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Tém tat

Trong nhiéu van dé cia Iy thuyét ky di va hinh hoc dai s6, da dién
Newton déng vai tro rat quan trong, né chita nhiéu thong tin hinh
hoc, dai s6, td hop va giai tich ctia hé phuong trinh da thic. Vi vay,
v6i khai niem da dién Newton, nhiéu két qua quan trong ctia ly thuyét
ky di, hinh hoc dai s6, 1y thuyét phuong trinh dao ham riéng ... da
ducc thiét lap.

Trong luan an nay, ching toi 4p dung da dien Newton dé nghién
cttu mot s6 van deé clia toi wu va giai tich. Luan an da nhan dudgce cac
két qua sau:

1) Dua ra mot diéu kien du dé mot da thiic khong am 1a tong binh
phuong ciia cac da thitc. Dieu kien nay duge phat biéu thong qua da
dién Newton cua da thtec.

2) Chting minh rang ton tai mot tap nita dai s6 md, trit mat trong
khong gian tat ca cac da thitc c6 cing mot da dién Newton cho truée,
sao cho v6i moéi da thic thude tap nay va bi chan dudi, bai toan tim
infimum toan cuc la dat chinh.

3) Dua ra mot tieu chuan ctia syt ton tai bat dang thitc Lojasiewicz
toan cuc. Tiéu chuan nay cung cap mot phuong phap cho trudng hop
hai bién, kiém tra su ton tai ctia bat dang thic Lojasiewicz toan cuc.

4) Cho mot danh gia cac s6 mia Lojasiewicz thong qua bac cla da
thiic va cac s6 mil khac dé tinh toan hon.

Trong truong hop hai bién, tinh toan mot cach tuong minh s6 mil
Lojasiewicz clia mot da thitc. Dac biet, khi da thidc hai bién khong
suy bién theo phan chinh Newton tai vo han, chting to6i cling tinh
toan dugc s6 mit Lojasiewicz theo phan chinh Newton tai vo han ctia
né. Hon nita, dua ra mot dang tuong minh ctia bat ding thic kiéu

Hormander, trong d6 cac so miai xuat hién v6i nhiing gia tri cu the.



Abstract

In many problems of singularity theory and algebraic geometry,
Newton polyhedra play a very important role. Newton polyhedra con-
tain many geometric, algebraic, combinatorial and analytic informa-
tion of polynomial systems. Using Newton polyhedra, many impor-
tant results of singularity theory, algebraic geometry, and differential
equation theory have been established.

In this thesis, we apply Newton polyhedra to study some of prob-
lems of optimization and analysis. We obtain the following results:

1) A sufficient condition for a non-negative polynomial to be the
sum of squares is given. This condition is expressed in terms of the
Newton polyhedron of the polynomial.

2) Well-posedness of almost every uncontrain polynomial optimiza-
tion problem is proved: exists an open and dense semialgebraic set in
the space of all polynomials having the same Newton polyhedron, such
that if f is a polynomial from this set and if f is bounded from below,
then the problem of finding the global infimum of f is well-posed.

3) A new criterion of the existence of the global Lojasiewicz in-
equality is given. This criterion provides a method, for the case of two
variables, examining the existence of the global Lojasiewicz inequality.

4) It is shown that the Lojasiewicz exponents of a polynomial can
be estimated via the degree and some exponents, which are much
easier to compute.

In the case of two variables, the Lojasiewicz exponents of an arbi-
trary polynomial are computed explicitly; the Lojasiewicz exponents
of non-degenerate polynomials are expressed in terms of Newton poly-
hedra; explicite values of some exponients in one of Hormander in-

equality are given.



L1 cam doan

T6i xin cam doan day la cong trinh nghién cttu cia toi dudi su
huéng dan ctia thay Ha Huy Vui va thay Pham Tién Son. Cac két
qua viét chung véi cac tac gid khac da duge sy nhat tri clia dong tac
gid dua vao luan an. Cac két qua néu trong luan an 1a trung thuc va
chua dugc ai cong bd trong bat ky mot cong trinh nao khac.

Tac gia
Dang Van Doat



LGi cAm on

Luan an dudgce thuc hién va hoan thanh tai Vién Toan hoc - Vién
Han lam Khoa hoc va Cong nghé Viéet nam. Trude hét, toi xin bay
t6 long biét on sau sic dén PGS. TSKH. Ha Huy Vui, PGS.TS. Pham
Tién Son, nhitng nguoi thay da tan tinh huéng dan, diu dit, chi bao
toi trong sudt thoi gian hoc tap, nghién citu dé thuc hién luan an.

To6i xin cAm on Ban Gidm dbc Vien Toan hoc, cidc can bo nghién
citu cua Vién Toan hoc, dac biét cac can bo phong Hinh hoc va To
po, cac can bo Trung tam dao tao sau Dai hoc - Vién Toan hoc, da
tao nhiéu diéu kién thuan 10i cho t6i hoc tap va nghién cttu. Xin cadm
on Quy Phat triéen khoa hoc va cong nghe Qubc gia da hd tre mot
phan kinh phi cho t6i trong qué trinh thuyc hién dé tai. Toi xin cam
on Vién Nghién citu cao cap vé Toan da dong vién, trao gidi thudng
cong trinh ctia Chuong trinh trong diém qudc gia phét trién toan hoc
giai doan 2010-2020 cho hai bai bao.

T6i xin cam on lanh dao S& Gido duc va Dao tao tinh Lam Dong,
lanh dao va tap thé giao vien trusng THPT Chuyén Thing Long Da
Lat da tao diéu kién vé thoi gian, hd trg mot phan kinh phi dé toi
hoan thanh nhiém vu.

To6i xin cdm on cac ban be, dong nghiép, cac ban nghién ctu sinh
trong Vien Toan hoc luon gitp dé, co vii, dong vien trong subt qua
trinh hoc tap va nghién ctu.

Dic biét, toi cAm on gia dinh, nhiing nguoi than yéu nhat cia toi
luon luon dong vien, chia sé, gitp dd moi méat vé vat chat va tinh than
trong sudt qua trinh hoc tap va nghién ctu dé toi thuc hien uéc mo
ctia minh. Quyén luan 4n nay toi danh ting cho cac bo me, vg va hai
con tral yéu quy.

Tac gia
Dang Van Doat



Cac ky hiéu st dung trong luan an

N Tap cac s6 tu nhién

N* Tap céac s6 tu nhien khac 0

7 Tap cac s6 nguyén

Zy Tap cac s6 nguyén khong am

R Tap céc s6 thuc

Ry Tap cac s6 thyc khong am

R" Khong gian Euclide thiic n chiéu

R[x1, 9, ..., x,] Tap cac da thic thuc n bién

inf A infimum cta tap hop A

sup A supermum ciia tap hop A

min A Gi4 tri nhoé nhat cia tap hop A

max A Gi4 tri 16n nhat ctia tap hogp A

||| Chuan clia véc to x

dist(z, A) Khoang cach Euclide tit diém z dén tap hop A
lim, ., f(z) Gidi han ctia ham s6 f(z) khi z tién t6i a
rank A Hang clia mot ma tran A

1) Dao ham cap d ctia ham s6 f theo bién ¢

ii—; Dao ham riéng cap d ctia ham ¢ theo bién x;
r Da dién

L(f) Da dién Newton ctia da thic f

°(f) Da dién Newton tai vo han cua da thic f
Lo(V7) S6 mil Lojasiewicz gan tap ctia ham f trén tap V)
Loo(V1) S6 mil Lojasiewicz xa tap clia ham f trén tap V4
Lo(f) S6 mil Lojasiewicz gan tap ciia ham f trén R”
Loo(f) S6 mii Lojasiewicz xa tap ctia ham f tréen R"
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MG dau

Da dién Newton ctia mot da thitc nhiéu bién 1a bao 161 clia tap cac
s6 mil clia cac don thitc xuat hién trong da thic véi he s6 khac khong.

