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Abstract. The maximum principle and the fixed point argument are used for proving

the existence and uniqueness of the solution of an implicit two-phase free boundary

problem for the heat equation - denoted as “implicit” due to the absence of the deriva-

tive of the free boundary in the free boundary conditions.

1. Introduction

The free boundary problems for parabolic equation are classified in two classes:
the class of problems in which the derivative of the free boundary appears ex-
plicitly in the free boundary conditions, as the Stefan problem and the class
of problems in which the derivative of the free boundary is absent in the free
boundary conditions,as the oxygen diffusion-consumption problem. The prob-
lems of the last class are called implicit free boundary problems.The Stefan like
problems were studied by many authors, but there is not so much results on the
implicit free boundary problems. A one-phase implicit free boundary problem
for the heat equation was studied by one of this paper’s authors [4]. In the two-
phase Stefan problem with heat source along the free boundary, the standard
equilibrium at the free boundary is expressed by:

u(s(t), t) = 0, v(s(t), t) = 0,

ux(s(t), t) − vx(s(t), t) = −Ls′(t) + λ(s(t)),

where u(x, t), v(x, t) represent the temperature in the two phases, L is the
latent heat. We will consider this problem, where L = 0, a two-phase implicit
free boundary problem.
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We will introduce some notations for formulating the problem. We denote
by St for t ∈ (0, T ) the set of continuous on [0, t] continuously differentiable
on (0, t] functions s(τ), satisfying s(τ) ≥ S0 > 0, |s′(τ)| ≤ S1 for τ ∈ (0, t),
s(0) = b, 0 < b < 1, b, T , S0, S1 being positive constants such that T <

min
{1 − b

S1
,

b

S1

}
, S0 < b. For T ∈ (0, T ] we set

QT =
{
(x, t) : 0 ≤ x ≤ 1, 0 ≤ t ≤ T

}
Problem (P): Find (T, s(t), u(x, t), v(x, t)) such that
1) s(t) ∈ C1[0, T ], 0 < T ≤ T , s(0) = b, 0 < b < 1; the curve x = s(t) divides
the rectangular domain QT into two subdomains

D±
T =

{
(x, t) ∈ QT : ±(

x − s(t)
) ≥ 0

}
,

2) u(x, t) ∈ C2,1(D−
T ); v(x, t) ∈ C2,1(D+

T ),
3) the following equation and conditions are satisfied:

uxx − ut = 0, in D−
T , (1.1)

u(x, 0) = ϕ(x), 0 ≤ x ≤ b, (1.2)
ux(0, t) = f(t), 0 ≤ t ≤ T, (1.3)

u(s(t), t) = 0, 0 ≤ t ≤ T, (1.4)
γ vxx − vt = 0, in D+

T , (1.5)
v(x, 0) = φ(x), b ≤ x ≤ 1, (1.6)
v(1, t) = F (t), 0 ≤ t ≤ T, (1.7)

v(s(t), t) = 0, 0 ≤ t ≤ T, (1.8)

ux(s(t), t) − vx(s(t), t) = λ(s(t)), (1.9)

where γ is a given positive constant, γ �= 1, ϕ(x), f(t), φ(x), F (t), λ(x) are
given functions satisfying the following conditions
D1) ϕ(x) ∈ H3+α[0, b], f(t) ∈ H1+α[0, T ], α ∈ (0, 1), ϕ′(0) = f(0), ϕ(b) = 0.
D2) φ(x) ∈ H4+α[b, 1], F (t) ∈ H2+α[0, T ], φ(1) = F (0), φ(b) = 0.

D3) λ(x) ∈ H2+α[0, 1], |φ′(b) + λ(b)| �= 0, T <
|φ′(b) + λ(b)|

G3
.

Let G =
{
g(t) ∈ H1+α[0, T ) : 0 < G2 ≤ |g(t)| ≤ G1, |g′(t)| ≤ G3

}
,

where Gi, (i = 1, 2, 3) are the positive constants which will be suitably defined
later.

2. The Existence and Uniqueness of the Solution

The proof is composed of following parts.
1) For every g(t) ∈ G there exists a unique solution of the Problem (P′) of finding
the triple (T, s(t), u(x, t)) such that the equation (1.1), the conditions (1.2)–(1.4)
and the condition

ux(s(t), t) = g(t), 0 ≤ t ≤ T
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are satisfied.
2) For s(t) satisfying the Problem (P′), there is a unique function v(x, t)
∈ C2+α(D+

T ) satisfying the equation (1.5) and the conditions (1.6)–(1.8), (Prob-
lem (P′′)).
3) The application G̃ : g(t) �−→ g̃(t), where g̃(t) is defined by

g̃(t) = vx(s(t), t) + λ(s(t)),

s(t) solves the Problem (P′), v(x, t) solves the Problem (1.5)–(1.8) is a contrac-
tion from G into itself. Then (T, s(t), u(x, t), v(x, t)) is the solution of Problem
(P).

