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MG DAU

Khai trién Newton - Puiseux 1a mot trong nhitng két qua co ban ciia toan
hoc. N6i mot cach van tit day 1a mot két qua vé su ton tai mot ham an,
khi gia thiét co ban ctia Dinh Iy Ham an quen thudc khong théa man: khi
moi dao ham riéng bac nhat tai diem dang xét déu bang khong, tic la
diém dang xét 1a diém k¥ di cia ham.

Cu thé hon, cho f(z,y) 1a mot ham hai bién phtc, gidi tich trong
mot lan can ctia diem (0,0) € C?. Gia st f(0,0) = 0 va % (0,0) =
g—g (0,0) = 0. Cau héi dit ra 1a ton tai hay khong mot "ham an" y ()
sao cho f (z,y(x)) =0 v6i moi x thudoc mot lan can nao dé cia 0 € C.
Hon nita, ¢6 the néi gi vé cac tinh chat clia ham y (), v quan trong hon,
c6 thuat toan nao dé tinh ham y (z) nhu thé? Céc vi du don gidn chi ra
rang, ham y = y (z) nhu vay, la khong duy nhat, va ciing khong phai la
mot ham giai tich theo x. Mac du vay, phuong phap Newton - Puiseux
cho ta mot cach tinh ham y (z) dya vao luge do Newton ctia ham f (x,y).
Phuong phép nay xac dinh biéu thic ctia ham y () rat tuong minh . Tt
do, c6 thé hiéu dugc cac tinh chat "giai tich" ctia ham y (z), ciing nhut méi
quan hé gitta cac ham y (z).

Nho vao tinh chat tuong minh ctia phuong phap Newton - Puiseux, khai
trién Newton - Puiseux (biéu dién y qua ) tim dudc c6 nhiéu ting dung
quan trong trong Giai tich va Hinh hoc.

Trong luan van nay, chung téi trudc tién trinh bay lai phuong phap
Newton - Puiseux, cho phép tit phuong trinh f (z,3) = 0 tinh khai trién
cia y theo x trong truong hop f (z,y) 1a ham giai tich hai bién phiic. Tiép
theo, chiing t6i trinh bay 2 ap dung ctia phuong phap trén:



e Chitng minh két qui co ban ciia Rellich: néu da thitc hyperbolic mot
bién B (z) = 2" +a; () 2" 1+ +a, (t) c6 cac he s6 phu thuoc vao
tham s6 ¢t mot cach giai tich, thi nghiém ctia da thic 1a mot ham gidi
tich theo ¢. Day 1a mot két qui quan trong, c6 nhiéu ing dung trong
Ly thuyét Nhiéu toan tii.

e Chitng minh réang 4nh xa hoanh do trén mot ho da thitc mot bién, phu
thuoc giai tich vao mot tham sé 14 mot anh xa proximal chinh qui.

Ban luan vin gom 2 chuong:

e Chuong 1: Khai trien Newton - Puiseux cho ham gidi tich hai bién
phrtic.

e Chuong 2: Hai 4p dung ctia khai trien Newton - Puiseux trong viéc
nghién ctiu nghiém ctia mot ho da thic phu thudc tham so.

Luan vian dudc viét dya trén cac tai lieu sau day:

1. Noi dung chuong 1 duge trinh bay theo cudn sach ctia E. Brieskorn "

Plane algebraic curves".

2. Chiing minh ctia Dinh 1y Rellich dugc 1ay tit K. Kurdyka, L. Paunescu,

Hyperbolic polynomials and multiparameter real - analytic pertuba-
tion theory, Duke Math. J. Vol, (4), N.1 (2008), 123- 149.

3. Két qua vé tinh proximal chinh qui ctia 4nh xa hoanh do ctia mot ho
da thiic mot bién 14y ti luan an tién si "Spectral Abscissa Optimiza-
tion using Polynomaial Stablity Conditions" ctia Jonathan A. Cross,
University of Washington 2010.

Cudi cing, mac dut da ¢6 gang nhung do thoi gian va kién thic con han
ché nén luan van khong tranh khoéi nhitng thiéu sét. Tac gid rat mong nhan

dugce su dong gop clia thay co va cac ban dé luan van dude hoan thién hon.



Chuong 1

Khai triéen Newton - Puilseux

Trong chuong nay, ching toi trinh bay phuong phap Newton- Puiseux,

cho phép tim khai trién ctia "ham an" y(x), xac dinh tit phuong trinh

f(z,y) = 0, trong d6 f(x,y) la mot ham giai tich phiic trong lan can

ctia (0,0) € C?. Phuong phap tinh cic he s6 va s6 mil trong khai trién
0

Newton - Puiseux y (z) = > a;x"/™ s& duge trinh bay mot cach chi tiét,
=1

v6i vi du minh hoa cu thé, trong khi mot két qud quan trong, néi rang

00 ] )
néu y () = 3 a;z"/™ la khai trién Newton - Puiseux ciia f (z,y) = 0 thi
i=1

0 .
chudi y (t) = > a;t" (v6i t" = z) 1a hoi tu tai l1an can di nhé cua 0 € C,
i=1

chi duge chiing t6i phéat biéu ma khong chitng minh.
Cho ham f (x,y) hai bién phic, giai tich trong lan can du nhé cta
(0,0) € C2. Gia st rang f (0,0) = 0.

., 0 . s
Néu 8_f (0,0) # 0 thi theo dinh 1§ ham an, ton tai ham y (z), giai tich
Y

trong lan can di nho cia 0 € C sao cho
y(0) =0va f(z,y(z)) =0.

00 ) 00 )
Nhu vay, y (x) = >_ biz', va chudi > b;x" hoi tu, v6i = dit nhéd. Hon nita,
i=1 i=1
ham y () xac dinh nhu trén 14 duy nhat.

., 0 ,
Tuong tu, néu 8_f (0,0) # 0, ta c6 the "giadi" = theo y va nhan duge
x



mot ham gidi tich x = x (y) theo bién y. Cau héi dit ra la, néu

0. % 0020w 0.0 =
f(0,0)—O,%(0,0)—OVaay(0,0)—O,

titc 1a néu (0,0) 1a mot diem ky di ctia f (z,y), thi ta c6 thé néi gi vé su
phu thudc ctia y () theo z7

Két qua co dién ciia Newton va Puiseux néi rang: khi do, ta cé theé tinh
dugc khai trién y theo z, c6 dang

o0
y(x) = Z a;x"/™. a; € C, m la mot sb6 nguyen duong .
i=1

Phuong phap Newton - Puiseux cho ta cach tim s6 mii i/m va cac hé s6 a;
trong khai trién néi trén. Diém mau chét trong phuong phap 1a st dung
luge do Newton.