Trong nhiéu van dé cta 1y thuyét ky di va hinh hoc dai s6, da
dién Newton dong vai tro nhu moét md rong cta khai niém bac cua
da thtic, va chita rat nhiéu théng tin hinh hoc, dai s6, to hop va giai
tich ctia hé phuong trinh da thic. Chinh vi vay, véi khai niém da dién
Newton, nhiéu két qua quan trong ctia 1y thuyét ky di, hinh hoc dai
s0, 1y thuyét phuong trinh dao ham rieng ... da duge thiét lap (xem
[AGV] vé céac ting dung ctia da dién Newton trong 1y thuyét ky di,
[Ko], [Kh] vé ting dung ctia da dién Newton trong hinh hoc dai s6 va
[GV] vé tng dung ctia da dien Newton trong phuong trinh dao ham
riéng).

Da dien Newton dugc dinh nghia khong chi cho cac da thic dé
nghién cttu cac van dé mang tinh toan cuc, né con dude xac dinh cho
cac mam ham gidi tich dé nghién citu céc tinh chat to po ctia ham
giai tich tai lan can diém k¥ di. Nhiéu bat bién t6 po cta diém ky di
nhu s6 Milnor, s6 mii tiém can cta tich phan dao dong ... dudc tinh
thong qua da dién Newton ctia ham giai tich (xem [Ko] va [AGV] va
danh muc cac trich dan & cac tai liéu nay).

Ban luan an st dung khai niem da dién Newton dé nghién citu céc

van dé sau day:

1) Tim dieu kien dé mot da thitc n bién thuc khong am trén toan
bo R, bieu dién dugc dudi dang tong binh phuong ciia cac da
thic;

2) Nghién cttu tinh dit chinh clia bai toan t6i wu da thic khong

rang budc;
3) Nghién citu diéu kien ton tai bat dang thitc Lojasiewicz toan cuc
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ctia mot da thic n bién thuce va tinh toan cac sé6 mi Lojasiewicz

cho truong hgp n = 2.

Céc van dé 1) va 2) dang la nhitng van dé thoi sy ctia T6i wu Da thiic.
Céc bat dang thitc Lojasiewicz toan cuc (d6i tugng nghién citu clia
van dé 3)) duge nghién citu lan dau tién trong cong trinh ctia [DHT]
va dang dugc phat trién theo nhiéu khia canh khac nhau, ca vé mit
Iy thuyét [HNS], [DKL], [OR], 1an ting dung [Ha2], [DHP2].

Bang viéc st dung da dién Newton, luan an da dua ra mot cach
tiép can hitu hiéu dé nghién citu cac van dé trén, va dat duge nhing
van dé maéi mé.

Luan an gom 4 chuong. Trong Chuong 1, da dién Newton dugc st
dung dé cho mot diéu kién da dé mot da thic 1a tong binh phuong
clia cac da thic khac. Két qua nay md rong mot cach dang ké mot
két qua gan day cta J.B.Lasserre.

Trong chuong 2, sit dung da dién Newton va tinh khong suy bién
ctia mot da thic ddi véi da dien Newton ctia A.G.Kouchnirenko [Ko],
ching t6i chttng minh duge rang, trong khong gian tat ca cic da thic
c6 da dien Newton l& tap con clla mot da dién I’ cho truée, ton tai
mot tap nua dai s6 Ur, md va tril mat, sao cho néu f 1a mot da thic
bi chin dwdi va f € Up thi bai toan

Tinh inf f(x)

reR?

la dat chinh theo nghia ctia Zolezzi.

Cac Chuong 3 va 4 nghién citu bat dang thiic Lojasiewicz toan cuc
cua mot da thre.

Trong Chuong 3, chiing toi dua ra mot tiéu chuan méi ciia syt ton
tai bat ding thic Lojasiewicz toan cuc. Khéac véi tieu chuan da biét
[DHT], & day, viéc kiem tra trong R” sit ton tai ctia bat dang thic
Lojasiewicz toan cuc duge dua vé viec kiém tra sy ton tai ciia né trén

mot tap con dai s6, xac dinh mot cach don gidn va tuy nhién. Tieu



chuan méi nay mé duong cho viéc ing dung céc két qua co dien ve
da dién Newton (thuat toan tim khai trien Newton-Puiseux ciia cac
dudng cong dai $6) va cac két qua tuong doi gan day (dieu kien khong
suy bién ddi véi da dien Newton ctia A.G.Kouchnirenko) dé tinh toan,
danh gia s6 mi Lojasiewicz.

Chuong 4 xét truong hop n = 2. 0 day, cac s6 mil Lojasiewicz clia
bat dang thic Lojasiewicz toan cuc ciing nhu cac sd mi lién quan,
duge tinh toan bang thuat toan Newton-Puiseux. Dic biét, néu da
thtic hai bién 13 khong suy bién theo lugc do Newton, thi cac s6 mil
trong bat dang thic Lojasiewicz toan cuc duge biéu dién thong qua

cac tinh chat hinh hoc ctua luge ddo Newton.



Chuong 1

Piéu kién di dé moét da thiic
thuc 14 tong binh phuong ctia cAc

da thic

Céc da thitc biéu dién duge dusi dang tong binh phuong clia céc
da thitc khac déng vai tro quan trong trong nhiéu linh vire khac nhau
clia toan hoc néi chung va 1y thuyét toéi uu noéi rieng. N6 cho phép néi
16ng bai toan t6i wu da thiic (néi chung déu thuoc loai NP-kho) vé mot
bai toan quy hoach nita xac dinh ([La], [Lal], [La2],...). Tuy nhién,
cac dieu kien don gidan dé nhan biét mot da thiic c6 la mot tong céc
binh phuong hay khong van chua c6 nhiéu. Trong [La3], J.B.Lasserre
da dua ra mot dieu kien dd dé mot da thic 1a tong binh phuong
clia cac da thic khac. Néu ta phién dich diéu kien ctia J.B.Lasserre
sang ngon tir clia da dién Newton, thi ta thay rang, cac da thitc ma
J.B.Lasserre nghién citu c6 da dién Newton la nhitng don hinh co ban.
Muc dich ctia chuong nay 14 mé rong két qua ctia J.B.Lasserre cho 16p
da thitc v6i da dien Newton bat ky. Ching toi sé chi ra rang, déi véi
bai toan biéu dién tong binh phuong, tap cac dinh hinh hoc cta da,



dien Newton la chua di dé nghién citu bai toan. Do dé ching toi da
md rong tap cac dinh hinh hoc thanh tap cac "dinh s6 hoc". N6i van

tat, két qua ciia ching toi chi ra rang, néu viét da thic f dudi dang

fl@)= ) aaz”+g(x),
acV(f)
trong do, tong > acV(f) @ gOm tat ci cdc don thite ting véi cdc dinh
s6 hoc V(f) ctia da dién Newton, thi f 14 tong binh phuong néu cac
hé s6 ctia g(x) 13 di nho so véi cac he s6 aq, o € V(f).
Noi dung chinh ctia Chuong nay duge viét dya trén cong trinh cla,
Van Doat Dang and Thi Thao Nguyen, Sufficient Conditions

for a real Polynomial to be a Sum of Squares of Polynomials. Kodai
J. Math., 39(2016), 253 — 275.

1.1 Gidi thiéu bai toan

Ky hieu N la tap cac sd tu nhién va R 1a tap cac s6 thue. Ky
higu R[x] := R[zy, x9, ..., 2, 1& vanh cac da thic thye n bién. Vi
r=(T1,T,...,2,) €E R" va o = (1,0, ...,q,) € N ta viét 2% =
2 vaal = ag+ -+, quy ude 0° = 1. Sit dung cac ky higu
trén, moi da thic f € R[z] c¢6 thé viét dudi dang f = > cpn fax®,
trong d6 f, € R va chi ¢c6 mot s6 hitu han f, # 0.

Dinh nghia 1.1.1. Da thic f € R[x] bac d, theo n bién duge goi 1a
khong am (viét tat PSD) néu

f(z) >0,V € R",

Hién nhién, néu da thic f khong am thi d 1a s6 nguyén duong chin.
Tap céc da thic PSD bac d, theo n bién ky hiéu 1a Py,,.

Dinh nghia 1.1.2. Da thiic f € R[z] theo n bién dugc goi la biéu
dién tong binh phuong (viét tat SOS) néu ton tai hitu han da thic
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pi € Rlz],i=1,2,...,k sao cho

k
(ORI AORIIS
=1

Tap cac da thiic SOS bac d, theo n bién ky hieu la Zd’n.

Dé thay, néu f 1a SOS thi f 1a PSD, diéu ngugc lai khong dung.