2.1. Some Auxiliary Problems

At first, we consider the following one-phase boundary problem.

Problem (P′): Find the triple (T, s(t), u(x, t)) such that
1) s(t) ∈ C1[0, T ], 0 < T ≤ T , s(0) = b, 0 < b < 1,
2) u(x, t) ∈ C2,1(D−

T ),
3) the following equation and conditions are satisfied

uxx − ut = 0, in D−
T , (2.1)

u(x, 0) = ϕ(x), 0 ≤ x ≤ b, (2.2)
ux(0, t) = f(t), 0 ≤ t ≤ T, (2.3)

u(s(t), t) = 0, 0 ≤ t ≤ T, (2.4)
ux(s(t), t) = g(t), 0 ≤ t ≤ T, (2.5)

where g(t) is a given function ∈ G, ϕ′(b) = g(0).

Theorem 2.1. Under the assumptions (D1), (D3) and g(t) ∈ G there exists
a unique solution (T, s(t), u(x, t)) of the Problem (P ′), u(x, t) ∈ C2+α(D−

T ) and
s(t) ∈ ST .

Proof. The function
ũ(x, t) = ux(x, t) − g(t) (2.6)

is the solution of the following problem
ũxx − ũt = g′(t) in D−

T , (2.7)
ũ(x, 0) = ϕ̃(x), 0 ≤ x ≤ b, (2.8)

ũ(0, t) = f̃(t), 0 ≤ t ≤ T, (2.9)
ũ(s(t), t) = 0, 0 ≤ t ≤ T, (2.10)

s′(t) = − ũx(s(t), t)g−1(t), 0 ≤ t ≤ T, (2.11)

where ϕ̃(x) = ϕ′(x) − g(0), f̃(t) = f(t) − g(t).
There is a unique solution (T, s(t), ũ(x, t)) of the Problem (2.7)–(2.11) (see

[1]). Hence (T, s(t), u(x, t)), where u(x, t) is defined by (2.6), is the solution of
the Problem (P ′). This completes the proof. �

We set
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Σ = {b, T , α, G1, G2, G3, ‖ϕ‖3+α, ‖f‖1+α}.

Theorem 2.2. Let (Ti, si, ui) be the solutions of Problem (P ′) corresponding to
gi(t) ∈ G, i = 1, 2 in the data (2.5). Under the assumptions (D1), (D3), there
is a positive constant M1 such that∥∥s1 − s2

∥∥
C1[0,T ]

≤ M1T
∥∥g1 − g2

∥∥
C1[0,T ]

, (2.12)

where T ≤ min(T1, T2), M1 depends on Σ, S0, S1.

Proof. Let
δ(t) = s1(t) − s2(t), u(x, t) = u1(x, t) − u2(x, t).

By the transformation

y =
x

s(t)
, Ui(y, t) = uix(ys(t), t) (2.13)

the function Ui(y, t), (i = 1, 2) is the solution of the problem

s−2
i Uiyy + y s′i s−1

i Uiy − Uit = g′i(t) in DT , (2.14)

Ui(y, 0) = ϕ̃(yb), 0 ≤ y ≤ 1,

Ui(0, t) = f̃(t), 0 ≤ t ≤ T, (2.15)
Ui(1, t) = 0, 0 ≤ t ≤ T,

s′i(t) = − Uiy(1, t)s−1
i (t)g−1

i (t), 0 ≤ t ≤ T, (2.16)

where DT = {(x, t) : 0 ≤ x ≤ 1, 0 ≤ t ≤ T }.
The function U(y, t) = U1(y, t) − U2(y, t) is the solution of the problem

LU = s−2
1 Uyy − Ut = −y U2y

[δ′(t)
s1

− δ(t) s′2
1

s1s2

]
− y

s′1
s1

Uy

+
(s1 + s2)δ(t)

s2
1s

2
2

U2yy +
(
g′1(t) − g′2(t)

) ≡ Q(y, t) in DT ,

(2.17)

U(y, 0) = U(0, t) = U(1, t) = 0. (2.18)
Let

Δg′ = max
0≤t≤T

|g′1(t) − g′2(t)|,
Δg = max

0≤t≤T
|g1(t) − g2(t)|,

we have
Δg ≤ TΔg′. (2.19)

Following Fasano and Primicerio [2], we have

max
0≤y≤1

|Uy(y, t)| ≤ M2

{ t∫
0

(t − τ)−
1
2 max

0≤y≤1
|Uy(y, τ)|dτ

+ t
1
2 ‖δ′‖t + t

1
2 Δg′

}
, 0 ≤ t ≤ T. (2.20)
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By using Gronwall lemma we get

max
0≤y≤1

|Uy(y, t)| ≤ M3

{
t‖δ′‖t + tΔg′

}
, 0 ≤ t ≤ T, (2.21)

and |δ′(t)| ≤ M3M4T (‖δ′‖t + Δg′) + M5t‖δ′‖t + M6TΔg′,

with Δg ≤ TΔg′, 0 ≤ t ≤ T, positive constants Mi, i = 2, 3, 4, 5, 6 depend on
Σ, S0, S1.