Ham giai tich hai bién phiic f (x,y) c6 khai trién thanh chudi liiy thita tai

lan can diem (0, 0):

(0]
f(z,y) = Z ai;x'y’.
i.j=0
Ki hiéu m 1a $6 nhé nhat, sao cho ton tai (4, j) : i +j = m, va a; # 0. Gia
st f ¢6 baclam tai (0,0). Hon nita f(0,y) = y™+ céc don thic ¢6 bac >
m..

Dit A (f) = {(i,j) e (NU{0})?|ai; ;Ao},vac;:com( U (p+R1)>,

PEA(f)

bao 101 clia tap ( U (p+ Ri))
PEA(S)
Bien 0G cta G 1a mot duong gap khic gom hitu han doan va hai nia

duong thang. Phan bién gom tat ca cac doan thang dudc goi 1a luge do
Newton cia f, ky hieu la T' (f).

Vi du 1.0.1. Cho ham
f(z,y) =2zy + y3 —at 5:1:y3.

Ta co



A(f) - {(171)7(073) ) (470)7(173)}

U (f) la duong gap khic noi cic diém (0,3),(1,1), va (4,0) (vem hinh
1.1).

Hinh 1.1: Lugc dd Newton

Ta sé st dung I' (f) dé tinh cic s6 mil va hé s6 xuat hien trong khai
trien cia nghiem y (z) theo z.

1.1 Phuong phap Newton - Puiseux

1.1.1 Buéc 1:Tim s6 hang dau tién trong khai trién ciia y (z)

Gia stt y (z) = coz? + clc tt v6i s6 mit bac > 7.

Dé y = ¢z 13 mot nghiem xap xi clia f (z,y) = 0, ta sé thay y = coz
vao f (z,y) va tim ¢g, Yo sao cho biéu thiic f (x, coz™) ¢6 s6 hang dau tien
(phu thuoc vao ¢, 79) bang 0.

Ta thay

f(z,cox™) = Z agchr i,
(i.7)€A(f)

Trong bicu thiic & vé phai, ky hiéu sé mii cia tit dau tién 1a 0, c6 gia

tri xac dinh bdi



= min {i+7 )
AL

Meénh dé 1.1.1. Dé nghiém y (x) ciia f (z,y) 6 khai trién bdt dau vdi ti
c6 50 mii g, thi gid tri @ zdc dinh & trén phdi dat duge trén mot canh nao
dé cia luge do Newton ' (f) ciia ham f.

Chiing minh. Ta c6 G = conv ( U (p + Ri)) , bao 16i clia tap < U (p + Ri))
peA(S) peA(S)
Xét ham
(:G—R

(a,ﬁ) — a4+ B

Vi [ 1a mot ham tuyén tinh va G 1a tap 16i nén [ dat min trén bién cta G-

min{a + = min {i+7 )
tin {o + 67} (m_)eA(f){ J70}

Vi moi dinh ctia I' (f), theo cach dung, deu thuoc A (f) nén

= min {7+ 7 = min 1+ )
(m‘)ef(f){ Jo} (m)eA(f){ 7o}

Nhu vay, 6 dat duge hodc tai mot dinh («yg, 5p), hodic trén mot canh clia
['(f). Déy = coz™ 1a nghiem xap xi clia phuong trinh f (z,y) = 0 thi gia
tri € khong thé dat duge tai mot dinh, vi néu khong, ta co

f(x,cpz™) = aaoﬁocgoxe + cac tit bac > 0.

Va ta khong c6 kha nang chon ¢ dé aq, g, = 0.

Bdi vay, néu y = cox 1a mot nghiém xap xi ctia phuong trinh f (z,y) =
0, thi gia tri € phai dat dugce trén mot canh ctia T' (f). Khang dinh dugc
chiing minh. ]

Tiép theo, ta sé sit dung khing dinh trén dé xac dinh gia tri s6 mi vy

va hé s6 ¢y trong khai trién ctia y (z).

1. Cach xac dinh s6 mi



Gia st gid tri 0 = 0 I)nlil {i 4+ jvo} dat trén canh n6i hai dinh bat ky
€

(v, B1), (aa, Ba), B2 > P caa I'(f). Ta co:

ar + By = a2 + P2y
a1 — Q9

(B2 —B1)

= Y = = tany

Hinh 1.2: Géc ¢

2. Cach chon hé s6 ¢y tuong tng véi s6 mil

V6i s6 mil 7y xac dinh & trén, ta c6 khai trién ctia f (z, cpz°) c6 dang

f (x, cox™) = Z aijche + cac tit voi s6 mi bac > 6
AV
trong d6 Aq o 1a canh n6i hai dinh (o, 81), (a2, B2), B2 > B1. V6i canh
Ay ta dat

fAlg x y Z a/ljxy

( 7])€A1,2
Xét da thic mot bién: a,, = fa,, (1,¥). Vi Ajp la mét canh noi
(a1, B1), (g, B2) nén pp,, la da thitc bac > 1 theo y.
Tit d6, dé y = cpz?° 13 mot nghiém xap xi ctia phuong trinh f (z,y) =
0 thi ¢ phai la nghiém ctia phuong trinh @a,, (y) = 0.
Nhan xét 1.1.1. Lugc do T (f) ¢6 bao nhiéu canh thi sé cé bay nhiéu kha

nang chon gia tri yo.



Nhéan xét 1.1.2. Phuong trinh oa, , (y) c6 bac (B2 — B1). Suy ra c6 (B2 — Br)
cdch chon hé so ¢y tuong ing.

1.1.2 Buéc 2: Tim sd hang thi 2 trong khai trién: ¢zt

Ta dat v, = &, =1,2,--- v6i p; v ¢; 1a cac sO6 nguyén. V6i mdi canh ciia
qdi

luge do Newton clia f ta xac dinh giao v6i truc ndm ngang. Goi giao clia

canh Aj 5 v6i truc ndm ngang la (n,0) (xem hinh 1.3).