Nam 1888, D. Hilbert chtiing minh dugc Zd’n = Py, khin =1
hodc d = 2 hoac (n,d) = (2,4) [Hi]. Nam 1891, trong [Hu], A. Hurwitz
cling chi chitng minh dudc rang da thic

2d | 2d 2d
H(xy, w9, ..., 09q) = 21" + 25" + -+ + 255 — 2dx129... 799

1a SOS. Mai dén nam 1967, T. S. Motzkin ([Mo], Ménh dé 1.2.2) mdi
dua ra dude vi du dau tien, da thic

M(z,y) = z*y? + 2%y — 327> + 1

13 PSD trén R? nhung M (z,y) khong 1a SOS. Sau d6, mot s6 vi du
khéac 1a PSD nhung khong 14 SOS ciing duge dua ra, chang han dén
nam 1969 R. M. Robinson [Ro], nam 1977 M. D. Choi and T. Y. Lam
[CL2], nam 1979 K. Schmiidgen [Sch], .... T d6 cau hoi duge dua
ra: Vi da thite khong am théa man nhiing diéu kién nao thi né cé thé
biéu dién tong binh phuong?

Cau hoi thu hit dude st quan tam ctia mot s6 nha toan hoc, ching
han nhu A. Hurwitz [Hul; B. Reznick [Rel], [Re2]; T. S. Motzkin [Mo];
R. M. Robinson [Ro]; J. B. Lasserre [La3]; M. Marshall [Ma2], [Ma3],
[Mad4]; . ... Ho tim céc diéu kién trén cac hé s6 clia da thiic khong am
dé da thic dé 1a biéu dién tong binh phuong.

Gid st f(x) = D cqn for® € Rlz] 1a da thic khac hing va c6
bac 2d. Dat 2 := {a € N* : f, # 0}\{0, 2dey,...,2de,}, trong
d6 e1 = (1,0,...,0),....en = (0,...,0,1). Do do, ta viét lai f dudi
dang

n

f@) = fo+ D fax® + ) foaewi".

ael) =1



Dat
A:={aeQ : f,<0hoac ton tai o; 16 véii € {1,...,n}}.

Nam 2007, trong bai [La3, Dinh 1y 3], J. B. Lasserre da chiing minh

rang, néu

fo= Y1l v fo = SIS i =1,
a€A a€A
thi f 1a SOS.

Tuy nhién, trong cac diéu kién du trén, mot diéu dé thiy, néu
fo = 0 hodc foge, = 0 v6i i nao do, thi kéo theo A = ) va nhu vay
f hién nhien 1a SOS. Vi vay, két qua nay van con han ché. Két qua
clia ching to6i trong chuong nay sé khac phuc han ché trén. Trudc hét
chung t6i dua ra mot vai khai niém va ky hiéu.

Cho da thitc

f(x) = Z fax®.

aeN”

supp(f) = fa € N": f, # 0},

Dinh nghia 1.1.3. Bao 10i cia tap supp(f) trong R’ dudc goi la da
dién Newton cia f, ky higu I'(f).

Ky hieu V() 1a tap cac dinh ctia T'(f). Dé thay rang, néu f 1a SOS
thi V(f) chita trong (2Z)". Hon nita, V' (f) = {0, 2dey, ..., 2de,} néu
va chi néu fo. foge, - - - fode, 7 0.

Cho f(z1,...,x,) € R[z] 1a da thiic theo n bién, bac 2d. Dat

— T1 h
flxo, w1, ... ) = a2 f(=, ..., 20,

Pinh nghia 1.1.4. Da thic f duge goi la da thie thuan nhat héa

cua f.



Meénh dé 1.1.5. ([Mal],Ménh dé 1.2.4) Cho f la da thic bac 2d.
Khi dé, f la PSD néu va chi néu f la PSD; va f la SOS néu va chi
néu f la SOS.

Dura vao Ménh deé 1.1.5, tit nay ta chi xét truong hop f 1a da thic
thuan nhat.

Phién dich két qua ctia J. B. Lasserre trong ([La3, Dinh 1y 3]) dudi
dang da thic thuan nhat, ta c6 thé phat bieu lai mot cach van tat
nhu sau: Cho f 1a da thic thuan nhat n bién, bac 2d c6 dang

- Z aixzzd + Q(Z’),
1=1

trong dé a; # 0,4 = 1,...,n, vamoi don thitc 22?,i = 1,...,n, khong
xuat hién trong Q(z) véi he s6 khac khong. Khi do, f 14 SOS néu cac
a; > 0 va "d 16n" so véi céc he s6 cta Q(x).

Chu y rang, trong trudng hop nay, I'(f) 1a mot don hinh véi céc
dinh e; = (0,...,1,...,0),i=1,....n

Trong truong hop tong quat, da dién Newton clia mot da thic
thuan nhat khong nhat thiét 13 mot don hinh. Vi vay, dé thiét lap két
qud tuong tu ctia J.B.Lasserre cho da thiic thuan nhat bat k¥, ching
toi thay tap cac dinh clia da dién bang tap cac "dinh s6 hoc".

1.2 Két qua va ching minh

Cho f 1a da thitc thuan nhat n bién, bac 2d va dat I'(f) 1a da dien
Newton cta f. Ky hiéu

e V(f) la tap cac dinh ctia da dién Newton I'(f);
o C(f):=T(f)nZ"

{% sHi):stel(n)n @z
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V()= AN {55 +0) s £ st € T() N 2

o A := {a € supp(f) : hoiic fo < 0 hoiic ton tai o; 16 v6i i €

{1,....n}}

Nhu vay, ta luén co

V(f) C A(f) CC(f).

Tu ([HP1], Dinh ly 3.1) suy ra rang, néu f 1a PSD thi tap V(f)
chita trong (2Z)", va do vay V(f) C V(f).

Dinh nghia 1.2.1. ([Re2]) Tap hop U = {u!,... , u™} dugc goi 1a
khuon (framework) néu u' = (ui,...,u;) € (2Z)" v6i u} > 0 va
> i u; = 2d, v6i moi ¢ = 1, ..., m v sd nguyén duong d.

Dinh nghia 1.2.2. ([Re2]) Cho ¢/ 1a mot khuon. Tap htu han £ C Z"
duge goi 1a U-trung binh néu L chita U va v6i moi v € L\U,v 1a

trung binh cong ctia hai diem chin phan biét trong L.
Cho U 1a khuon, ky hieu C(U) 1a tap cac diém nguyén trong bao
161 ctia U.

Dinh 1y 1.2.3. ([Re2], Dinh lj 2.2) Cho U la khudn, khi dé ton tai
tap U* la U-trung binh théa man AU) = {5(s +1) : s,t € U} C
U CCU) vald* chitca moi tap U-trung binh.

Véi cac ky hieu nhu trén, két qua duéi day clia ching t6i cho mot
diéu kien da dé mot da thic 1a biéu dién tong binh phuong.

Dinh Iy 1.2.4. Cho f(2) = Seys Fot®+ T n Fad®+ L) ot
la da thic thuan nhat n bién thuce, bac 2d, c6 tap dinh V(f) C (2Z)",
trong dé U la mot khuon théa man V(f) CU C V(f).

Gid sit cac dieu sau théa man:

(i) o € U*, vdi moi v € A,

11



(ZZ) minueu fu Z ZaEA |fa|
Khi dé f la SOS. Truong hop A =0, ta dat >, ca|fal =0.

Ky higu R[x]og 1a khong gian véc to cac da thic thuc bac khong
vuot qué 2d, véi co s6 chinh tac (x) = {z% : a € N |a| < 2d}.

Cho day sb thuc y = (y,) 6 chi s6 duge danh s6 theo co sd chinh
tic (z%), ta xac dinh 4nh xa tuyén tinh L, : Rz]og — R

F= far® = Ly(f) = faba,

va My(y) = (My(y)(«, 8)) 1a ma tran moment sinh béi y = (y,), xac
dinh
Ma(y) (e, B) = Ly(**") = yars, @, B €N": |al,|8] < d.

Theo Nhan xét 2.2 [La3], My(y) la ntta xac dinh duong, ki hiéu
My(y) = 0, khi va chi khi L,(f?) > 0, v6i moi f € R[z]s. Hon
nita, f 1a SOS khi va chi khi L, (f) > 0, v6i moi y sao cho My(y) > 0.