Then with T sufficiently small, there is a positive constant

M1 =
(M3M4 + M6)

1 − (M3M4 + M5)T

such that ∥∥δ
∥∥

C1[0,T ]
≤ M1T

∥∥Δg
∥∥

C1[0,T ]
,

M1 decreases when T decreases. Thus the theorem is proved. �

We denote σ = {γ, ‖φ‖4+α, ‖F‖2+α}.
For s(t) satisfying the Problem P ′, we consider the following boundary

problem with fixed boundary.

Problem (P′′): Find the function v(x, t) ∈ C2,1(D+
T ) satisfying

γvxx − vt = 0, on D+
T ,

v(x, 0) = φ(x), b ≤ x ≤ 1,

v(1, t) = F (t), 0 ≤ t ≤ T,

v(s(t), t) = 0, 0 ≤ t ≤ T.

It is well known that there exists a unique solution v(x, t) ∈ C2+α(D+
T ) of the

Problem (P′′).

2.2. The Existence and Uniqueness of Solution of Problem (P )

Theorem 2.3. There exists a unique solution (T, s(t), u(x, t), v(x, t)) of the
Problem (P ).

Indeed for s(t) satisfying the Problem(P ′) corresponding to g(t) ∈ G in the
condition (2.5) and for v(x, t) satisfying the Problem (P”), we set

g̃(t) = vx(s(t), t) + λ(s(t)). (2.22)

Thus the application G̃ : g(t) �−→ g̃(t) is defined. We will show that G̃ is a
contraction from a closed subset of the Banach space C1[0, T ] into itself.

Lemma 2.1. The solution v(x, t) of Problem (P ′′) belongs to C[D+
T ]. Moreover

we have the following estimation

|vxt(x, t)| ≤ M8, (2.23)

where the positive constant M8 depends on Σ, σ, S0, S1.
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Proof. The function

z(x, t) = vt(x, t), (2.24)

satisfies the problem

γzxx − zt = 0, in D+
T , (2.25)

z(x, 0) = φ”(x), b ≤ x ≤ 1,

z(0, t) = F ′(t), 0 ≤ t ≤ T, (2.26)
z(s(t), t) = −vx(s(t), t)s′(t), 0 ≤ t ≤ T.

By setting
y =

x − 1
s(t) − 1

, (2.27)

Z(y, t) = z
(
y(s(t) − 1) + 1, t

)
, (2.28)

φ1(y) = φ”
(
y(b − 1) + 1

)
,

the function Z(y, t) satisfies the equation

γ[s − 1]−2Zyy + ys′(s − 1)−1Zy − Zt = 0, in DT ,

and the condition
Z(y, 0) = φ1(y), 0 ≤ y ≤ 1,

Z(0, t) = F ′(t), 0 ≤ t ≤ T,

Z(1, t) = Vy(1, t)
s′(t)

1 − s(t)
, 0 ≤ t ≤ T,

where V (y, t) = v
(
y(s(t) − 1) + 1, t

)
.

We have |Zy(y, t)| ≤ M8, (2.29)

where the positive constant M8 depends on Σ, σ, S0, S1 (see [5, p. 502]). �

From (2.24),(2.28),(2.29) we get (2.23).

Lemma 2.2. The application G̃ carries G into itself.

Proof. From (2.22) and Lemma 2.1, it follows that

|g̃′(t)| ≤ G3

where G3 depends on b, T , S1, ‖λ‖H2+α . Hence we obtain

|g̃(t)| = |vx(s(t), t) + λ(s(t))| ≤ |vx(s(t), t)| + |λ(s(t))|
=

|Vy(1, t)|
|1 − s(t)| + |λ(s(t))| ≤ M9

1 − (b + S1T )
+ ‖λ‖H2+α ,

|g̃(t)| = |g̃(0) −
∫ t

0

g̃′(t)dt| ≥ |g̃(0)| − |
∫ t

0

g̃′(t)dt|

≥ |vx(b, 0) + λ(b)| − G3t ≥ |φ′(b) + λ(b)| − G3T .
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We take

G1 =
M9

(1 − b) − S1T
+ ‖λ‖H2+α > 0 since T <

1 − b

S1
,

G2 = |φ′(b) + λ(b)| − G3T > 0 since T <
|φ′(b) + λ(b)|

G3
,

where the positive constant M9 depends on Σ, σ, S0, S1. Then g̃(t) ∈ G.