! \
3 \
3 \
0 (;7,0}\\ .

Hinh 1.3: Giao v6i truc nim ngang

1
Theo lap luan trén tany = 7y, mat khac tit hinh vé 1.3 ta c6 tanyp = 7
& day k 1a he sd goc ctia duong thang di qua hai diém (aq, 31) va (n,0).
Tu do, ta c6 a; + vBi = n. Vay ta c6 thé phan tich khai trién cia

[ (z,y) dudi dang f(x,y) = > 'y’ + > ayx'y’. Thay z; =

i+J%=" i+JY0>1n
2,y = 27 (¢g + 1) = 21° (co + y1) vho phuong trinh f (z,y) = 0, v6i
Y1 = 12 + o T2 4 egp?1 T2 4. Khi d6, ta ¢

flat el o+y)) =i | D) al+y) +ai(-)
i+jY0="

=21 f1 (z1,11) -

trong d6 ham f; (x1,y1) ¢6 tinh chat giong nhu ham f va deg f; < deg f.
Ta lap lai cac bude nhu trén, tim dude s6 hang thi hai:



e Lap lugc do Newton ctia ham f;
e Tinh s6 mi 7,

e Tinh hé s6 ¢;

1.1.3 Két qua thu dugc
Tiép tuc qua trinh trén, ta thu dudc day vo han
y(@) =2 (co+ai'(c1 +a’(ca+ 1))
= cpx"° + 122" + o ) + - - - (1.1)

— Col’% + Cl$70+’¥1/<10 + 0233’}’0-5-71/%4—72/(10(11 4.

Vi du 1.1.1. Tim khai trién Newton - Puiseux cia ham

f(x,y) =y* = 2wy + 2% — 32y — 2°.

1. T'vm s6 hang thi nhat.

Dat A(f) ={(0,2),(1,1),(2,0),(2,1),(3,0)}.
Ta c6 luge do Newton cia f (xem hinh 1.4).

"W

ade

Hinh 1.4: Lugc dé Newton cua f

Xét canh Ay di qua cdc diem: {(0,2),(1,1),(2,0)}. Tinh 7, theo lij
lugn trén ta co

0+ 2’}/0 =1+ 0

= =1

9



Tinh hé s ¢y tuong ¥ng

fa, (Ly) =0
SyP—2y+1=0
Sy=1

Vay ta c6 co = 1. S6 hang dau tién la: x

. Tim s6 hang thi hai.

Tt luge do Newton ta c¢é giao diém ctia canh Ay vdi truc ndm ngang
la: (2,0). Thay x = 1 vay = x (1 + y1) vao phuong trinh ban dau ta
duoc

f(z.y) = a2t (yi — 421 — 311)
= a1 fi (21, 4)
Xét ham
fi(x1,91) = v§ — 41 — 33101
e Ta c6 luge do Newton cia f1 nhu trong hinh 1.5
w

il

Hinh 1.5: Lugc dd Newton ctlia f;

o Tinh s6 ma ;.
Xét canh Ny di qua cac diem: (0,2), (1,0), ta cé

042y =1+0

1
cNn=g

10



o Tinh hé s6 c; tuong ing
Xét phuong trinh

fLAQ (17y1) :y% —4=0
Sy = 1£2

Suy ra, c; = 2 hodc ¢; = —2.
Trude hét ta xét truong hop: ¢, = 2. Khi dé, so6 hang thit hai la:
Cllﬁo-ﬁ-% — 2$3/2.

T luge do Newton cia fi giao diém cia canh Ay vdi truc ndm ngang
la: (1,0). Thay lan lugt

1/2
{ y1 = 72 (2 + 1)

vao khai trién cua fi ta co

fi(@1,m) = 23 (y% + 4dys — 6x2 — 319y2)
= x§f2 (w2,92) -

[N

Tuong tu, zét ham fo(xe,y2) ta tinh duge s6 mi vo = 1 va hé s
Cy = 2 hOdC Cy = —3.

. Tiép tuc qud trinh trén, trong truong hop ¢, = 2a thu duodc 2 khai trién

cua y theo x nhu sau:

y(x)=z(1+nm)
:x+x[:v1/2(2+y2)}
=+ 2832 4 32 (24 ys)] + - -
=2+ 2237 4 225 4 ...

11



Va
y(x)=z(1+1nm)

=zr+ux [3:1/2 (2+y2)}

(1.3)
=+ 2232 325 ...
Tuong tu, vor truong hop ¢ = —2, ta thu dugc cac khai trién sau:
y(x) =z (1+wy)
=xr+x [:cl/z (—2+y2)] 1.4
1.
=z =22+ 23 [x (14 y3)] + - -
=2 — 2232 4257
va
y(z)=z(14+wy)
—xr+x {xlﬂ —2+ 1y }
( ) (1.5)

= 2232+ 232 [ (64 y3)] + - -
=2 — 2% 4 6252 4

Vay, voi ham f da cho ta zac dinh duoc 4 khai trién Newton - Puiseux
zdc dinh bdi cdc cong thic (1.2), (1.3), (1.4) va (1.5) nhu trén.

1.2 Két luan

Chubi trong cong thiic (1.1) 14 chudi liiy thita httu ty tang dan véi bién .

Mau chung ciia céc liiy thita trong chudi 1a mot gia tri hitu han. Két qua

nay dugc phat biéu trong khang dinh sau:

Meénh dé 1.2.1. Ton tai chi s6 ig sao cho i la $6 nguyén, vdi moii > i.

Khi do q; = 1,x;010 = x; vdi mot © > 9. Nhu vay qoqr -+ - q;

, = N la mau

chung ciia tat cd cdc ldy thia trong chudéi nghiém xap xiy = y(x). N6i
cach khac, y duge biéu dién thanh chudi lay thia theo /.

12



Chitng minh. That vay, (khong mat tinh tong quat, ta chiing minh véi
truong hop i = 0)
Trong qua trinh trén ta thu dugc day da thic f;, moéi da thiic c¢6 bac

m; theo bién y;. Trong dé day s6 tu nhién m; gidm dan
m=mgy=my =My > -

Ta sé chitng t6 rang tai budc thi 4, +; khong nguyén néu m; > m;,1. Diéu
do6, tuong duong véi viee ching minh: néu m; = m,.q thi 4; 13 mot s6
nguyen.

