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Abstract. Given a finite family of contractive mappings on a metric space and the
same number of square matrices, we establish necessary and sufficient conditions such
that there is a nontrivial continuous vector field which is refinable relative to these
mappings and matrices.

1. Introduction

In this paper we continue our study of refinable functions on invariant sets devel-
oped in [3,7,9-12] and used in [2, 4, 5, 13] to solve integral equations numerically.
Here, we address the question of the existence of a nontrivial continuous solution
of the refinement equation. To explain this we recall the setup used in [10].

For n € N we denote by Z, the set {0,1,...,n — 1} and use, in addition,
Zoo ={0,1,...}. Let ® ={¢,; : j € Zy,} be a collection of n contractions on a
metric space X = (X, d) with their unique fixed points {z; : j € Z}, defined by
the equation

¢j($j):Ij, J € ZLn.
For j € Z, let \; € (0,1) denote the contractivity constant of ¢; given by

._ d(¢;(x), 0 () .
Aj .—SUp{W : ac,yEX,x;éy}.

According to [6], there exists a unique closed and bounded set Q@ C X which
satisfies
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Q= | o), (1)

LELn

that is, (2 is invariant under the set—valued mapping S defined by setting, for
each Y C X,

S = | suv).

=
Moreover, in [6] it was shown for any compact set T' C Q that
Q= lim S"(T),
T—00

where the convergence takes place in the Hausdorff metric and that € is itself
compact.
To our contractions, we associate a family of n matrices of order N x N,

A={A; eRVN : jez,}.
Definition 1. A nontrivial continuous vector field f : Q — RY is called refinable
with respect to (®,A) if
A?f:fofvbja jGZna (2)

Our goal in this paper is to provide conditions on (®,.4) so that equation
(2) has a nontrivial continuous solution. We use the transpose of matrices in
equation (2) to be consistent with the terminology used in previous papers,
where the motivation to study (2) is described.

We will consider iterates of the contractions and their action on 2. For that
purpose, we define for r € N index vectors e = (e(j) : j € Z,) € Z, of length
r =: r(e) which denotes the number of coefficients of e. The set of all such index
vectors will be written as

zy =z,

reN

For any e € Z2° of length r we define the associated composition of the contrac-
tions as

De = De(0) O O Pe(r—1)-
From (1) it follows readily for any r € N that
2= J ¢(. (3)
e€zy,
The family of sets
{¢e() : e € Z7,}

gives us a way to say that two points are “close” provided that they are in the
same or “neighboring” cells. Although we will not give a formal definition of
this “topology”, it forms a heuristic foundation for the subsequent analysis.
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2. Continuous Refinable Functions: Necessary Conditions

If f:Q — RY is a continuous nontrivial vector field satisfying the refinement
equation

A?f:fo(ﬁj, jEZna (4)
it follows for » € N that
Al f=fode, ecly, (5)

where
A, = Ae(r—l) .- 'Ae(O)a ec Z;

Observe that the matrices and the contractions are indexed in opposite order.

Lemma 1. If f is a continuous refinable function with respect to (¥, A) and
x € Q then f(x) #0.

Proof. Suppose, by contradiction, that there exists an « € € such that f(z) = 0.
Since
Q= lim S" ({z}),

™ — 00

we can find, for any y € 2, a sequence e, € Z;,, r € Zs, such that
y = lim ¢, (x).
r—00
The refinement equation for f and its continuity yield the contradiction that

fy) = lim (fo¢.,)(x) = lim Al f(x)=0.

Now, our goal is to define the quantities which assist in the study of the
refinement equation (2). To this end, we denote for e € Z2° the number of
appearances of j € Z,, in the components of e by setting

9]'(6) = #{k ke ZT(S), e(k:) = j},
and assemble them into a vector 6(e) in R™, defined by
O(e) == (0,(e) : j€Zy).
With this quantity in hand, we define, for any e € Z7, r € N,

Ae) := —log \?(©) (6)
and note, for x,y € 2 and e € Z°, that
d(¢e(x), de(y)) < X d(z,y), (7)
which yields, in particular, that
d(¢e(2) < A9 d(Q), (8)

where we use d(Y) = sup {d(x,y) : z,y € Y} for the diameter of a subset Y of
X. We also find the quantity newpage
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A(®) := —max{log\; : j€Z,}

useful. Indeed, it satisfies the inequality

Ale) = r(e) A(®), 9)
from which it follows that A(e) — oo as r(e) — oo.
Let ||-]| be any norm on RY. For every matrix A € RV*Y and any subspace

V C RY we set

[A]lv := max {|Az| : z €V, |z]| =1}.