Do vay, chiing minh Dinh 1y 1.2.4 dugc hoan thanh bang cach st
dung Nhan xét 2.2 [La3] va Bo dé sau
Bo dé 1.2.5. Cho U la mat khuon va L 1la tap U-trung binh. Gid su
day y = (Ya) sao cho My(y) = 0. Khi do

|L,(z%)| < max L,(z"), vdi moi o € L.
ue

Chaing minh. Trudc hét, ta ching minh néu a € L\U, thi ton tai
k > 1 va mot day

1
Q-1 = 5(042' +B8i), ai # Bi, ai, i€ LNO(2Z)", i=1,... k,

sao cho ap = a va o, € U.

That vay, xét
1
X={d Fk>1vaa,_= 5(042' + 8i), i # Bi, i, i € LN (2Z)",

i=1,...,k, sao cho oy = a va a, = a'}.

12



Vi X dugc chita trong £, tap X 1 hitu han, v do vay bao 16i ctia X
c6 cac dinh thuoc U.

Dat 7 := max,er |Ly(z)]. Khi d6 ton tai v € L sao cho
T = [Ly(27)].

Néu~y € U thi |L,(z%)| < |L,(z7)| = maxyey | Ly(2")|, v6i moi a €
L.

Néu khong, theo chiing minh trén, ton tai & > 1 sao cho

V= %('Yl +B1), 1 # B € LN (2Z)",

1

Y= 5(72 + B2), 72 # B2 € LN (2Z)",

Vi1 = %(% + Br), w # Br € LN (2Z)",

trong d6 v, € U. Vi My(y) = 0, ta c6

T = |Ly(g;7)| = ‘Ly(xé(%—kﬁl)” S \/Ly(aj%)[’y(wﬁl) S \/m

Do d6 7 < L,(2"). Bang cach lap lai 1y luan nhu trén, sau mot so

hitu han buéde, ta thu duge

T < Ly(2™) < max L,(z").

Diéu nay hoan thanh ching minh ctia Bo de. [
Ching minh Dinh 1y 1.2.4 Theo (2.2 [La3]), ta chi can ching
minh rang L,(f) > 0, v6i moi y = (y,) sao cho My(y) = 0.

Lay y = (ya) sao cho My(y) = 0. Dat 7 := max{L,(z") |u € U}.
Khi do, theo Bo deé 1.2.5, ta ¢6

|Ly,(z%)| <7 véi moia € U™

13



Diéu nay cung véi cac dieu kien (i) - (ii) suy ra

:quLy($u>+ZfaLy( Z fa

ueld a€eA ag(UUA)
>3 fuly(@) + > faLy(z®)
ueld acA
> 37 fuly(@) = 31 fullLy ()
ueld acA
> (minf, = 3" |fal)7 2 0.
acA

Vay f la SOS.

Hé qua 1.2.6. (Két qud cia J.B.Lasserre [La3]) Cho

f= Z@de,% +Zaa3€ + Z anr”,

a€EA ag A a#2de;
la mot da thite thuan nhat n bién thue, bac 2d.
Néu
min agge, > Z \fal,i=1,2,...,n,

aeA
thi f la SOS. Trong dé e; = (1,0,...,0), ..., e, = (0,...,0,1) la cdc
véc to don vy trong R".

Chitng minh. V6i gia thiét trén, cac diém 2dey, . . . , 2de, thuoc supp(f),
do vay I'(f) 1a don hinh véi tap dinh V(f) = {2dey, ..., 2de,}. Khi
do A(f) =T(f)nz".

Ta thay, moi diém v € T'(f) \ {2dey,...,2de,} déu c6 thé viét
duéi dang v = a—;rﬁ, trong d6 o # [ va o, B € ['(f) N (2Z)", nén
V(f) = {2dey,...,2de,}.

Theo gia thiét trong Dinh 1y 1.2.4, V(f) CU C V(f) = V(f) nén
U =V (f). Tt d6 1.2.6 1a He qua ciia Dinh 1y 1.2.4. 0

Chia y 1.2.7. e Trong diéu kien (ii) ctia Dinh 1y 1.2.4, néu f, = 0
v6i u € U ndo do, suy ra A = (0 va f, > 0 véi moi u € U; trong
truong hop nay, f hién nhien la SOS.
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e Céc diém ctia tap U \ V(f) théa man diéu kien ctia Dinh 1y 1.2.4

c¢6 thé xem nhu 1 cac dinh s6 hoc ciia T'(f).
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Chuong 2

Tinh dat chinh ctia bai toan tbéi
uu da thiuc

Tinh dat chinh 14 mot trong nhitng tinh chat mong muén nhat khi
ta nghién citu cac bai toan t6i wu. Khai niéem dit chinh lan dau tien
duge dua ra bdi nha toan hoc Hadamard vao nhitng nam dau cta thé
ki 20. Dén nhitng nam 60 ctia thé ky 20, Tykhonov dua ra khai niém
dat chinh sau day.

Dinh nghia 2.0.8. ([Ty]) Cho X la khong gian metric, xét f: X — R

la mot ham lién tuc. Bai toan
Tinh inf.cx f(x)
duogc goi 1a dat chinh theo Tykhonov néu
e Ham f dat cuc ticu tai diem zg;
e Diém cuc tiéu z( 1a duy nhat;
e Véi moi day z,, € X, théa man f(z,) — f(xg), ta c6 x, — xo.

Dén nam 1993, Zolezzi dua ra khai niém dat chinh, mot dang manh

hon cta Tykhonov.
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Dinh nghia 2.0.9. ([Zo]) Cho X, A la cac khong gian metric. V6i
moéi a € A ¢b dinh, f,: X — R 1a mot ham lién tuc. Bai toan

Tinh inf.cx fo(7)
ducc goi 1a dat chinh theo Zolezzi néu

(i) Gia tri f: = infiey fo(z) & hitu han v& dat tai diém z, duy

nhat ciia X;

(ii) V6i moi day a, € A, a, — a, gid tri f; : = inf,cx fo,(7) 12 hitu
han va v6i moi day x, € X théa man f, (v,) — fi — 0, ta c6

xn % xa.

Trong cac bai bao [IZ, ILR, IL1], cac tac gia da ching minh duge
tinh dat chinh ctia nhiéu 16p cac bai toan t6i wu. Dac biét, ho da
chitng minh dugc rang, ton tai mot tap trit mat trong khong gian cac
bai toan tdi wu, sao cho moi bai toan thudc tap nay la dat chinh. Mot
trong cac hé qua cia két qua nay 1a, hau hét cac bai toan qui hoach
toan phuong déu dit chinh.

Trong chuong nay, bang cach st dung da dién Newton va dicu kien
khong suy bién theo nghia Kouchnirenko, ching t6i chiing minh dugc
rang, néu I' 1d mot da dién thuan tién trong R”, va Ar 1a khong gian
cic da thic c6 da dien Newton 1a tap con ciia I', luon ton tai mot
tap nita dai s6, mS va trit mat Ur trong Ar, sao cho moi da thic f
bi chan dudi va f thudc Ur thi bai toan

Tinh inf f(x)

reR?

1a dit chinh theo nghia Zolezzi. O day, sb bién va bac ctia da thic 1a
tuy y.

Noi dung chinh ctia Chuong nay duge viét dya trén cong trinh
cuia Van Doat Dang, Huy Vui Ha and Tien Son Pham, Well-
posedness in unconstrained Polynomial Optimization Problems. STAM
J. Optim., 26(3)(2016), 1411 — 1428.
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2.1 Gié6i thiéu bai toan

Nhéc lai réng, N 1a tap cac s6 tu nhién, R 1a tap cac sb6 thuc va

R, la tap cac sd thuc khong am. Ky hiéu R[x] := Rlzy, 29, ..., 7,)
la vanh cac da thic thuc n bién. Véi z = (z1,...,2,) € R" va
a=(ag,...,an) € N" taviet 2* = 2" - 2% va |a| = a1+ -+,

quy uée 0° = 1.

Cho da thic f: R" = Rvagidst f = cyn fo2®, VOl fo € Rva
chi ¢c6 mot s6 httu han f, # 0. Ky hi¢u supp(f) 1a tap tat cd a € N”
sao cho f, # 0.