Day giam céc s6 tu nhien khong thé 13 vo han, nén cac lity thita ~y; chi
dat gia tri hitu ty tai hitu han vi tri, va do d6 tit chi s6 7y ndo d6 tré di,
thi tat cad cac ; 1a s6 nguyén. Sau day, ta chi ra néu m; = m;,q, thi v
nguyen.

Gi4 st xét taii = 0. O day, ta xét truong hop s6 mi 7y duge tim tuong

ting véi canh dau tien ctia luge do Newton (xem hinh 1.6).

2

j
(0, mjl

0 =‘ i
(7.0)
Hinh 1.6: Lugc do Newton

Thay lan lugt
r =zl
y =21 (co +y1)
vao phuong trinh f (x,y) = 0, theo 1ap luén trong budc 2 ta c6

13



fadal (eoty) =21 | Y aleo+y) +a1 (o)
i+jv0=1
= z{" fi (21,91 -
Xét phuong trinh dudng thang di qua 2 diem (m,0) va (n,0) 1a 0 =
——n +m, tit d6 ta suy ra n = A\gm.

70 )
T d6 cho thay

f1(0,41) = Z aii (co + 1)’ =g (co+ 1)

i+jr0=7om
= degy, (f1(0,51)) = deg,, (g9) = deg,, (9) = ma,
trong d6 ¢p la mot nghiém khéac 0 ctia phuong trinh g (¢) = 0, va deg(g) =
m = my. Néu ta gid st —m; = m = my, thi g c6 dang sau

g(c)=k(c—cy)™, voi k #0.

He s6 ctia ¢! trong da thiic

gle)= > ayd

i+JY0="Y0m

& ajm—1 # 0,1 € Nv6i i+ vy (m — 1) = yym. Ching t6 rang
Yo = 1 € N.
[]

Vay ta c6 thé biéu dién nghiem y = y (x) thanh chudi liiy thita theo
1/n
x

y(x) = i a;z".
i=0

Dinh nghia 1.2.1. Chudi cé dang y () = > az'/™
i=0

dugc goi la mot khai trién Newton - Puiseuz ctia duong cong cé phuong

trinh
f(z,y) =0,

va chudi nay cing duoe goi la khai trién Newton - Puiseux cia ham f.

14



Néu dat t = 21", ta duoe chudi

0 .
y(t) = Z a;t'
i=0

thi n6 1a nghiém ctia phuong trinh f (¢",y) = 0.
Sau day la dinh Iy va cac nhan xét quan trong:
Cho €,6 > 0. Dat

Ues = {(z.9) €C* - Jy| <2, Jo| < 6},

B:{xEC:|x|<5l/m,m€N*}.

Dinh 1y 1.2.1. Cho f (x,y) € C{xz,y}, f bat khd quy cé cap m > 0 theo
bién y. Khi dé, ton tai g > 0, vdi 0 < € < g9 va ton tai 6 > 0 sao cho:
néu
X ={(z,y) € Uss: [ (z,y) =0}

th ton tai y (t) € C{t} va dnh za

m: B — C?

t= (" y (1))
la dnh xa giai tich tw B vao X = 7 (B). Anh za han ché

|\ : B\{0} = X\ {0}
la song dnh gidi tich va =1 (0) = {0} .

Nhan xét 1.2.1. Vi ham f (x,y) dugc cho trong dinh lj trén, va gid si
ton tai chuoi y (xl/m) eC {xl/m} thoa man phuong trinh f (x,y) =0, thi

dong thoi
(&) u () (€77
(vdi € la can nguyén thiy bac m cia don vi) la cic chuoi hoi tu trong
C {xl/m} cung thoa man phuong trinh f (x,y) = 0.
Mat khdc, cdc chudi trong khai trién Newton - Puiseus ctia ham f (ham
f 6 bac m cé toi da m nghiém) théa man phuong trinh f (x,y) = 0. Do
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do, moi chudi trong khai trién nay phdi dong nhat vdi mot trong m chudi
¢ trén va la chudi hoi tu theo bién t = x/™.

Truong hop tong quat, f = f* fy2 -+« fo=, thi moi chudi trong khai trién
Newton - Puiseuzx cia f sé théa man phuong trinh fy (z,y) = 0 nao dé
trong cac thanh phan bat khd quy {fr},k = 1,2,...,n, ap dung dinh by
trén doi vdi ting thanh phan fi va nhu vay cdc chudi trong khai trién
Newton - Puiseux la hoi tu.

Nhan xét 1.2.2. Ta biét ring, m chuoi nghiem y (£ixl/m) cC {xl/m},
vdii=0,1,...,m—1 ctia phuong trinh f (x,y) = 0 la cdc chudi theo x'/™.
Mat khdc, cdc chudi trong khai trién Newton - Puiseux cta f

<1/”> Zaz M= qoq - Gig < 00

cing dong nhat vdi cdc chuoi trén. Nhu vay, mau chung cia cdc liy thia

trong chuoi la n =m = qoq1 - - - iy, VA

y (&t = Za glailm

(vdi € la can nguyén thiy bac m czZa don vi).

Truong hop tong quat, f = f{'fo? -+ fi, méi thanh phdan bat khd quy
fr dugc gid st c6 bac myp > 0 theo y. Thi mau chung cia cdc lay thia
trong chudi cia khai triéen Newton - Puiseux @ng vdi fi théa man my, =

k) (k k
a'a - a s v

 (eat) = o

(vdi € la can nguyén thiy bac my cia don vi).

Nhan xét 1.2.3. Tu khai trién Newton - Puiseux cho m chudi nghiém
theo /™ ciia phuong trinh f (x,y) = 0, ta viét gon: y (fxl/m) JEM =
la cdc chudi nghiém do. Vay ta cé thé viét phan tich cia f ¢ dang

fay) =TI (v—v (&),

£m:1
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T1

Truong hop tong quat, f = f{'fo? -+ f', méi thanh phdan bat khd quy
fx dugc gia st co bac my > 0 theo y. Thi

fi(zy) = |1 (y_yk (fxl/m))-

gme=1

Cho trudec mam dudng cong tai 0, xac dinh béi ham f € C{z, y} giai tich
trén lan can cia 0, ta xdc dinh duge cac chudi hoi tu y (§:Ul/m) e C {xl/m}
1a nghiém ctia phuong trinh f (x,y) = 0.