Definition 2. For any finite collection A = {A; : j € Z,} of N x N matrices,
any collection ® = {¢; : j € Z,} of contractions and any subspace W of RY, we
denote the associated joint spectral radius by

p:=p(A & W)= lim sup{HAeTH%A(e) ‘e€ Z;} : (10)
r—00

The existence of the limit in (10) follows from the additivity of A(e) under
“concatenation” of vectors and the multiplicative property of matrix norms. To
see this, we call the supremum in (10) p, and set p := inf {p, : r € N}. For any
€ > 0 there is an r € N such that p, < p+e. For any p € N and e € Z2, we
can decompose e as e = (ej 1] € ZL), where e/ € Z", j € Z1_1, and el=le VA S
for some ¢ < r (here we use the convention that for p < ¢ we have L = 0 and

Zr—1 = 0). Hence,
Ae) = Z A(€7)
JEZL
and there is a positive constant ¢ such that A(e) < ¢ and HAeTH < M@ for all

e € Z;,, since this is a finite set of cardinality n". Moreover, we have that

142

IN

IT [Ac ] < (u+ E)ZJEZL*I N et

JEZLL

= (u+

C
w+ e) '
Since A(e) — oo as r(e) — 0o, we obtain that

limsupp, < p+e
T—00
which proves the result.
Theorem 1. If f is a refinable continuous vector field then
p(A W) <1, (11)

where
W :=span{f(z) — f(y) 1 z,y € Q}. (12)

Proof. Since W is finite dimensional, there exist s € N and z;,y; € , j € Zs,
such that any w € W can be uniquely written as
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w= Y w;(f(x;)—f(y)).
JEZLs

We choose a constant ¢ > 0 such that

> lwjl < elhwl. (13)

JELs

By the uniform continuity of f there exists § € (0,1), such that whenever
d(z,y) < § we have that || f(z) — f(y)|| < ¢/2. Likewise, we can find an integer
r € N such that A(e) > —logd + w whenever r(e) > r, where w := logd(Q).
Therefore, by (8), we have for any e € Z2° with r(e) > r that

d((be(Q)) < )\O(e) d(Q) = efA(e)JFW < elog& -
Consequently, our choice of § yields for any z,y € € that

1(f o ¢e) () = (f o ¢e) (W)l < /2, (14)

and it follows from the refinement equation (5), (13) and (14) that ||AL | <
1/2 whenever r(e) > r. In addition, there exists a constant m > 0 such that

A(e) < —mlogd for all e € Z!'. Therefore, we obtain for any e € Z!, that
||ATH1/>\ e) < 9—1/A(e) < 91/(m logd) _. v < 1. (15)

Now, for any p € N, we decompose e € ZP as before into a concatenation of

vectors

e=(ed:j€LL), €L, jELL 1, el lezd, g<r,

yielding that A (ej) > —logd+w, j € Zr_1. Thus, we conclude that
ALl < ll4%lly TT A = lallly, TT 97,
JEZL -1 JEZL -1
and therefore setting
=M los? max{HAeTHW ceeZy, r(e) < r},
we obtain that
AT < AT Oy
< HAeL 1Hl/)\(e),yl—i-(logé—w)/)\(e) < ,y'ul/)\(e).

Since lim,(¢)—o0 A(e) = 00 and v < 1, the claim (11) follows from this estimate.
| |

We finish this section by recalling a few further consequences of the existence
of a refinable function which a patterned according to [1, 7, 8].