Bén canh khai niem da dién Newton ctia mot da thic f, dé nghién
cttu cac tinh chat hinh hoc va gidi tich ctia da thic f tai vo han, ta

can thém khai niém sau.

Dinh nghia 2.1.1. Bao 16i ctia tap supp(f)U{0} dugc goi la da dién
Newton tai vo han cia f va ky higu I'°(f).
['°(f) goi la thudn tién néu né giao véi tat ca cac truc toa do tai

cac diem khac goc 0.

Da thic f goi 1a thudn tién néu I'°(f) thuan tien. Truong hop
f =0, tadat °(f) = 0.

Ta goi bién Newton tai vo han cia f, ky hieu ' (f), duge xéac
dinh béi hop cac mat ciia I'°°(f) ma khong chita goc toa do 0 trong
R™.

V6i moi mat A cia o (f), dat fa =D, cn far®

Khai niém duéi day dong vai tro quan trong trong chuong.

Dinh nghia 2.1.2. [Ko, Kh] Da thitc f dugc goi 1a khong suy bién

tai v0 han theo Kouchnirenko (néi tat 13 khong suy bién tai vo han)

néu va chi néu véi moi mat A ctia I'o(f), hé phuong trinh

%(x)_..._ Ofa
le N - 8xn

khong c¢6 nghiém trong (R \ {0})".

() =0
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Trong chuong nay, ching toi luon ky hieu I' C R} 1a mot da dién
véi tap dinh 1a cac diém c6 toa do nguyén trong Z' . Va luon gid sit I’
14 thuan tién, nghia 14 né cit moi truc toa do tai cac diém khéac goc.

V6i moi da dien I' C RY} thuan tién, dat

Ap = {feRlz] : T™(f) €T}
= tap cac dinh cua I';
C := I'NZ" = tap céc diém nguyen trong I’

= #C = sb cac diém nguyeén cua tap C.

Bang céach st dung thi tu tit dién trén tap cac don thic %, a € C,
v6i mdi x € R” ta dinh nghia véc to tuong ting vec(x) := (2%)qec €
RY. Dé thuan tién, ta dong nhat méi da thic f(z) = > 0 far® € Ar
ing v6i mot véc to cac hé s6 ctia 16 f, == (fu)acc € RY, nhu vay
f(x) = {fa,vec(x)). Khi do, Ar duge dong nhat véi khong gian Euclid
R,

Két qua chinh ctia chuong nay 1a nhu sau:

Cho da dién T' thuan tién. Khi dé ton tai tap nia dai so, md va
tru mat Ur C Ar (= RY) sao cho vdi moi f € Ur va f bi chan dudi
trén R™, bai todn

Tinh inf f(x)

TeR™
dat chinh theo nghia Zolezzi.

Két qua ciia ching toi c6 duge tit nhitng quan sat sau:

e Mbi da thitc f € Ar, chi c6 cac diém t6i han khong suy bién véi

cac gia tri t6i han phan biét.

e V6i da thiic f € Ar, néu f khong suy bién tai vo han va bi chin

duéi, khi d6 ton tai cac hing s6 duong cq, co sao cho

clz 2% < f(z) < CQZ |z%],  véimoi |z]>1. (2.1)

aeC aeC
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Chu y 2.1.3. Cho da dien I' C R" 1a bao 16i cia goc toa do va cac
diem (m,0,...,0),...,(0,0,...,m) € R" v6i s6 nguyén chin m > 2.
Theo trén, khi d6 Ar = R[z],,-khong gian véc to clia tat ca cac da
thitc ¢6 bac khong vugt qua m. Hon nita, ta co:

e Néu f € Ar 1a bi chan duéi, thi thanh phan thuan nhat bac cao
nhat ctia f, ky hiéu béi f,,, 13 mot da thic thuan nhat khong
am trén R".

e V6i da thic f € Ar, néu f khong suy bién tai vo han va bi chin
dudi thi thanh phan thuan nhat bac cao nhat f,,(x) > 0, v6i moi
r € R™

e Cho f € Ar sao cho thanh phan thuan nhat bac cao nhat
fm(x) > 0, v6i moi x € R". Khi d6 ton tai hing s6 duong c
sao cho

cllz]|™ < flz)  v6imoi |z] > 1.

Khi d6 dé thay ring cac bat dang thitc (2.1) 1a ding.

2.2 Két qua va chitng minh

Dinh ly 2.2.1. Cho da dién T’ thudn tién. Khi dé ton tai tdap nia
dai s6, md va tri mat Ur C Ar (= RY) sao cho véi moi [ =

Zaec fax® € Ur va [ bi chan dudi trén R™, cdc dieuw sau théa man:
(i) f c6 duy nhat mot diém cuc tieu z* € R™;

(i) Ton tai € > 0 sao cho vdi moi u = (us) € RY, ||u|| < e, cde

dieu kien sau luon thoa man:

(ii1) Da thic f, == [+ > pec Uar™ € Ar c6 duy nhit diem cuc

tieu x,, € R";
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(ii2) Da thitc f, chi c6 cdc diém tdi han khong suy bién va cdc
gid trj tdi han la phan biét; hon nita, Hessian V2 f,(x}) ciia
fu tai ), la xac dinh duong,

(i43) Su twong ing {u € RY : |lul| < e} — R™ u s x%, la dnh
ra giai tich vdi lim, o x) = *;

(ii4) Véi moi x, € R™, néu lim, o[fu(xy) — infrern fu(x)] = 0,
tht lim,_,o z, = x*.

Noi riéng, bai todn

Tinh inf f(x)

zeR™

la dat chinh theo nghia Zolezzi.

Nhan xét 2.2.2. Trong két qua trén, R" déng vai tro tap X va
Ar(~ RY) déng vai tro khong gian tham s6 A trong Dinh nghia 2.0.9

ve tinh dat chinh ctia Zolezzi.
Chitng minh Dinh 1 2.2.1 sé dugc chia thanh cac Bo deé.

Bo dé 2.2.3. (/[HP]) Cho F: X x P — Y la dnh za nita dai so
l6p C™ gitta cic da tap nia dai so. Neuvy € Y la gid tri chinh quy
ctia F, thi ton tai tdap nida dai s6 ¥ trong P c6 chiéu lon nhat bang
dim P — 1 sao cho, vdi moip € P\ X, y la gia tri chinh quy cta dnh
za Fy: X =Y,z — F(z,p).

B6 dé 2.2.4. Gid st da dien T la thuan tién. Khi dé ton tai tap nia
dai s6 md va tra mat Br C Ar, sao cho vdi moi f € Br, f chi c6 cdc

diém tdi han khong suy bién.

Chitng minh. Nhic lai ring, ta luon dong nhat Ar véi RY. Xét anh

xa nta dai so
¢:R"x Ar - R", (2, f) — Vf(z),

trong do V f la gradient cua f.
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Ta viét f(x) = Y ec far® VO [ = (fa)acc € RY. Taxét a € C

vii |a] = 1 va T' 1a thuan tién, tinh todn don gidn, thay rang

(5.)
afa la|=1,i=1,2,....,n

l1a ma tran don vi cap n, va rankD®(z, f) = n véi moi (x, f) €
R” x Ar. Dac biet, 0 € R” la gia tri chinh quy ciia ®. Theo B
de 2.2.3, ton tai tap ntta dai s6 X trong Ar c6 chiéu 16n nhat bang

dim Ar — 1 sao cho v6i méi f € Ap \ %, 0 la gia tri chinh quy cia
anh xa

¢ R" - R", z+— Vf(x).
Dicu nay suy ra tap Br := Ar \ ¥ c6 tinh chat khing dinh nhu
trén. ]

B6 dé 2.2.5. Gid st da dien T la thuan tién. Khi dé ton tai tap nia
dai s6 md va tra mat Cr C Ar, sao cho véi moi f € Cr, [ chi c6 cdc

diém tdi han khong suy bién va cdc gid tri tdi han la phan biét.

Ching minh. Lay Br C Ar = RY 1a tap nia dai s6 mé va trit mat
xac dinh nhu trong B6 dé 2.2.4. Xét anh xa ntta dai sb

U: (R"xR")\A)xBpr - RxR"xR"
(@, y, f) — (@) = f), VI(2), Vi),

trong do
A ={(z,y) e R"" xR" 1z =y}.

