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Abstract. Let M be a finitely generated module over a Noetherian local ring (R, m)
with dim M = d. Let (z1,...,x4) be a system of parameters of M and n a positive
integer. Consider the length of generalized fraction 1/(z7,...,2},1) as a function in
1. In this paper, we will give examples to show that, in general, the length of generalized
fraction 1/(a7,... T 1) is not a polynomial for n large enough. Moreover we relate
this problem with the study of the length of the ring R/(zY,...,z},I) , where ] C R
is some ideal of R.

1. Introduction

In this paper, we always assume that (R, m) is a Noetherian local ring and M is
a finitely generated R-module with dim M = d. Sharp and Zakeri [7] introduced
so-called modules of generalized fractions which generalizes the usual theory of
localization of modules: For a positive integer k, Sharp and Zakeri 7] defined
so-called triangular subsets of R*, and given such a triangular subset U of R¥,
they constructed an R-module U %M called the module of generalized fractions
of M with respect to U. Especially, the set

UM)g+1={(y1,-..,y4,1) € R . there exists j with 0 < j < d such that
(y1,...,y;) form a subset of a s.o.p of M and y;41 =+ =yqg = 1}

is a triangular subset of R%*t!. Note that the top local cohomology modules
HZ (M) may be viewed as the module of generalized fractions of M with respect
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to U(M)q4+1. Moreover, for a system of parameters z = (z1,...,zq) of M, the
submodules

M@/, 2l 1) = {m/(2]",. .., xy*, 1) :m e M}
of U(M);fl_lM is of finite length. Let
Qe:va(n) = L(M(1/(z7, ..., 23, 1))).

Following Sharp and Hamieh [6], gz;as(n) is called the length of the generalized
fraction 1/(2}*, ... 2}%,1). In [6, Question 1.2], Sharp and Hamieh asked that if
there exists a polynomial F'(Xy,...,X,) in d variables with rational coefficients
such that

Ge:m(n) = F(ny,...,nq)

for all ny,...,ng large enough. The answer to this question is positive when
dimM < 2 or M is generalized Cohen-Macaulay of any dimension (see [6]),
but in general, the answer is negative. The counter-examples can be found in
[3, Theorems 1.1, 1.2] for the case where M is of any dimension d > 3. However,
when n; = --- = ng = n, the functions ¢(M(1/(x},...,z},1))) considered in
[3, Theorem 1.1] are polynomials in n. Therefore, it is natural to ask the next
question.

Question. Does there exist a polynomial F'(X) in one variable X such that
¢z;Mm(n) = F(n) for n large enough?

In this paper we will show by means of examples that in general gz;ar(n) is
not a polynomial for n large enough. The counter-example to this question can
be constructed in the case where M is of any dimension d > 3.

Theorem 1.1. Letd > 3 and 1 < r < d—2 be integers. Let S = Kz1,...,2q,y],
the polynomial ring in d + 1 variables over a field K. Let m = (x1,... ,24,Y)S
and f be a polynomial in m N K[x1,...,x4-1]. Let s > 2 be an integer and
S = S/(y* — f)S. Let R = S, the localization of S with respect to m and
M = (%y41,... ,2q)R. Then x = (x1,... ,Tq—1,Zq + Y) 1S a system of parame-
ters of M and

Qu;m(n) = sn? — 0S/ (2, Y T, 2a)S).

In particular, if f = x3 then

snd — sn” if n =0 (mod s)

qu(ﬂ) = { d r—1

sn® —sn” +i(s —i)n ifn=1i (mod s), foralli=1,...,s—1,

for alln > 1. In this case, gz;p(n) is defined by [s/2] + 1 polynomials, therefore
it is not a polynomial for n large enough.

To have the similar results as in Theorem 1.1 for rings, we need the concept of
principle of idealizations, which was introduced by Nagata [5, p. 2]. We make the
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Cartesian product R x M into a commutative ring with respect to componentwise
addition and multiplication defined by (r,m).(r',m’) = (rr',rm’ +r'm). We call
this the idealization of M (over R) and denote it by RxM. The idealization
Rix M is Noetherian local ring with identity (1,0), its maximal ideal is m x M
and its Krull dimension is dim R.

Corollary 1.2. Let R and M be as in Theorem 1.1 and RxM the idealization
of M. Then (x,0) = ((x1,0),...,(x4-1,0), (xa+y,0)) is a system of parameters
of RxM and

q@;RxM(n) = 2sn¢ fﬁ(g/(:ﬂf, e Y T, ,xd)g).

In particular, if f = xi then

2snd — sn” if n =0 (mod s)
r—1

Q(;c,O);RMM(n) = {

2snd — sn” +i(s —i)n ifn=1i(mod s),i=1,...,s—1,

for all n > 1. In this case, q(z,0);rxm(n) is defined by [s/2] + 1 polynomials,

therefore it is not a polynomial for n large enough.