Lemma 2.3. Let s1(t), s2(t) be the solutions of Problem (P ′) corresponding
to g1, g2 ∈ G in the data (2.5) and let v1(x, t) and v2(x, t) be the solutions of
Problem (P”) corresponding to s1(t), s2(t). We have the following estimation

∣∣v1x(s1(t), t) − v2x(s2(t), t)
∣∣ ≤ M11

∥∥s1 − s2

∥∥
C1[0,T ]

, 0 ≤ t ≤ T, (2.30)

∣∣v1xx(s1(t), t) − v2xx(s2(t), t)
∣∣ ≤ M12

∥∥s1 − s2

∥∥
C1[0,T ]

, (2.31)

∣∣v1xt(s1(t), t) − v2xt(s2(t), t)
∣∣ ≤ M13

∥∥s1 − s2

∥∥
C1[0,T ]

, (2.32)

for t ∈ [0, T ], positive constants M11, M12, M13 depend on Σ, σ, S0, S1.

Proof. We denote Vi(y, t) = v
(
y(si(t) − 1) + 1, t

)
, (i = 1, 2) the solution of the

problem

γ(si − 1)−2Viyy + ys′i(si − 1)−1Viy − Vit = 0 in DT ,

Vi(y, 0) = φ1(y), b ≤ y ≤ 1,

Vi(0, t) = F (t), 0 ≤ t ≤ T,

Vi(1, t) = 0, 0 ≤ t ≤ T.

Then V (y, t) = V1(y, t) − V2(y, t) solves the problem

γ(s1 − 1)−2V yy + ys′1(s1 − 1)−1V y − V t =
γ(s1 + s2 + 2)δ

(s1 − 1)2(s2 − 1)2
V2yy

−y
( δ′

s1 − 1
− s2

δ

(s1 − 1)(s2 − 1)

)
V2y = h(y, t),

V (y, 0) = V (0, t) = V (1, t) = 0,

in DT , where

|h(y, t)| ≤ γ
|s1 + s2 + 2|

(s1 − 1)2(s2 − 1)2
|δ||V2yy | + |y| |δ′|

s1 − 1
|V2y|

+ y||s2| |δ|
(s1 − 1)(s2 − 1)

|V2y|

≤ M10

∥∥δ
∥∥

C1[0,T ]
,

M10 depends on Σ, σ, S0, S1. We get
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∥∥V1y(1, t) − V2y(1, t)
∥∥

C1[0,T ]
≤ M11

∥∥s1 − s2

∥∥
C1[0,T ]

. (2.33)

(see [3, p. 238]) and hence (2.30) is proved. The estimation (2.31), (2.32) follow
from the Lemmas 2.1 and 2.3.

Proof of Theorem 2.3. From the definition of g̃(t) and Lemma 2.3, we get
|g̃′1(t) − g̃′2(t)| ≤ |v1xx(s1(t), t)s′1(t) + v1xt(s1(t), t) + λx(s1(t))s′1(t)−

− v2xx(s2(t), t)s′2(t) − v2xt(s2(t), t) − λx(s2(t))s′2(t)|
≤ |v1xx(s1(t), t) − v2xx(s2(t), t)||(s′1(t)|
+ |v2xx(s2(t), t)||s′1(t) − s′2(t)|
+ |v1xt(s1(t), t) − v2xt(s2(t), t)|
+ |λx(s1(t)) − λx(s2(t))||s′1(t)|
+ |λx(s2(t))||s′1(t) − s′2(t)|
≤ M14‖δ‖C1[0,T ], 0 ≤ t ≤ T,

(2.34)

M14 depends on Σ, σ, S0, S1, ‖λ‖H2+α . Therefore

|g̃1(t) − g̃2(t)| = |
∫ t

0

(g̃′1(t) − g̃′2(t))dt| ≤ M14T ‖δ‖C1[0,T ], 0 ≤ t ≤ T. (2.35)

From (2.34),(2.35) we get∥∥g̃1 − g̃2

∥∥
C1[0,T ]

≤ M15

∥∥s1 − s2

∥∥
C1[0,T ]

. (2.36)

where the positive constant M15 depends on Σ, σ, S0, S1, ‖λ‖H2+α .
Combining (2.12),(2.36), we obtain∥∥g̃1 − g̃2

∥∥
C1[0,T ]

≤ M1M15T
∥∥g1 − g2

∥∥
C1[0,T ]

.

For T sufficiently small, M1M15T < 1. Then the application G̃ is a contraction
from G into itself. From Banach principle G̃ has a unique fixed point. Then
T, s(t), u(x, t) solves the Problem (P ′), v(x, t) solves the corresponding (P ′′)
and the condition (1.9) is satisfied. This completes the proof of Theorem 2.3. �
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