Tinh toan truc tiép ta ducc

V@) =[Vfy)]" vec(z) — vec(y)
DV(z,y, f)=| V2f(2) 0 D¢(Vf(x)) :
0 Vifly)  Dy(Vfy))
trong d6 V?f(+) la Hessian ctia f va Dy(Vf(-)) la dao ham ctia anh
xa (z, f) = V f(x) tuong tng véi f.
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Lay (z,y) € (R"xR")\A va f € Brsaocho Vf(z) =V f(y) =0.
Khi do

vec(r) —wec(y) #0 va  rankV?f(z) = rankV:f(y) = n,

nhu vay rankDV(x,y, f) = 2n + 1. Hé qua, 0 € R x R" x R" la gia
tri chinh quy ctia ¥. Theo B6 dé 2.2.3, ton tai tap nita dai s6 X trong
Br ¢6 chiéu 16n nhat bang dim Br — 1 sao cho, v6i méi f € Br\ X%, 0

la gid tri chinh quy ctia anh xa
U R"xR)\A — RxR"xR",
(7,9) — (f(@) = f(y), V[(2),V[(y)).
bat Cr := Br \S, khi d6 Cr 1a tap ntta dai s6, md va trit mat trong
Br.
Cha ¥
dim(R x R" x R") = 2n + 1 > 2n = dim((R" x R") \ A).

Do d6, véi moi f € Cr, ¥;'(0) = 0.
Chu y \I/J?l(()) = () néu va chi néu he sau khong c6 nghiém:

v#y, f(x)—fly)=0, Vf(x)=0, Vf(y) =0
B6 dé dugc ching minh. O
B6 dé 2.2.6. Tap
Dr:={fe€Ar : I'(f) CT wa [ khong suy bién tai vo han}
la tap nita dai s6 md va tru mat trong Ar.

Chatng minh. Tap Dr 1a md va trit mat trong Ar béi cac két qua trong
[Ko].
Nhic lai rang, V' 1a tap cac dinh cta da dien I'. Dt

./ZFZ{foal'aEAF C fa#0 VéiinOéEV}.

aeC
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Khi d6 Ar 1a tap nta dai s6, md va tri mat trong Ar.
No6i cach khéac, theo dinh nghia, v6i mdi mat A € I'o(f), tap

{(f,x)GVZPXRn:Z—J;?(x):,“: g];i

(x):Ovaxl---xn#O}

12 tap nita dai s6 trong .,Zl/p x R™. T Dinh 1y Tarski-Seidenberg (xem
[BCR]) suy ra tap

NA = {f € ./Zlv]_—‘ : ton tai diem z € R", sao cho

Z—J;?(a:) == giﬁ(az) =0 va :Ul---a:n7é0}
Ia tap nita dai s6 trong Ar.
Lay
Dr=Ar\ |J Na
A€l (f)
Khi d6, Dr la tap nita dai s6, mé va trit mat trong Ar. ]

Bé6 dé 2.2.7. Cho f € Dr la da thite bi chan dudi. Khi do, vdi moi
mat A cia Uso(f), ta c6 fa >0 tréen R" va fa > 0 trén (R\ 0)".
Chiing minh. Lay A 1a mat bat ky cia I'(f). Trude hét, ta chi ra
rang fa > 0 tréen R™. That vay, vi fa 1a lien tuc, nén ta chi can ching
minh fa > 0 trén (R\ 0)".

Bing phan chiing, gia st ring ton tai diem 2" € (R \ 0)" sao cho
fa(z®) < 0. Lay J 1a tap con nhd nhat ctia tap {1,...,n} sao cho
A C I'o(f) NR7. Khi d6, ton tai véc to khac khong a € R™, véi

min;eya; < 0, sao cho

_ J . _ ;
A={ael(f)NR’ : {(a,«a) = Berlg.il(lfr)lmw(aﬁ)}.

Lay € 1a s6 thuc duong di nhé va xac dinh dudng cong ¢(t): (0,e) —
R™, ¢+ (¢1(1), ..., ¢a(t)), trong do

20t néu j € J,
o) =9 7 o
0 néu j ¢ J.
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Dit d := min,er (p)nrs(a, ), ro rang thay rang d < 0. Hon nia, ta

c6 thé viét
(o) = fa(a™)t? + cac s6 hang c6 bac cao hon theo bién t.
Vi fa(2?) <0, suy ra

lim f((t)) = —oo.

t—0+
mau thuan véi gia thiét.
Tiép theo, ta ching minh fo > 0 tréen (R \ 0)". That vay, gia su
ton tai diém 20 € (R \ {0})" sao cho fa(2°) = 0. Tt d6 suy ra 2° 1a
diém cyc ticéu toan cuc ctia fa trén R™. Hé qua, zo la diém t6i han

dfa

cua fa, tuc 1a, a—(a:O) =0 véi j = 1,...,n, dieu nay mau thuan
Lj
v6i gid thiét f € Dr (tic 1, f khong suy bién tai vo han). Vay, Bo

dé dugc chitng minh. O

Xét ham nta dai s6 Pr: R" — R xac dinh béi
Pr(z) = Z |z%].
acV

Chu y 2.2.8. Gia stt ton tai da thic f bi chan dudi sao cho I' = T'(f).
Khi d6 tat ca cac dinh ctia I' ¢6 toa do 1a s6 nguyen chin khong am,
do d6 Pr la mot ham da thuec.

B6 dé 2.2.9. Vdi moi x € R", diéu sau luon ding
Pr(z) < Z |z%| < N.Pp(x).
ael
Dac biet, néu da dien T la thuan tién, thi ham Pr la coercive trén R™

(tiac la lim||:vH—>+oo Pp(x) = +00).

Chiing minh. ViV C C, nén véi moi x € R", ta c6

Pr(z) =) [ <) Ja°,

acV aeC
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diéu nay ching minh bat ding thiic vé trai.

Dat v, ..., v" 1a cac dinh ctia da dien T, tic 1a V = {o!, ..., v*}.
Lay o € C bat ky, khi d6 ton tai cac s6 thue khong am A, ..., A, voi
A+ -+ A =1, sao cho

a= Mol + - 4 At

V6i moi x € R”, ta c6

et (g P ()

>\1\$U1|+---+/\k\x”k\
2| 4 |2 = Pr(e).

2] = |a

IA

IA

Do d6 > .cc |2®| < NPr(z), diéu nay ching minh bat dang thiic vé
phéi. Hon nita, néu da dién I' 1a thuan tién, khi d6 lim 4 Pr(z) =
~+00. [l

Bé dé 2.2.10. Gid st da dien T la thuan tién va f € Dr la mot da
thite bi chan dudi. Khi dé ton tai cdic hang so duong ci,ca, va r Sao
cho

a1 Pr(z) < f(x) < eoPr(z),
vdi moi x € R", ||x|| > r. Néi riéng, f la coercive trén R™.

Chiing minh. Bat ding thic vé trai ducc suy ra truc tiép tit Bo
d& 2.2.7 va [Gi, Pinh Iy 1.5].
Tiép theo, ta viét f(x) = > ¢ far®. Khi do

f@) < |f@)] <Y1 far® < e lat],

aeC a€eC
trong d6 ¢ := maxaec |fo|. Tit Bo dé 2.2.9 suy ra rang f(z) <
cN Pr(x) véi moi z € R", bat dang thitc vé phai duge chitng minh.
Khang dinh sau cling ctia Bo dé la hé qua truc tiép ctia bat déng
thitc trén va Bo dé 2.2.9. O
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Dit Ur := CrNDr, trong do6 Cr va Dr 1a cac tap nita dai s6, mé va
trit mat trong Ap dudc xac dinh nhu trong cac B dé 2.2.5 va 2.2.6,
tuong tng. Khi d6 Ur 1a tap ntta dai s6, mé va tri mat trong Ar.
B6 dé 2.2.11. Cho ' la mot da dién thuan tién, cho f la mot da
thic bat ky thuoe Up. Khi dé, néu f bi chan dudi thi f dat cuc tiéu
tréen R™ tai diém duy nhat o*.