Dieu ngudgc lai cing dting, ¢6 nghia la cho trude chudi hoi tu y (¢) € C {t}
va s0 m nguyén duong, ta hoan toan xac dinh dugc mam dudng cong tai
0, xac dinh bdéi ham giai tich f trén lan can cia 0, f ¢6 bac m theo vy,
nhan y (¢) 14 nghiém ctia phuong trinh f (", y) = 0.

Két qua duge phat biéu trong dinh 1y sau:

Dinh 1y 1.2.2. Cho m € N* va chuoi hoi tu y (t) € C{t}. Tap X dnh
cta anh za: t — (t",y (t)) la nghiém cia ham gidi tich

fy) =] <y—y (551:1/’”))

fm.zl

trén lan can cia 0 € C2.
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Chuong 2

]

Hai ap dung cua khai trién Newton
- Puiseux trong viéc nghién citu
nghiém cua mot ho da thic phu

thuéc tham sé6

2.1 Dinh ly Rellich

d .
Dinh nghia 2.1.1. Da thic P (2) = 22+ Y a;297%, a; € R, dugc goi la
i=1

da thic hyperbolic, néu moi nghiém cia phuong trinh P(z) = 0 déu la
nghiém thuc.

Dinh 1y 2.1.1. (Rellich 1937) Xét da thic hyperbolic

P(z,2)=2"+ay(2) 27" + ... 4+ aq (z) (2.1)

vdi a; la cde ham gids tich thuc trong khodng md I C R. Khi dé, ton tai
cac ham gidi tich f; : I — R sao cho

d
Hz—fl l,xel,zeR,
=1

Dé chitng minh dinh 1 nay, trude tién ta can dén két qua sau:
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Bo dé 2.1.1. ([3, B6dé 3.1]) Cho R (x,2) = 2"+ e (x) 2" % wéi ()
k=1

la cde ham gidi tich trong mot tap md Q C R™. Gid si rang vdi xg € €0,
da thic z — R (xg,2) dugc phan tich thanh R (xg,z) = Py, (2) Qu, (2),
trong do bac deg P, = p va deg@s, = ¢, 7 = p + q. Hon nia, gia su
rang Py, (2) va Qg (2) khong cé nghiém chung trong C. Khi do, ton tai
lain cain U C € cia x¢ va cic ham gidi tich a; - U — R,e = 1,--- ,p;
bj:U—=R,7=1,---,q sao cho

R(z,z)=P(x,2)Q (x,2),xr € U z € R,
vdi P(x,2) = 2P + Zp:lai (2) 227, Q (2, 2) = 27+ qulbj (x) 2977, Hon
i= =
nia, P (zg,2) = Py, (2) va Q (x0,2) = Qu (2). ’

Cho P (z) = 29 + Zd: a; (z) 247" 1a da thitc véi cac he s6 thyc. Gia st
21, 20, -+, zq 1& cac néﬁém (trong C) ctia P. Theo cong thiic Viete, ta c6
a1 =21+ 2+ -+ 24

Lam phép bién doéi z — z — %, ta co thé gia st rang a; = 0.

Bo dé 2.1.2. Cho P (2) = 2%+ a2 2 + -+ - + aq la mot da thite véi hé
so thuc (¢ day ay = 0). Gid st cdc nghiem ciua P la 21,29, -+ , 29, v0i
zze€Ri=1,2,....d. Khi do
z%+z§—l—--~—i—z§:—2a2
Chiing minh. Theo cong thiic Viete, ta co
s = Z ZiZj
i<j
do d6 23 + 22 + -+ + 22 = a} — 2a3 = —2as.
O

Hé qua 2.1.1. Cho P (2) la mot da thiic hyperbolic ¢ dang nhu trong Bo
dé 2.1.2. Khi dé, ay = as = 0 khi va chi khi P (2) = 27
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Chitng minh. That vay, vi P (z) la da thitic hyperbolic nén moi nghiém
21,29, -, Zq déu 1 s6 thue. Néu a; = ag = 0, thi theo bo dé trén

z%+z§—|—---—l—z§:—2a2:0

nén z; = 29 = -+~ = 25 = 0 vd P (2) = 27,

V6i céc bo dé trén, ta bat dau ching minh Dinh 1y Rellich.

Ching minh. e Budc 1:

Ta c6 thé gid st ring a; (0) = 0, Vi. Thuc vay, néu P (0, 2) = (z — ¢)?,

khi d6, lam phép bién déi 2z — z — ¢, ta c6 theé gia st 1a ¢ = 0 va béi
vay a; (0) = 0,Vi. Néu P (0,2) # (z — ¢)*, khi d6

P(0,2)=(2—¢c)’P(2),0<p<d
va Py (c) # 0. Ap dung B6 dé 2.1.1, ta c6
P(z,z) =P (v,2) Py (2, 2)

trong d6 Py va P, ¢6 dang (2.1) vdi cac hé s6 1a cdc ham giai tich thuc
trong mot lan can ciia 0 € R. Béi vay, ta co thé chiing minh Dinh ly
cho P, va P, , 1a nhitng da thic bac nho hon.

e Buée 2:
Ta viét

d

d
P (z,z) :zd+Zai(aj)zd_i:H[z—fi(x)],x>O

1=1

v6i fi(x),i=1,---,d la khai trien Newton - Puiseux ctia P (z,2) =
0. Theo buéc 1, a; (0) = 0, béi vay f; (0) = 0. Ap dung phép bién
d6iz s 2 — 8 () ta c6 thé gid thiét them ring a; () = 0. Goi
z1(x), 22 (), -+, 24 (x) 1a cac nghiém ctia 2 — P (z, z). Theo Bo dé
2.1.2:

2(x) + 2(2)” + -+ zg(2)” = —2ay (2)
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v6i moi x trong mot lan can du nho cia 0 € R.