Proposition 1. If f is a continuous (A, ®)-refinable function then
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1. Each matrix A]T, J € Zy, has the eigenvalue one, that is, we have for any
J € Zy, that
Aluj=u;, u;=f(z;). (16)

2. For any e, e’ € Z and j,j' € Zy,, such that ¢e(z;) = ¢er(xj), the compati-
bility condition
AZ u; = AZ/ u;. (17)

must be satisfied.
3. For any j, k € Z,, we have that

A? U — A% u; € W. (18)

Proof. Since z; = ¢;(z;) it follows that
f(xg) = f(¢5(x5)) = A f(x;),
which verifies (16). If, on the other hand, ¢.(z;) = de (z;:), then
AL f(x)) = f(¢e())) = f(der () = AL f(z)),

which also completes the proof of (17). The last assumption (18) follows from
the fact that for j, k € Z,, we see that

AT wy, — A uj = A7 f(xr) — AL () = £(0(xn)) — f(or(x5)),
which obviously belongs to W. [ |

Remark 1. The argument which led to the compatibility conditions (17) can be
improved. Specifically, we note that whenever there are e,e¢’ € Z, r € N, and
x,2" € Q such that ¢e(z) = ¢er(2'), then

Al f(2) = AL f (o).

In particular, any point in the intersection of two cells ¢;(Q) N ¢r(Q), 4,k € Zp,
j # k, defines another compatibility condition!

We define the vector space
V :=span{f(z) : z € Q}

which is an A-invariant subspace of R, since f is refinable. That is, we have
for every j € Z, that AjT V C V. In fact, V is the smallest A-invariant subspace
T of RY for which there exists an y € T such that f(y) € T. Indeed, for any
x € Q choose a sequence {e” : r € N} € Z> such that

x = lm @er(y).
T—00
We conclude by the continuity and refinability of f that
f() = lm A% £(y).
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Since T is closed, being a finite dimensional space, and A-invariant, we conclude
that f(z) € T and hence V' C T'. Specifying this observation to the choice x = z;,
j € Z, and using the notation from (16), we thus get for j € Z,, that

V =span{Alu;:e € Z*} = span{A] uy : e € Z)?, k € Z,}. (19)

Now, we can relate V' and W in the following fashion.

Proposition 2. If f is continuous refinable function and j € Z,, then
V =W @ spanf{u;} (20)

and consequently
V =W + span{uy, : k € Z, }. (21)

Proof. 1t is clear that W C V. Now, fix j € Z, and note that the equation
AJT u; = u; yields the inequality p(A, ®,span{u;}) > 1, from which it follows,
in view of Theorem 1, that u; € V'\ W. In view of (19), it suffices to prove for
any e € Z2° that AT u; —u; € W, which we prove by induction on r := r(e).
For r € N and k € Z,, we have that

ATAT w; —uj = AL (AT wj —u;) + Af (u; — ur) + u — ;.

The first term belongs to W by the induction hypothesis, the second is in W
since W is A-invariant and the third term is in W by its definition (12). (]

Remark 2. Note that, in contrast to (20), (21) is not a direct sum in general. For
example, the two matrices given later in (31) have ug = [1,0]7 and u; = [0,1]7,
so that span{ug,u;} = R? DV and W # {0}.

Finally, we observe that there exists a linear combination of the components
of a refinable vector field which is the constant function.

Corollary 1. If f is a continuous refinable vector field then there existsy € RV
such that y' f = 1.

Proof. Tt follows from (20) that there exists y € RY such that y’z =0,z € W
and yTuy = 1. Therefore, it follows for any x,y € Q that 0 = y* (f(z) — f(y))
which means that y* f(x) =y f (z0) = 1, 2 € Q. ™

3. Continuous Refinable Functions: Sufficient Conditions

We now show that the necessary conditions on the matrices A and the contrac-
tions in @ are also sufficient for the existence of a continuous (A, ®)-refinable
function under additional conditions on ®. To this end, we explore the conse-
quences of the necessary conditions for the existence of a refinable function that
we derived above.

Assumption 1. Let A= {A; : j € Z,} be a family of N x N matrices such
that there exist nonzero vectors {u; : j € Zyn} such that
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u; = A?Uj, ] S Zn, (22)

with the following properties.
1. Ife, e’ € ZS°, j,j' € Zy, and ¢e(x;) = ¢er(250), then

AZ’U,]‘ = AZ/’U,]‘/. (23)
2. There exists a subspace W C RN such that for any j, k € Z,
uj —up €W, Afu; —Aju, € W. (24)
and
V=U+W, (25)

where U = span{u; : j € Z,} and V = span{Alu; : e € Z2°, j € Zy,}.
3. The joint spectral radius p(A, ®, W) is less than one.