Chiing minh. Theo Bo dé 2.2.10, da thic f 1a coercive. Dac biét, f c6

cuc tiéu toan cuc. Két hop diéu nay cling véi Bo dé 2.2.5, ta ¢ diéu

chiing minh. ]
Bé dé 2.2.12. Cho da dién T la thuan tién va f € Ur la da thic b
chan dudi. Voi méi u = (ug)acc € RY, dat f, = [+ ,cc Uat® €
Rlz].

Khi dé, ton tai e > 0 sao cho vdi moi ||ul| < €, ta cé f, € Ur. Hon
nda, cic khiang dinh sau la ding:

(i) Ton tai cic hang s6 duong ci,ca, va T sao cho
aPr(z) < fulr) <cPr(x), wvdimoi xR |z] >r;

(i) fu la coercive;

(iii) f, c6 diém cuc tieu toan cuc duy nhat x¥ € R™;

(iv) fu chi c6 cdc diém tdi han khong suy bién va cdc gid tri téi han
phan biét; hon nita, Hessian V2 f,(x%) cia f, tai x xdc dinh

duong;

(v) Phép tuong ing {u € RN : |u| < ¢} — R™, u s 2%, xdc dinh
mot anh xa gidi tich voi lim, 0 x; = x*, trong do x* la diém cuc
tiéu toan cuc duy nhat cia f trén R™.

Chamg minh. (i) Theo Bo dé 2.2.10, ton tai cAc hing s6 duong ¢}, cb,
va 1 sao cho

A Pr(z) < f(x) <dPr(z) véimoi zeR" |z||>r (2.2)
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Vi tap Ur md va trit mat, nén ton tai € € (0,¢)/N) sao cho vdi
moi U 1= (Uq)acc € RY, vé6i |Ju]| < ¢, ta luon co
fui=f+ Zua:co‘ € Ur.
aeC
Dac biét, v6i moi x € R",

f(:lf) Z‘ua O‘| < fu( = Zuax < f —|—Z|uaa:

aeC aeC ael

x) — EZ|:130‘| < fulz) < f(x) +eZ|xa\.

aeC aeC

Tit bat dang thiic (2.2) va Bo dé 2.2.9 suy ra rang

Do do

() —eN)Pr(z) < fulz) < (dy+eN)Pr(z) véi moi x € R, ||z|| > r.

R0 rang, cac hang s6 duong ¢; := ¢} —eN va ¢y := b+ €N thda méan
yéu cau bat déng thiic.

(ii) Didu nay 1a he qua true tiép ctia (i) va Bo dé 2.2.9.

(iii) Diéu nay duge suy tryc tiép ti (i) va Bo dé 2.2.11.

(iv) Vi 27 1a diém cyc tiéu toan cuc ctia f,, Hessian V2 f,(z}) cta

., tai 2 1a nia xac dinh duong. Diéu nay cuing véi Bo dé 2.2.5, suy
u

ra diéu phai chiing minh.

(v) Truée hét ta ching minh rang lim, o2 = z*. That vay, néu
[z > 7, thi

le%( ) <:fb( ) <:fh( — +‘§E:1h1
() +e> |(z

ael
Didu nay két hop véi tinh coercivity ctia da thic Pr (xem Bo
de 2.2.9), suy ra rang tap {z : |lu|| < €} 1a bi chan. Cha y

(%) + Y ualzy)® < fla) + Y ua(@})” = fula})

ael aeC

< fula®) = fl@h) + ) uala)”
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Hé qua, ta c6 f(z*) = lim,_so fu(z}). Bay gio, ki hieu y* 1a diém hoi
tu khéac cta day {x’} khi v — 0. Khi d6
f(x*) = lim fu(z*) = lim [ fx) + Zua(x:;)a]

u—0 u—0 —
= lim () = [,
suy ra y* = x*, béi vi 2* la diém cuc ticu duy nhat cia f. Do dé,
lim, o x; = ™.
Tiép theo, ta dinh nghia anh xa da thic
O: R" xUr — R", (z,u) = ®(z,u) == Vf,(z),

va xét hé phuong trinh ®(z,u) = 0. Tu dinh nghia suy ra

rank D®(x*,0) = rankV? f(z*) = n.

Theo dinh 1y ham an va cach chon € nho tity ¥ néu can, ton tai duy

nhat anh xa giai tich
s:{u e RY : |lul| < e} = R", u~ s(u),

sao cho s(0) = z* va ®(s(u),u) = 0 v6i ||lu|| < €. N6i cach khac, vi
x¥ 1a diém cyc tiéu toan cuc cta f,, ®(zF, u) = V fu(z}) = 0 v6i moi
|lu|]| < €. Theo tinh duy nhat nghiém s ctia heé ®(x,u) = 0 trong lan

can ciia diem (z*,0), ta c6 s(u) = z¥ véi moi |lul| < . O
Bay gio ching ta sé hoan thanh ching minh ctia Dinh 1y 2.2.1.

Chiing minh dinh ly 2.2.1. Gia sit rang da dién I' 14 thuan tién. Theo
Bo6 dé 2.2.4, 2.2.5, va 2.2.6, Ur := Br NCr N Dr 1a tap nita dai s6, mé
va trlit mat trong Ar.

Lay bat ky f € Ur va gid st rang f 14 bi chan dudi, tic 1a,
inf,cge f(x) > —00. Theo Bb dé 2.2.11, f c¢6 duy nhat cyc tiéu toan

cuc ¥ € R".
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V6i mbi u := (Ug)aec € RY, xéc dinh f, := 4, cc uar® € Rlz].
Lay € > 0 sao cho két luan ctia Bo dé 2.2.12 théa méan. Diéu con lai
ta phai chiing minh (ii4). Dé lam diéu nay, lay {z,} C R" la day tuy
¢ véi

lim|f,(x,) — inf f, =0.
lim [ ,(2) — inf fu(x)] =0

Ta sé chi ra rang lim,_,o 2, = =*. That vay, ta co

[fulww) = )] < | fulwn) = fulz)| + [fuley,) — f(27)]
[fulww) = b fu(@)] + [ fulzy) = f(@7)].

He qua, lim, .o fu(z,) = f(2*). Tu Bo dé 2.2.12 suy ra rang néu
|zu|l > 7, thi e1 Pr(xy,) < fu(zy), va do vay c1 Pr(x,) < f(a*) + M
v6i s6 thue M nao d6 di 16n. Chia ¥ rang Pr(z) 1a coercive do Bo
de 2.2.9. Do do, tap {z, : |lu|]| < €} bi chan. Cudi cung, lay y* 1a
diém hoi tu khac ctia day {z,} khi u — 0. Khi d6

f(x®) = lim f,(z,) m [f(:vu) + Zua(xu)a] = lim f(z,) = f(y"),

=1
u—0 u—0 u—0
aeC

suy ra y* = 2* béi vi 2* 1a diém cuc tiéu duy nhat cta f. Do do,

lim, oz, = z*. Chiing minh dinh 1y dugc hoan thanh. O
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Chuong 3

Bat dang thic Lojasiewicz toan
cuc cua ham da thic

Cho f(z1,%9,...,x,) la mot ham giéi tich trén tap compact U C
R",0 € U, véi f(0) = 0. Khi d6 bat dang thitc Lojasiewicz co dién
[Lo] khang dinh réng, ton tai hing s o > 0 va ¢ > 0 sao cho

|f(z)| > cdist(z, f~1(0))*, v6i moi = € U, (3.1)
trong d6 dist(x, f71(0)) 1a khoang cach Euclid thong thudng trong
R™ tit diem x dén tap f1(0).

Sy ton tai bat dang thiic (3.1) chiing t6 rang:
e Néu gia tri | f(z)| gan dén 0 thi khoang cach tit diém z dén tap
f7Y0) ciing gan dén 0.
e Néu ham gii tich f triet tieu tai mot diem thi noé triet tieu véi
mot "bac" hitu han (s6 «).
Bat dang thiic (3.1) duge thiét 1lap mot cach doc lap bdi Hérmander
(1958, truong hop f la da thic) va Lojasiewicz (1959, truong hop f 1a
ham gidi tich) dé gidi quyét mot bai toan quan trong trong ly thuyét

cac phuong trinh dao ham riéng, d6 1& bai todn chia mot phan bd cho
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mot da thiic (xem [Lo|, [Ho]). Nhu moi § tudng sau sic clia toan hoc,
bat dang thic nay tim dudc tng dung trong nhiéu van dé cia céc
linh vuc toan hoc khac nhau, tir gidi tich toan hoc, 1y thuyét t6i uu,
dén hinh hoc dai s6 va to po ([BM], [Br], [Hal], [Ha2],[KMP], [Kur],
[Te],...).