Theo gia thiét, z; (z) 1a cac s6 thuc, bsi vay tit dang thitc trén ta suy
ra as () < 0. Vi ag (z) 1 ham gii tich tai lan can clia diém 0, va vi
as (z) < 0 v6i Vo, nén tit dau tien trong khai trién Newton - Puiseux
clia as (z) phai c6 s6 mil chn. Tiec la ta ¢ thé viét

as (z) = 2°b ()

v6i b () 1a mot ham giéi tich trong lan can cta 0 € R.
Ta co

fi@)® + fa(@)’ + -+ fa(2)’ = 2b (7).
Ta goi bac tai 0 ctia f; (x) v6ii = 1,2,--- ,d la s6 mi bac nhd nhat
trong khai trién ctia f; (z), tit dang thic trén ta c6 thé chiing minh
dudc rang:

B6 dé 2.1.3. Bac ciia fi (v) vdii=1,2,--- ,d tai 0 la lon hon hodc
bang 1.

T do, theo cong thiic Viete

Ta co:
Bo dé 2.1.4. Bac ciia a; (x) tai © = 0 la ldn hon hodc bing 1.
Bay gio ta c6 thé di dén két luan ctia Dinh 1y Rellich. Ta sé ching

minh 13 s6 mii ctia moi tit trong khai triéen Newton - Puiseux f; ()

déu 1a cac s6 nguyén duong.

Ta viét
ZO/ t/r
Theo B6 dé 2.1.3, tacé ol = ab =--- =a’_; =0, va béi vay
fi (@) i t/r—1
— = oy
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Ji(®) inh 1 Khai

12 bi chin trong mot lan can cia 0 € R. Ta thay

x
trien Newton - Puiseux ctia cac nghiém ciia
P(x,z) =2+ zd: & (x)zd_i
) : T .
1=1
N~ al (x) N P N e 2. - . 2 X ~
Va a; (x) = 1& cac ham giai tich tai 0 € R, theo Bo de 2.1.4. Vi

x
vay, ta lai c6 thé gia sit theo buée 1, 1a a; (0) = 0. Tu day, theo Bo dé

2.1.3, ta co

b =0,t=r+1,r+2,---,2r—1
Tiép tuc qua trinh nay, ta thay rang moi tit ¢6 s6 mi ¢t v6i ¢t khong
phai 1a boi s6 ctia r, déu c6 he s6 ol = 0.

Tom lai, ta c6 thé viét f; (z) nhu 1d mot chudi liiy thita hoi tu:
o0
fi(z) = Z al,x”.
n=>0

Lap luan trén duge tién hanh cho truong hop x > 0. Nhung két qua
lai cho ta thay rang f; 1a cdc ham f; (x) giai tich trong lan can cla
0 € R, bdi vay ta suy ra rang véi x < 0, fi(x), fa(x), -, fa(x) &
nghiém cua da thic z — P (x,z). Ta ¢

P(z,z2) =2+ Za ()2 =]z - fi ()]

1=1

véi f; 1a cAc ham giai tich trong lan can cia 0 € R.

2.2 Proximal chinh quy cia anh xa hoanh do

2.2.1 Mot sbé dinh nghia va ki hiéu

1. Nén truc giao chinh quy
Chotap C CR"vazx € C.
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Dinh nghia 2.2.1. Epigraph cia ham f : R" — R la tap tdat cd cdc
diém nam trén bién hodc phan trén cia do thi

epi(f) ={(z,y), v e R"y e R: f(x) <y}.

Dinh nghia 2.2.2. Non phdp chinh quy cia C tai T la tap hop cdac
phan ti v € R™ sao cho

(v,x —7) <o(lz —7|),Vz € C.
Ki hiéu la Ng (%) la non phdp chinh quy cia C tai T.

Dinh nghia 2.2.3. Nén truc giao cia C tei T, ki hiéu la N¢ (T), la
tap hop cdc phan ti v € R"™ sao cho, ton tai cic day x" — T,v" — v
vdi x € C va v" € Ne (T7).

Dinh nghia 2.2.4. Tap C dugc goi la chinh quy Clarke tai T néu C
la mot tap déng dia phuong tai T va No (T) = N¢o (T) .

. Du6i gradient chinh quy

Dinh nghia 2.2.5. Ta noi v la mot dudi gradient chinh quy ctia ham
fiR" = R tai T € dom(f), ki hieu v € df (T) néu

fx) = [ (@) + v,z =) +o(lx —7]).

Ta co
of (@) = {ol (v, =1) € Nopi) (@, f (@) }

Dinh nghia 2.2.6. Ta noi v la mot dudi gradient cia ham f tai T, ki
hieu v € f (T), néu ton tai cic day x" — T, v" — v vdi v" € Df ().
Ta co

Of () = {v: (v,—1) € Newy) (@, f (7)) } -

. Proximal duéi gradient va tinh proximal chinh quy

Dinh nghia 2.2.7. Mot vector v duogc got la mot proximal dudi gra-
dient ciia ham [ tai T, ki hieu la v € Oproy [ (T), néu:

* f(7) < o0,
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e Ton tai p > 0,0 > 0 sao cho néu |z —T| <4, thh

fe) > f@) + o.o—F) — oo — 7

Dinh nghia 2.2.8. Mot ham f la nita lien tuc dudi néu moi T € R,
ta co inf (f (z)) — f(T) khix — T. Ta ¢6 f la nia lien tuc dudi khi
va chi khi epif la mot tap dong.

Dinh nghia 2.2.9. Mgt ham [ duoc goi la proximal chinh quy tai T
vdi T € Of(T), néu:

e [ hau han va nia lién tuc dudi tai T,

e tontaic > 0,p > 0 sao cho: Néuv € Of (x), |[v —7| < e, |z —T| <
gl =T <ewa f(z) < f(T)+e, th

@) > f@) + (o0 —2) = Lo/ —af”

Ta néi f la proximal chinh quy tai T néu f la proximal chinh quy tai
T vdi moi T € Of(T).
2.2.2 Tinh roximal chinh quy ctia anh xa hoanh doé
Pinh nghia 2.2.10. Cho A la ma tran phic vuong cip n. Hoanh dé pho
cua A dugc dinh nghia boi
a(A) :=max{Re () : det (\] — A) =0}.

Dinh nghia 2.2.11. Goi M" la tap hop cac da thic monic bac n. Anh xa
hoanh do da thic dugc dinh nghia bdi

a: M" — R,

a(p) = max{Re(z) : p(z) =0}.

