taking ¢(s) = (t — s + )® where ¢t can be considered as a parameter we have
o(t) = e and dp(s) = —a(t — s +)* 1ds and then (2.3) becomes

t t
/ (t—s+e)*dW; :zso‘Wt—i—a/ Wit —s+¢e)* ds
0 0

or

B = e*W; + adI(t), (2.4)
where

I(t) = /Ot Wi(t — s+¢)* ds.

Now we have
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dI(t) = I'(t)dt.

In taking account of the fact that the integrand of I(¢) and also the bound of
I(t) depend on the parameter ¢, we can apply the general formula of derivation

for I(t) = f;((:)) f(t,s)ds:

b(t)
') = / O ft,s)ds + f6 0O (E) — Lt ()] (1),

where
f(tv 5) = WS(t — s+ E)aila a(t) = Oa b(t) =1,
ft,t) = W 1 b/ (t) = 1.
Therefore
to
1w = [ 2595 + 10000 - £0,0.0
0
! a a—1 a—1
= Ws—(t—s+e)* "ds+e* "W
0 ot
But
2(t —ste) l=(a-1)(t—s+e)* %= fg(t —s+e) !
ot Js
then

/th(t— +e)*d ——/th(t— +e)*d
; ey s s = : Sy s s.

An application of the formula of stochastic integration by parts will give us

t ¢
—/ ng(t—s—i—s)“_ldsZ —ga—th—i—/ (t—s4e)* LdW,.
o Ot 0

So we have ¢
I'(t) = —e* W, + / (t—s+e)* 1dW, + e 'W,
0
. (2.5)
:/ (t—s+¢e)* LdW,.
0
Hence ,
dI(t) = I'(t)dt = {/ (t—s+ s)’o"ldWS] dt, (2.6)
0

and then the formula (2.4) can be rewritten as
¢
dBE = dW, + a[/ (t—s+ e)o‘_ldWs} dt
0

so Bf is a semimartingale and the proof is thus complete.
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Theorem 2.1. B converges to By in L*(Q) when € tends to 0. This convergence
is uniform with respect to t € [0,T].

Proof. In a previous paper (see [5]) we have proved this theorem for the case
where 0 < H < % Now we will extend this result for the case where % < H < 1.
Indeed we have

[(t—s+¢e)*—(t— )% < |ale sup |(t75+95)a*1|
0<<1

= |ale(t —s)*', a=H- 5 (2.7)

t 2
E|Bf — B> = E‘/ [(t—s54e)* = (t —s)*]dW,
0

:/O It — 5+ )% — (t - 5)°|2ds. (2.8)

Soif 1 < H <1 that is 0 < o < 3 we see from (2.7) that

t t
/ |(t—s+e)*—(t— s)a|2ds < a2€2/ [t — 5|2 2ds
0 0

t—e t
= a?¢? / [t — s|** 2ds + a?e? / [t — s|** %ds
0 t

—e
2a—1 2a 2
€ 2c
2.2 €2o¢+1. (29)

2 2€ B
“f 120 T 1-2a

< -
ST o T

Thus we have for every t € [0,T]

2a
B — B 2 < 2= 2a+1 21
1Bf - Bill* < == (2.10)
and 1
sup ||BS — Byl < C(a)e*"2 —0, (2.11)
0<t<T
2 1
where C(a) = o2 0<a<<).

v1-—-2«a 2
The inequality (2.11) shows that Bf — By in L?(£2) uniformly with respect
to t € [0,T].

3. Remark: Relation Between B; and an ARIMA Process of Long
Memory
Consider a time series of ARIMA type defined as
Y, =(1-L)4®(L)'O(L)es, s=0,1,2,...,[T] (3.1)

where (e5) is a sequence of centered and uncorrelated random variables of the
same variance o, L is the lag operator, ® and © are polynomials of L with roots
outside of the unit disc. Suppose that the difference order d is greater than 1,/2
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so that Y is a non-stationary process. It is known that such an ARIMA process
exhibits a long range dependence. It is a long memory process. And we will
establish a relation between Y and the stochastic fractional integral B; defined
in (1.4).

Notice first that Y has a mobile average representation as follows

Y = Z hid_)ksk (32)
k=1

where mobile average coeflicients h can be approximated as

L0 a4

for large s, I' being the gamma function.
Consider now a process of continuous time Z defined as

1
ZT = m}f[TT], 0 S r S 1 (34)

where [z] stands for the integer part of .
By some calculation and an application of Donsker theorem (see [4]) we get

o S e 5 ) (] e

where W is a standard Brownian motion.
The sum in the right hand side of (3.5) is an integration sum corresponding
to for(r — )47 1dW,, 0 <r < 1,d > 1. Then (3.5) can be rewritten as

o) [T 1
,«NW/O(T—S)d dWS,OSTSLd>§. (3.6)

Put s = % and 7 = t and notice that the Brownian motion W is self-similar,
Le. Wy =Wy ~ %Wu (identical in laws). Then we have

Zy = Zyp = %(Fl()d).%/o (t — )W, 0<t<T. (3.7)

Put d — 1 = —a, then a < 1 follows from d > £. We see from (3.7) that
t
7, = C(a) / (t — u)~dW,, (3.8)
0
1
= C(a)B, 0§t§T,O<a<§.

where B is exactly the fractional stochastic integral defined in (1.4), and C(«)
is some constant depending only on a.
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So we see so far that the process B, is in fact a limit case of an ARIMA process
of long memory. That is why B; exhibits also a long range dependence. And
a stochastic dynamical system driven by the fractional noise B; expresses some
long term consequence system states, as frequently met in various applications
to physics, telecommunication, finance, etc.

The approximation by semimartingales for B; given in this note can be useful
to supply a new approach to consider this kind of fractional stochastic dynamical
system.

As an example we can consider a fractional model of Black-Scholes given by
the equation

dS; = S(udt + vdBIT), (3.9)
St}tzo =S

where S; is the price of the stock and p and v are constants and BY =
[t — s)H=zaw,.

The corresponding approximately fractional model of (3.9) is defined for each
€ > 0 as follows

dS¢ = SF(pdt + vdBg),0 <t < T (3.10)

Sﬂt:O = Sp, the same initial condition as in (3.9).
The solution of (3.10) is given by
1 ¢
S5 = Spexp (§u252% + ve® +/O H:ds). (3.11)

Based on Theorem 2.1, one can show for the case H > 1 that the solution S§
converges in L?(Q) to a limit process S; determined by

S; = Soexp (ut + vBy) (3.12)

as € — 0 and this convergence is uniform with respect to ¢ € [0, T7.
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