2. Proof of Theorem 1.1

In this section, we always assume that d > 3, 1 < r < d—2 and s > 2 are
integers. Firstly, we need the following lemmas

Lemma 2.1. [2, Lemma 2.3] Let (R, m) be a Noetherian local ring and M a
finitely generated R-module. For a s.o.p x = (x1,... ,xq) of M, set

Q(z; M) = U(:ci“,...,xffl)M o xh L ah,
>0

Then we have

Lemma 2.2. [3, Lemma 2.6] Let (R,m) be a Noetherian local ring and M
a finitely generated R-module with dim M = dim R = d. Denote by RxM
the idealization of M. Let x = (x1,...,24) be a s.o.p of R. Then (x,0) =
((21,0),...,(x4,0)) is a s.0.p of RXM and -

O(RKM/Q((2,0); RxM)) = ((R/Q(z: R)) + €(M/Q(x; M),
where Q(z; R), Q(z; M) and Q((x,0); RxM) are defined as in Lemma 2.1.

The proof of the next lemma uses some knowledge from Groebner basis [1].

Lemma 2.3. Let S = Klx1,... ,z4,y], the polynomial ring in d + 1 variables
over a field K, m = (x1,... ,24,9)S and f e mN K[x1,... ,z4] a polynomial of
S. Then for any integers t,n > 1 we have

(x?t"'",... ,xgt"'",ys —f)S:s x’f’f...xgt = (af,...,25,y°— f)S.
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Proof. Set
‘ o nt+n nt+n t t
—(1‘1 yeee g aysff)ssm?ll zs
and N W
= (zf,...,25,y° — [)S.
Since (27" ... ,xgt"’”)S is a monomial ideal, we have

((:E’f””, .. xZH")S gttt zgt) + @’ — f)S=(a,...,25,y°— f)S.

Therefore b C a. Now we consider the lexicographic term order, where y > x; >
x2 > ... > xq. With this term order, we claim that in(a) = in(b). In fact, let g
be an arbitrary polynomial in a. Then we have

in(z{ ... 2ltg) = 2 .. 2fin(g) € in((27" ", L2yt — £)S).
By Buchberger’s criterion, we can easily check that 27", ... 2" y* — f is
a Groebner basis of (x ”H'", e ”H'", y* — f)S. So, we have
C(CA ﬂff}”",ys —)8) = (", y%) S,

These imply that )

o aitin(g) € (2P 2l y®)S.
Therefore,

in(g) € (P, . 2ty S gttt = (2, .. 2l y®)S.

Note that in(b) = (z7,...,2},y°)S. Therefore in(g) € in(b). This implies that

in(a) = in(b) and the claim is proved. Since in(a) = in(b) and b C a, it follows

that =7,... ,z},y° — f is also a Groebner basis of a. Thus,
a=(zf,...,2,y°— f)S=b. u

Lemma 2.4. Let S and f be as in Lemma 2.3. Let S = S/(y* — f)S. Then for
any integers t > sd and any n > 1 we have

(@ Y (@ Baer,ma — y)S g a2l = (2L 2))S.
Proof. Set
a= (" a ) (@, mam1, 1 — y)S g alt Ll
It is clear that a C (271", ..., 2}""")S iz 27’ . .. 2%". Moreover, we have
(2P, et S g at

= (@ - S sl )0 - 1S

:(l‘?, :L'da )S/(y - )S:(Iﬂf,,l‘g)s
by Lemma 2.3. Therefore a C (z,...,x )E Conversely, since 1 < r < d — 2,
it is easy to check that (zf,...,z}_ 2,avd)S C a. So, we need only to prove

2% 1S Ca. Let
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_ nt+n nt+n
b= (27", .. 2] ") (g, s Ta—1, 24 — Y)S.
We have
nt+n ,.nt nt nt __ ,.nt+n nt nt nt—1 nt4+n _ nt nt nt—1
gl wgl gz = g (wa—y) 2 gy Ay gty
Hence

a2t ,2htS C b if and only if yal et .. 2t L2 TS Cob
By the same arguments, after nt steps we get

gttt 2t ,2htS C bif and only if y™ta a2l 2 S C b,

Since t > sd and f € mN K[y, ... ,z4] with notice that y*S = fS, we obtain
yntxgttnx'izt . x;rizt o nt IS C fnd nt+n 1 ) ‘rd nt IS C b.
Therefore z371§ C a. ]

Lemma 2.5. Let S, f,S be as in Lemma 2.4. Then for any positive integers
t > sd and n > 1 we have

(:c’f”", ... xZH'" (xqg + )" ) (@rg1, ... ,Tq)S T ot .acgt_l(:nd + )™

= (21,2, (@a +y)")S.