Nhan xét 2.2.1. Vdi moi ma tran A, hoanh do ph5 va anh xa hoanh do

co moi lien hé nhv sau:

a(A) =a(det (M — A)).
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Dinh 1y 2.2.1. ([3, Dinh 1y 5.26]) Cho dnh za

fR—M"
n—1 )
t— > a;(t) 2"+ 2"
i=0

trong dé moi a; : R — C la mot ham gidi tich. Cho dnh za hoanh do a :
M" — R. Khi do, anh xa hop ao f la proximal chinh quy.

Chiing minh. Tit Bé dé 2.1.1 phan chitng minh Dinh 1y Rellich ta c6:

Cho P; (z) 1a mot da thitc monic mot tham s véi cac hé sd a; : R — C
la cac ham giai tich, a,, = 1. Gia st tai t = 0, P, ¢6 m nghiém 21, 29, ..., 2,
v6i s6 boi lan luot 1a vy, ve, . . ., vy,. Khi d6 trén mot lan can ctia t = 0, ta
c6 thé phan tich P, nhu sau

P (z) = qu’t (2 — 2)

trong d6 cac hé sd ¢; 1a cdc ham gidi tich theo ¢. Dya vao diéu nay, dé
chiing minh dinh 1y ta chi can xét bai toan theo tiing cum nghiém:

B6 dé 2.2.1. Theo moi cum nghiém, anh xa hoanh do dia phuong co dang

t tH + oo khit >0

So(t) +dift]" 4+, khit <0

trong dé s1 va sy la cdc ham C* vdi s1(0) = s9(0) = 0; 51 (0) < 55 (0);
c1,dy > 0 va qi,m1 la cde 50 hitu tyj duong nhé hon 2.

Ching minh. Anh xa hoanh do 1a cuyc dai clia céc phan thuc cta céc
nghiém, dau tién ta lay cuc dai trong mdi cum nghiém roi 1ay cyc dai trén
tat ca cac cum nghiem. Xét da thiic monic P (z) tuong ting cac nghiem
trong mot cum nghiem don. Khong giam tong quat, ta gia st t = 0. Gia
st rang da thiic P; (2) ¢6 m nghiém tai goc. Chudi Puiseux cho cac nghiém
duge viét nhu sau

R (t) = Cl{k71tlk’1 + O{kjgtlk’z 4+, Vi k=1,2,....,m.

Cac tir v6i liy thita nhé nhat clia t xac dinh dang diéu dia phuong clia cac

nghiém. Néi rieng, dang diéu clia cac phan thuyc ciia cac nghiem dugce xac
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dinh bdi liiy thita nhé nhat clia t ma cac hé so6 khong phai 1a s6 thuan 4o.
Gia st cac tu do 1a

ay j,tn cho nghiem Ry (t)

g j, 272 cho nghiem Ry (t)

Gia st mot tur véi lity thita ¢ nhd nhat ¢ nghiém thi k: ak,jktlkvik.

e Néu s6 mil nguyén, nghiém 1a mot ham thuoc 16p C! trong mot lan
can cta 0. Néu l.j, > 2 thi nghiém la ham thuoc 16p C? va ta c6 thé
chon ¢y, d; bang 0.

Néu I, = 1, thi ta can xét tit bac cao dé biét anh xa hoanh do la
ham thuoc 16p C? hoic 1a né chita tit c6 cap tang véi ¢ 1a mot lity thita
phan sb.

e Néu s6 mii khong nguyén, thi ta can xét ¢t > 0 va ¢t < 0 1a riéng bieét.
Khong giam tong quat, gia sit ¢t > 0. Truong hop ¢t < 0 dude xét mot
cach tuong tu. Vi tong clia cdc nghiem R; (¢) phéi bing —a,,_1, 12 ham
giai tich, nén mot s6 nghiém véi lity thita cting bac clia t phai triét tieu
lan nhau. N6i rieng, néu Re (ayj,) < 0 thi can c6 nghiém k' tuong
ing v6i s6 hang Re (ozk/Jk,) > 0. Do do, v6i t > 0, anh xa hoanh do
cho céc nghiem dang diéu gidng nhu ¢;t* véi ¢; > 0.

]

B6 dé 2.2.2. Mot cich dia phuong, dnh xa hoanh do cia mot da thic tuy
U co dang

(0 s1(t) +er]t|® -+, khit >0

a(t) = :
so(t) +dy|t|™ + -+, khit <0

trong dé sy va so la cdc ham thuoce I6p C? vdi s1(0) = s9(0) = 0;8'1 (0) <

s'5(0); c1,dy > 0 wa qu,r1 la cdc s6 hitu ty duong nhé hon 2.

Chiing minh. Gia st rang c6 k tap ctia nghiem. Ta thay cuc dai méi tap
lien két c6 anh xa hoanh do

Ci‘t
d;|t

%4 ... khit >0
T4 khit <0
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Dau tién ta xét ¢ > 0. Trén mién ndy, v6i ¢ dit nhd, mot trong cac ham s;
sé 1a 16n nhat. Vi vay, ham cuc dai 1a kha vi 16p C?. Néu ton tai ¢; < 2,
ta co

a(t)=si(t)+alt|"+--

& day s; 1a ham thuoc 16p C? va q; 1a s6 hitu ty duong nhoé hon 2.

Lap luan tuong tu v6i ¢ < 0. Cha § rang khi ta lay cuc dai clia méi s;,
cac hang tit véi s6 mil 16n nhat sé quyét dinh cap ting ctia s; khit > 0 va
cac hang tl vdi s6 mil am sé quyét dinh cap tang ctia s; khi ¢ < 0. Do d6,
s'1(0) < §'5(0). O

Cubdi cling, ta can chi ra rang cac ham c6 cong thic (2.1) 14 proximal
chinh quy tai 0. Ta chiing minh diéu nay qua 2 buéc sau:
Buéc 1

Xét truong hop s; = s9 = 0. Anh xa a c6 cac dang sau

a(t)=0 (2.3)
0, v6it >0
a(t) = Tl (2.4)
dz‘tl—F,khltSO
%+ khit >0
aty = § T i 02 (25)
0, khit <0
Y+ -+, khit >0
dilt]" + -+, khit <0

Ta sé chiing minh rang mot ham ciia (2.4) 1a proximal chinh quy. Viéec
chi ra cac dang con lai la proximal chinh quy ta st dung lap luan tuong
tu.