The remainder of this section is dedicated to the construction of a refinable
vector field f provided that Assumption 1 holds true and that Q satisfies certain
topological constraints.

Lemma 2. If Assumption 1 is satisfied then the space W is A—invariant, that
18,

AW CW, j€ZLy.

Proof. Choose w e W CV, j € Z, and write
Alw=w+ Z Ck U,
kEZ,

for some w’ € W and ¢ = (¢ : k € Z,,) € R™. Since up, —ug € W for k € Z,,, we
can find dy € R and w € W such that A]T'w = w + dyug. Therefore, for every
r € N we have that

dol fuoll < ||(A7)" ATw]| + ||(A7)w]|

Each term on the right hand side goes to zero as r — oo since p(A, &, W) < 1.
Consequently, dy = 0 and we conclude that A]Tw e W, j € Zy, thereby proving
the result. n

We define the grid
G = {(be(mj) re €y, j€ Zn},

which is the dense subset of €2 generated by applying all the iterates of ® to the
fixed points of ®. On this set, we define the function f by the equation

f(9elx)) = Aluj, e€LY, jE€Ln (26)

Property 1) in Assumption 1 implies that f is well-defined on G. Moreover, for
any e € ZX°, j € Zy, and © = ¢(x;) € G we have that

(f o on) (@) = (f o du 0 pe) () = AL AL wj = A f(2), k€ Ly
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In other words, f is refinable on G.

Lemma 3. If Assumption 1 is satisfied then we have, for any x,y € G, that
f@) = fly) e W.

Proof. We first prove that
Aluj —u; e W, ecZl, reN, (27)
which is done by induction on r. For » =1 we have that
Afuj —u; = (Afu; — AjTuk) + A]-T(uk —uj).

The first term on the right hand side is in W because of 2) in Assumption 1,
while the second term belongs to W by 2) of Assumption 1 and Lemma 2. To
advance the induction hypothesis for » > 1, we consider, for any k € Z, and
e € Z7, the identity

AzAZU] — U]' = A{(AZ’U,] — ’U:j) -+ Aguj — Uj.
The induction hypothesis and Lemma 2 imply that the first term is in W, while
the second term belongs to W due to the case r = 1. This completes the proof
of (27).
Now, let = ¢e(x;) and y = ¢ (x) be given, where j, k € Z,,, e,¢’ € Z3?,
and compute

f(x) = fly) = Alu; — ALy
= Al (uj —up) + (AT up —up) — (AL us, —up).

The first term belongs to W by Lemma 2 and the other two by (27) which verifies
our claim. -

Lemma 4. If Assumption 1 is satisfied then there is a y € RN such that
T
yf=1

Proof. By 2) of Assumption 1, we have that V' = span{ug} & W. We choose a
y L W such that yTug = 1. For any e € Z%° and j € Z,, Lemma 3 and the
definition of f imply that A7u; —ug € W and so yT ATu; = 1, that is, y7f =1
on G. [ ]

Lemma 5. If Assumption 1 is satisfied then there exists a positive constant c
such that for all x € G

[f(@)]l < e

Proof. By 3) of Assumption 1 there exists a number r € N such that, for any
w € W and € € Z] we have that

1AZw|| < Lol
e 2

Choose a positive constant ¢ such that for all j* € Z,, and €’ € Z], we have that
[uj || < cand |[ALuj —uj || < c. For any x € G, written in the form = = ¢c(z;)
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for some j € Z,, and e € Z3°, we “pad” e with j a sufficient number of times so
that the composite vector e* := (e, j,...,j) is in Z"™" for some (least) value of
m € N, and write e* = (¥ : k € Z,,), where e* € ZI, k € Z,,. By the definition
of f and by our choice of e* and x we have that f(z) = AL u;. Therefore, we
obtain the estimate

IF @) = Nl + D AL - AL (Acru; —u))

kE€Zm
< gl + Y 27 F Ay —uy| < 2¢
kE€Zm
which completes the proof. ™

For = € Q we denote the closed ball of radius ¢ with center x by
B(z,t) :={y e Q:d(z,y) < t}.