Proof. Let
a= (Pl (e + )" ) (@ a)S gttt (e +y)™
and —
b= (zF,..., 25 1, (®a+y)")S.
Since 1 < 7 < d — 2, we can check that (z7,...,2% ,, (vq +y)")S C a. So, we

need only to prove :cg_lg C a. Note that there exists a polynomial g such that

nt+n nt nt nt+n .nt nt nt+n nt nt
ittt (eg Y)Y = wax a2l gy T ah .

So, similarly to the proof of Lemma 2.4, we have z;_ 1S C a since both ideals

zqxl Tt t,gS and y"tai eyt ant S are contained in

(x?”", ezt (g +y)"T) (@ - 2a) S
Conversely, let g(z1,... ,74,y) be a polynomial such that g(z1,...,24,y)S C a
By replacing x1 = x1;... ;24 = x4 — y;y = y, we have

g(x1,... ,xq—y,y)S C (P ... ,xgt"'")(x,n_i_l,... Tg—1,Tq— y)S ottt
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Therefore g(x1, ... ,2q4—y,y)S C (a7,...,27)S by Lemma 2.4. Now by replac-

ing 1 = 1;%2 = X2 ... ;T4 = Tq+ Y,y =y, we have
g(@1,. .., xa,y)S C (2, ... 24y, (za +y)")S =b. "
Lemma 2.6. Let r > 1,s > 2 be integers, T = K|x1,... ,x.,y], the polynomial

ring in v+ 1 variables over a field K and T = T/(y* — z$)T. Then we have

_ — sn” if n=0 (mod s)
0T/ (=t ...,z y")T)= )
(T/(a y)T) { sn"™i(s—i)n"t if n =i (mod s), i=1,...,51,
for alln > 1.
Proof. Let
a=(zf,...,z},y", v —a])T.

Suppose that n = sl + i, where 0 < ¢ < s. Then we can check that

i, sl
a=(aF,..., 20, y° —al,y'xi)T.
Consider the reverse lexicographic term order with y > z; > ... > x4. It is
immediate to check that a7,... 2", y* — 23, y’x3' is a Groebner basis of a and
hence
. 9 ; 'l
in(a) = («f,... 2, y°, y'xi)T.

It should be mentioned that the Hilbert functions with respect to a and in(a)
are the same. Therefore the claim follows. n

Proof of Theorem 1.1. Since f € mN k[r1,...,24-1], (1,... ,Td—1,74 +y) is a

s.o0.p of M. By the flatness of the natural homomorphism S — Sy, we get by
[4, (3.H)] and by Lemma 2.5 that

Q(x?v e 71‘3715 (Id+y)n§ M) = (x7‘+17 R >$d)5mm($?a oo ,.1‘371, (Id+y)n)‘s’m7

where Q(z7,... ,2_1; M) is defined similarly as in Lemma 2.1. It follows from
this relation and Lemma 2.1 that

QQ;M(n) :6((xr+1a oo 75Ed)§m/(xr+ 1y xd)gm N (:L'?, sy xg—la (xd+y)n)§m)
:E((x?, e Y g1y ,xd)gm/(x?, coyly_ g, (g + y)”)gm).

Note that Sy, is Cohen-Macaulay. Therefore, we have

qEM(n) = E(Em/((lﬂf, cee 71'3—1; (:L'd + y)n)gm)
— K(gm/(m’f, e T Y T, ,xd)gm)
=e(z],. .., x5 1, (@a+y)"; Sm) — (Sm/(xF, ..., 27, y" g1y o, Zd)Sm)

=sn? —0(Sw/(zV, ..., 2" Yy, Try1,s ..., 2q)Sm)-

The case f = xf follows by Lemma 2.6. ]
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Proof of Corollary 1.2. Since R is Cohen-Macaulay, 27,... ,20_;,(za+y)" is a
regular R-sequence. It follows that

Q(:L”llv cee 7332717 (xd + y)n; R) = (l‘?, cee 7332717 (xd + y)n)R

Therefore, by Lemma 2.1 we have

Guir(n) = €(Sm/ (27, ... .2y, (za+y)")Sm) = sn’.

Now the assertion follows by Lemma 2.1, Lemma 2.2 and Theorem 1.1. n

Remark. In our examples, although the lengths of generalized fractions are not
always polynomials for large n, it is still very nice since they are defined by
finitely many polynomials. Moreover, if we choose f = y + 21 + 29 or f =
y— x{txs? .. 2% with a1, a9, ... ,a, positive integers then, by using Groebner
basis, we can show that the length of the generalized fractions in Theorem 1.1
is also defined by finitely many polynomials. Therefore we close this paper by

the following question.

Question. Let (R,m) be a Noetherian local ring, M a finitely generated R-
module with dim M = d. Under which condition on a s.o.p (x1,...,2q) of M,
the length of generalized fraction 1/(z7,...,2%,1) is defined by finitely many
polynomials for n large enough?
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