Bé6 dé 2.2.3. Ham

0, khiz >0
f(x) = . . ,
dlx|*+ -+, khi,z <0

trong dé d > 0 va s6 hitu ty ¢ < 2, la prozimal chinh quy tai v = 0.
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Chatng minh. Ta xét truong hgp ¢ < 1, vi néu khong thi f 13 ham 16i va
béi vay la proximal chinh quy. Duéi gradient cua f la

0, khiz <0
of (x) = [0,00), khixz =0
dqxq_1+--- , khix >0

Tiép theo, ta ching minh rang méi v € [0,00) 14 mot proximal dudi
gradient ctia f tai T = 0. C6 dinh v € [0,00). Ta can chi ra c¢6 p > 0 va
d > 0 sao cho néu |x — 7| < 4, thi

_ — P 2
f(x) Zf(a:)+<v,x—x>—§\sc—x\ :
o) day, ta c6 thé chon p = 0, sao cho tai T = 0, ta can chi ra ton tai § > 0,

sao cho: néu |z| < 9§, thi f(x) > vz. Néux <0, f(z) =0, vi thé 0 > vz

14 luon dang. Xét z > 0, ta can c6
dx? + -+ > vx.

Khi x 1a di nhé, hang tit da? 14 16n hon (vi n6 chita liy thita nho nhat
ctia ) moi hang tt khac, va dx? > 0 do d > 0. Do dé, ta c¢6 thé chon § du
nho sao cho néu x < ¢ thi

dx? + -+ > vx.

Dinh nghia 2.2.12. Ta goi mot f - attentive dia phuong hoa ciua anh za
dudi vi phan Of quanh diém (T,v) la dnh va T zdc dinh bdi

T (2) {vedf(z)|lv—1v|<e}, néu |lxr—T| <ewva |f(x)— f(T)
T) = )
0 néu nguoc lai
Dén day, ta can két qué sau ctia Rockafellar ([2, Theorem 5.23]):

Dinh ly 2.2.2. Gid s f : R® — R la hitu han va dia phuong tai T, va lay
v € Of (T) la mot proximal dudi gradient. Thi cac dieu kién sau la théa

man
e [ la proximal chinh quy tai T vdi V.

e Of ¢o f - attentive dia phuong héa T zung quanh (T,v) sao cho T+ pl
la don diéu vdi mot s6 p > 0.
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Trd lai v6i chiing minh, véi bat k¥ diém (0,7) trén do thi ctia 0f, can
tim dugc hinh cau B ((0,7) , €) giao v6i do thi chi v6i x < 0. Hinh cau nhu
thé sé cho ta f - attentive dia phuong hoéa T' clia df (xem hinh 2.1). Bay
gio, ta chi ra sy ton tai e. Xét hinh vuong do dai canh la 2e tam tai (0, 7).
Ta di tim € sao cho hinh vuong sé tiép xuc v6i do thi cia f (véi z > 0)
chi tai dinh (g,7 + ¢).

oy b &

Hinh 2.1: f(x) va Of

Khi do
V+e<0f(c) =dge” ' +---

Khi £ nhd, hang t1t dge?! tién t6i vo han (do ¢ < 1) va 16n hon tat ca cac
hang tit khac. Vi ¢ — 1 1a lfiy thita nhé nhat ciia hang tit nay. Do do, ton
tai € sao cho bat dang thiic trén théa man. Khi d6, hinh cau v6i ban kinh
g s chi giao v6i df khi x = 0. Trén hinh cau nay, T 14 don diéu, béi vay
f 1a proximal chinh quy tai 0 véi v.

]

Buéc 2

Cudi cling ta can ching minh ring, tong ctia mot ham kha vi dusi cap 2

v6i mot ham proximal chinh quy 1a mét ham proximal chinh quy.

B6 dé 2.2.4. Gid st f la lién tuc va prozimal chinh quy tai T vdi T €
df (x). Cho g la mot ham khd vi dudi cap 2 zung quanh T. Thi [ + g la
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proximal dudi gradient tai T vdi
v+ Vg (T) €9(f +9)(T).

Chitng manh. V1 f la proximal chinh quy, ton tai ey > 0, py > 0 sao cho
veIf (x),|v—1| <eyp |z —T| <ep |t/ =T <epva f(T)+e5 > f(2)
thi

@) = f (@) + (v.a' — o) = Hla’

Dit h = f+g. Ta can chira ton tai e > 0, p > 0 sao cho : Néu v € 0h (z),
lv—T|<e |z —T| <e |’ =T <evah(z) < h(T)+e thi

h(z') > h(z)+ (v,2 — ) — g\x' —
Chon ¢ = . V6i x bat ky |z — T| < e, ta ¢6 thé viét g nhu sau
9 (") = geonw (v) — |

trong do, geony 12 hitu han va 16i, p, > 0. Vi tap {z: |z —Z| <&} la
compact, ton tai lan can trén ding p, = sup,(p.). Dat p = pr + p,. Lay
x, ' tiy ¥ sao cho

z—T| <e 2" — 7| < e.

Cho v, € Oh(x) véi vy, — Uy < e. Luu § vy, ¢6 the viét dudi dang:

v, =vf + Vg () trong dé vy € Of (). Ta co

h(2') = f (&) + g (@)
> f(2)+ (g7’ = 2) = EJa’ =2’ + goom (2') — 2o’ — 7

> f(2)+ (g0’ —a) = Zla’ =’ + g (@) + (Vg () .2 =) = 2o’ — 2

P+ Py

= [ (@) +g (@) + vy + Vg (1), 2" —a) = Z ' —af
= h(2)+ (o, 7' — ) — %\x'—xﬁ

Vay b6 dé duge ching minh.
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KET LUAN

Luan van da trinh bay cac van deé sau:
1. Phuong phap Newton - Puiseux 4p dung v6i ham giai tich 2 bién phiic,

2. Chiing minh két qué co ban ctia Rellich vé tinh gii tich clia cac nghiém
ctia ho da thic hyperbolic phu thuoc giai tich vao mot tham so,

3. Trinh bay ching minh két qua néi réng: anh xa hoanh do clia mot
ho da thitc mot bién, phu thuoc giai tich vao tham s6 1a mot anh xa

proximal chinh quy.
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