Definition 3. We say that the family ® of contractive mappings has finite
density provided that there exists an integer M € N such that for any e € Z2°,
and © € ¢ ()

#{e': B(a, )N e (Q) £ 0, r(e') = 7r(e)} < M. (28)
The set Q is called locally connected if for any x € Q, any ball B(z,r) C X,
r >0, and any ' € B(x,r) NQ there exists a continuous curve ¢ : [0,1] —
B(z, ) N Q such that 1(0) =z, (1) = 2.

]

Definition 4. The family ® of contractive mappings with associated invariant

set Q is said to have fix point intersections if for any e, e’ € ZX, e # €', r(e) =

r(e'), such that ¢c(Q2) N ¢er (Q) # O, then there exist j, k € Zy such that
Pe(x5) = der (1) (29)

Lemma 6. If Assumption 1 is satisfied, ® has finite density, Q is locally con-
nected and has fix point intersections then the function f is continuous on G.

Proof. Fix any o with p(A, ®,W) < o < 1. There exists a constant ¢, > 0 such
that for any e € Z3° we have that

14|y < eg ™.

Let € ¢.(Q NG, e€Z, r €N, and 2’ € B(z,\’©)NG. If ' € ¢.(), then
we choose y,y’ € QN G such that z = ¢.(y), ' = ¢.(y') and obtain that

1f (@) = F@)Il = (£ © de)(y) — (f o de) (W)
= A2 (F(y) = FY )] < 2ccr0"

by Lemma 5.

Now, suppose that 2’ & ¢.(Q) and let ¢ : [0,1] — B(z, \?)) N Q, 4(0) = z,
(1) = 2/, be a curve that connects x to z/. Set ¢’ = e and tp = max{t €
[0,1] : ¥(t) € ¢e(©2)}. This maximum exists since ¢(£2) is closed and ¥ is
continuous. Since z’ & ¢.(€2) we have that o < 1. Moreover, y; := 1(ty) must
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belong to ¢eo(Q) N ¢e1 () for some et € Z \ {€°}. Indeed, to prove this claim,
we choose any sequence t() € (to, 1] with tU) — ¢, for j — oo and conclude, by
the definition of tg, for any j € N that ¥(t0)) & ¢.(2). There is a subsequence
5() of t) and some fixed e' € Z7 \ {€°} such that for all j € N we have

¥(s) € g ().
By the continuity of ¢.1 we can then conclude that

Wlto) = lim v(s)) € der (Q).

Hence, y1 := ¢eo(20) = ¢er(z1) for 20,21 € Q. If 2’ & ¢1(£2), we proceed in
the same way by setting ¢; = max {t € [to, 1] : ¥(t) € P (Q)}, until, by the
finiteness condition (28), we conclude that (independently of e and r) there exist
points y; € B(x,\?(®)), j € Z,,, m < M, such that
yj:(bej(zj)zd)ej*l(gj)a Zjaéj GQa jGZma

and 2’ = y,,,. Since each z; and Z; corresponds to an intersection of ¢.;(€2) and
bei+1(Q2) where r(e?) = r(e?*1) and since  has fix point intersections, we can
choose z;,2; € {xy, : k € Zy}, j € Ly,. Hence, noting that r(e?) =7, j € Zp41,
we obtain the estimate

[£@) = F@)] < D f i) = Fyy)]|

i€m
D0 o ber)(zia1) = (f 0 beasn) ()|
i €lm
Z | AL+ (f(z51) — F(Z))]| < Z |AL 1|y || (zi41) — F ()]
i€Tm i€Tm

<2ccy Z oMe) <92ce, (M+1) o) A®)
JE€Lm

where we used (9) in the last inequality. From this estimate, the continuity of f

on G follows readily. n
Because of Lemma 5, Lemma 6 and the density of the grid G in 2, we can

extend f to a continuous function on all of Q and obtain the following result.

Theorem 2. If Assumption 1 is satisfied, ® has finite density, Q is locally
connected and has fix point intersections then there exists a nontrivial continuous
refinable function f.

We close this sections with some remarks about the hypotheses on @ in
Theorem 2. In general, without the fix point intersection property the exis-
tence of a continuous refinable function cannot be decided from properties of
the refinement matrices alone. To elaborate on this remark, we observe that
Q = [0,1] is the invariant set corresponding to the two strictly decreasing con-
tractions ¢g(z) = (1 — z)/2 and ¢1(x) = (2 — x)/2 which map [0, 1] onto [0, 1/2]
and [1/2,1], respectively. The fixed points of the mappings are xo = 1/3 and
x1 = 2/3 and since they lie strictly inside their respective cells, the compatibility
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2

N[ =

conditions in (23) are void. Now, observe that the function f(x) = [1 -, 2] is
refinable with respect to ® and the matrices
11 0
Ao=h (2)], A1=[1 ]
On the other hand, the choice
10 2 1 1 0
wo-i 3] a3 i) w-fo) -

satisfies all the conditions of Theorem 1, but does not admit a continuous refin-
able function. To show this, we first note that the two contractions

3 =

Y1(7) = (¢pr10¢0)(x) = -+, x€[0,1],

to(x) := (o © d1)(x) = 474

d

4 )
have the fixed points yg = 0
any z € [0,1] that

and y; = 1, respectively. Therefore, we have for

klim YE(z) =0, klim YF(z) = 1.
We define the two matrices

By — ATAT — {

wl—wln
NelENel[N]

7
],&ﬂﬂh
9

|\

conclude, from the assumption that there exists a continuous refinable function

f, the equations
2 2
i) [s]-[3]
5110 5

and likewise we have that f(1) = (2,2 )", However, it follows from the refine-
ment equation that

[%] = AJf(0)=f[3]=ATf(1) = E]

5 5

WINW| =

£0) = i f(sf(e) = i B fan) = |

alwatno

a contradiction.

4. Existence of Continuous Refinable Functions: A Complete Chara-
cterization

In this section we combine the observations made in the two preceding sections
and give a complete characterization of the existence of a continuous refinable
function corresponding to a family A of N x N matrices and contractive mappings
® on a metric space.

Theorem 3. Let A= {A; : j € Z,} be a family of N x N matrices and ® = {¢; :
Jj € Zn} a family of contractive mappings on a metric space which is of finite
density and yields a locally connected invariant set with fix point intersections.
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A necessary and sufficient condition for the existence of a nontrivial continuous
vector field f : Q — RYN, where Q is the invariant set associated with ®, is the
existence of a subspace W C RN and a set of nonzero vectors {u; : j € Zp} with
the following properties:

1. Alu; =wuy, j € Zy.

2. Ife,e! € L2, 4,5 € L, and ¢c(x5) = ¢er (z51), then

AZ’U,]‘ = AZ/’U,]‘/.
3. There exists a subspace W C RN such that for any j, k € Z, we have that
uj —up €W, Afu;— Aju, € W.

and
V=U+W,

where U = span{u; : j € Zn} and V = span{Alu; : e € ZX, j € Zy}.

4. The joint spectral radius p(A, ®, W) is less than one.
Moreover, when 1)-4) are satisfied, there is ay € RN such that the refinable
vector field f has the property that y* f = 1.

This is the main result of this paper whose proof follows by combining the
results from the Secs. 2 and 3, cf. [1] for the special case X = R*, Q = [0,1]*
and ¢e(x) == (x +e€)/2, e € {0,1}°, z € R®. In the last section, we look at
an example prompted by the fact that in general the compatibility conditions
appearing in 2 are countably infinite in number, see also [1], although in the
case considered in [7] there is only one compatibility condition.

5. The Square: An Example

When we choose our metric space to be R? and the contractions to be

r+e€ yYy+e
¢61+262(1’ay) = 1; 2 , €1,€2 € {07 1};
2 2

the corresponding invariant set is the unit square = [0,1]%. In this case the
refinement equations take the form

z y+1 z+1 y+1
AL fa) = £(5.57), AT fay) = (5= 5,
27 2 2 2
Ty z+1y (30)
T _ < d T — Z
AO f(xay)_f<272)7 Al f(xay) f( 92 72)7
where Ay, ..., Az are N x N matrices, see [1] for the case of N x N matrices on

a cube. According to Theorem 1, there is an infinite number of compatibility
conditions on these four matrices. However, when N = 2 we shall show below
that only four such conditions are required. To this end, we need to examine
the case of two matrices on the unit interval first. For that purpose we consider
the one parameter family

G = |, 1, U] em= 1T 1] e e

l1—7 7
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of matrices whose refinable function with respect to the two mappings ¢(z) :=
“T"’e, e € {0,1}, plays a prominent role in [7]. We denote by g, the refinable
function with respect to these matrices.

Let A, € € {0,1}, be two 2 x 2 matrices with the following properties:
1. A.1=1e€{0,1},
2. there exist two left eigenvectors u. = ATu,, e € {0,1} which satisfy the

compatibility condition A7 u; = Al'u1,
3. for e € {0,1}

|(Ae)11 - (Ae)Ql‘ < L

Any pair of matrices which satisfies the above conditions admits a refinable
function. In fact, the above three properties characterize the convergence of the
associated matriz subdivision scheme to a continuous function, see [7] for details.
Our first result points out that all matrices of the above type can be obtained
from the pair G.(7), € € {0, 1}, by similarity.

Lemma 7. If the two matrices Ay, A1 € R? satisfy the above three properties
then there exist T € (0,1) and a non-singular matriz S € R? such that S1 =1
and

A =87'G.(1)S, ec{0,1}. (32)

Proof. We briefly outline the proof. The first step is to show that there is a 2 x 2
matrix S with §1 =1 and scalars 7o, 71 with |79] < 1 and |1 — 71| < 1 such that

A . =8'G.(7.)8, ec{0,1}. (33)
Next, we use the compatibility conditions, condition 2) above and draw the
conclusion that 79 = 71, thereby proving the lemma. n
d
.. T
4, 4;
h g ‘
4, 4,
i1 i
a

Fig. 1. Subdivision of the square.

Theorem 4. Let the four matrices Ac, € € Zy, satisfy Al =1, € € Zy. There
exists a nontrivial (®, A)-refinable vector field f if and only if there exists a
2 x 2 invertible matriz S with 81 = 1 such that the four matrices B, := S™1A.S,
€ € Z4, have one of the following four forms:
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1.
1 0 1-—
BQ[IT T:|7 BS[ OT 71—]’
7€ (0,1). 34
B — 1 0 B, — 1—-7 7 0.1) (34)
S I R e e A R N
2. - - _ _
1 0 1 0
Bo=|1 1|, Bs=1|1 1],
2 2 2 2
- : - z 35
s [1 0] g _[b (35)
- 1 1 ) - .
L5 3] 10 1]
3. r1o17 117
B; = (2) f , Bz= (2) f ;
5 :1 O: 5 :% %: (36)
0= 3 1=
5 3] 10 1)
4.
11—« o 1_o Lyg
BQ_[l—oz l—i—a]’ B3:{2—a %—l—a}’
i 0 ? L a€R,  (37)
sl mefh
i3 0 1

with corresponding refinable vectors

8 f(:v,y) = gT(x)v z,y € [07 1]7 TE (Oa 1)7
2. "
f(may):|:1_I:|a xvye[071]7
3. Lo .
fla) = [ 2CG D] el
4.

fla,y) = {1 xf—Zaany} , x,y€l0,1, a€cR.
Proof. That any of the above choices of B, € € Z4, can be verified easily by
checking that vector fields given above are indeed refinable with respect to the
associated matrices.

For the converse, we start by noting according to Lemma 7 that there exist
a 2 x 2 invertible matrix § and 7 € (0, 1) such that S1 =1 and B. = S7'A.S,
e € {0,1}, for which A, = B.(7). Next, we use the compatibility conditions at
the points (b) and (c) in Fig. 1 to obtain that

|1 0 b+ 1—7 T -0
BQ{bQ 1b2] or BQ{ by 1— by (38)

and
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Bs = [%3 : 1%] or B = {bBbiT 1111931)3 ! (39)
Choosing the two possibilities on the left hand side of (38) and (39), the compat-
ibility conditions at (d) and (e) yield (34). Picking the left hand choice in (38)
and the right hand one in (39) or vice versa, compatibility at (d) and (e) forces
7 = 1/2 and leads to (35) and (36), respectively. The situation is different for
the matrices on the right hand side of (38) and (39) since compatibility at (d)
is automatic then. Checking compatibility at (e), however, implies that 7 = 1/2
but leaves one parameter in the matrix free which leads to the representation

(37). ]

The proof of Theorem 4 shows that, although there is an infinite number
of compatibility conditions in Theorem 2, it suffices to consider only the five
compatibility conditions at the points (a)-(e) in Fig. 1.
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