Trong bat dang thic (3.1), néu thay tap compact U bing toan bo
R” thi néi chung bat dang thic kiéu nhu trén khong phai khi nao
ciing ton tai. Hay néi cach khéc, dang toan cuc clia bat dang thic
Lojasiewicz néi chung 1a khong ton tai.

Viéc nghién cttu bat dang thiic Lojasiewicz toan cuc duge tién hanh
lan dau tién trong cong trinh [DHT], va dudc tiép tuc phét trién béi
nhiing tac gia khac ([DKL], [HNS], [Ha2], [OR],...).

Ta nhic lai két qua sau day ctia [Ha2].

Dinh 1y 3.0.13. ([Ha2/) Cho f la da thic n bién, T°°(f) la da dién
Newton tai vo han cia f. Gid si rang, T°°(f) la thuan tién. Khi do,
néu f la khong suy bién theo Kouchnirenko thi ton tai cdc hang so6

duong o, 3, ¢ sao cho

[F@)I" + 1f (@)” > edist(x, f~1(0)),
vdir moi x € R™.

Vi tap cac da thiic khong suy bién doéi véi da dien Newton lap
thanh mot tap md va trit mat trong khong gian tat ca cic da thiic c6
cing mot da dién Newton, nén tit két qua trén ta thiy riang, véi hau
hét cac da thic f khong suy bién theo Kouchnirenko va c¢6 da dién
Newton thuan tién, bat dang thitc Lojasiewicz toan cuc luon ton tai
déi vai f.

Chuong nay tap trung nghién citu bat déng thic Lojasiewicz toan
cuc ctia da thiic khong thda man diéu kién khong suy bién.

Trong [DHT], cic tac gid da dua ra mot tieu chuan cho sy ton tai
ctia bat ding thic Lojasiewicz toan cuc cho trusng hgp f 1a ham da

thic. Tuy nhién, viec kiém tra tiéu chuan dé la rat kho.
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Trong chuong nay, ching toi dua ra mot tiéu chuan khéac. Tieu
chuan méi nay cho phép kiém tra su ton tai bat ding thic Lojasiewicz
toan cuc clia da thiic f mot cach hitu hiéu hon hén.

Gia st f: R" — R la da thiic bac d ¢6 dang

fxr, ..., 2,) = agz? 4+ a1 () + . 4 ag(2), (3.2)

trong d6 a;(z') 1a cac da thic theo bién ©' = (x1,29,...,2,1), €O
0

bac khong vugt qua i. Dat Vi: = {x € R": a—f = 0}.
Ln

Chiing toi sé ching té ring tap V) c¢6 thé duge xem nhu la tap kiém
tra (testing set) sy ton tai bat dang thitc Lojasiewicz toan cuc ctia f.
Ngoai ra cac s6 mit Lojasiewicz ciing duge khio sat trong chuong. 0
day ching toi danh gia cidc s6 mil Lojasiewicz toan cuc ctia f thong
qua cac sO6 mii Lojasiewicz ctia f trén V; va bac d clia no.

Noi dung ctia Chuong nay dugc viét duya theo cac Muc 2, 4 va
mot phan Muc 3 ciia bai bAo Huy Vui Ha and Van Doat Dang,
On the Global Lojasiewicz inequality for polynomial functions. (34

pp)(accepted for publication in Annales Polonici Mathematici.)

3.1 Giéi thiéu bai toan

Bat dang thiic (3.1) khong con dung trén toan bo R" 13 do hai
nguyén nhan dé thay:

* ¢6 thé tién dén 0, trong

a) Gia tri cia f trén mot day diém z
khi day gia tri khodng cach dist(x*, f~1(0)) luon 16n hon mot sb

duong M nao dé (xem [DHT], vi du 3.2);

b) Gié tri clia f trén mot day diém x* bi chan béi mot s6 duong M
nao do, trong khi day gia tri khoang cach dist(z*, f~1(0)) tién
ra +o00, (xem [DHT], vi du 3.3).
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Néu f: R" — R 1a ham da thic, trong [DHT] da dua ra mot tieu
chuan cho sy ton tai ctia bat déng thiic Lojasiewicz toan cuc trén R”

nhu sau
(i) Ton tai cac hang s6 duong ¢, d, o sao cho
|f(z)| > cdist(z, f71(0))*, v6i moi z € R", |f(z)| <6
néu va chi néu f khong c¢6 day loai mot 2* tréen R™ theo nghia
z* — oo, |f(z)] = 0, dist(z", f71(0)) > M > 0.
S6  Lo(f): =inf{ag: |f(z)| > edist(x, f~1(0))%,
Ve € R, |f(2)] < o),
goi 1 56 mii Lojasiewicz gan tap f~(0) cia f.
(i) Ton tai cac hang s6 duong ¢, A, as sao cho
|f(2)| > cdist(x, f71(0))*<, v6i moi z € R™,|f(z)| > A
néu va chi néu f khong c¢6 day loai hai z* trén R” theo nghia
2" — oo, |f(2")] < M < +oo,dist(z", f71(0)) — +o0.
S6  Loo(f): =sup{as : |f(z)] > cdist(z, f1(0))*,
vr e B |f(x)] > A},
goi 1 56 mii Lojasiewicz za tap f~1(0) cia f.
(iii) Ton tai cdc hang s6 duong ¢, ag, e S0 cho
|f(z)| > cmin{dist(z, f~1(0))™, dist(z, f1(0))*=}  (3.3)
v6i moi x € R™ néu va chi néu f khong cé cac day loai mot va

day loai hai trén R".

34



Trong chuong nay, chiing toi luon goi (3.3) 1a bat dang thiic Lojasiewicz
toan cuc cua f.

Tt nhitng van dé & trén, ching to6i quan tam hai cau héi sau:
Cau héi 1: Lam thé nao dé kiém tra dieu kien (i) ding hay khong
ding?

Cau héi 2: Néu dicu kien (i) ding, thi tinh cdc s6 mi Lojasiewicz
Lo(f), Loo(f) nhu thé nao?

Chiing toi sé dua ra cau tra loi day du cho cac cau hoi trén trong
truong hop f 1a da thic hai bién (xem Chuong 4).

Trong toan bo chuong nay, luon gia st f: R" — R la da thic bac

d c6 dang

f(xh s 75671) - aoig + al(ZU/)Q’Jg_l T+t ad(xl)7 (34)

trong d6 moi a;(x’),i = 0,...,d la da thic bac khong vuot qua i theo
bién 2’ = (x1,...,Tp_1).
Dat o/
Vi: ={zxeR": =0},
10 ={x o }

ta sé ching t6 rang tap V; c6 thé dugc xem nhu la tap kiém tra
(testing set) su ton tai bat dang thiic Lojasiewicz toan cuc ciia f. Tiic
la, bat dang thitc dang (3.3) luon dang véi moi x € R™ néu va chi
néu c6 bat dang thitc dang tuong tu (c6 thé khac nhau vé hé sé va s6
mii) luon dung v6i moi = thuoc tap V;. Su kién nay rat hitu ich khi
chiing ta nghién citu bat dang thiic Lojasiewicz toan cuc clia da thic
f trong truong hop hai bién.

Ngoai Muc 3.1. gi6i thiéu bai toan, trong chuong con c6 3 muc
khac. Muc 3.2, trinh bay bat ding thic Lojasiewicz clia f trén tap
V,. Tuy theo dang diéu ctia f trén tap V;, néu bat dang thic ton
tai thi n6 sé c6 mot trong béon dang, trong dé6 mdi dang sé dugc chi
ra 16 rang s6 mii nao trong cac s6 mii Lojasiewicz dugc tham du.
Muc 3.3, nghién cttu bat ding thic Lojasiewicz toan cuc cla f. o)

do, ching toi chitng minh bat dang thiic Lojasiewicz toan cuc cia f
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ton tai néu va chi néu bat dang thic Lojasiewicz ctia f trén V; ton
tai. Dieu d6 ching t6 tap V; la tap kiém tra su ton tai bat dang thic
Lojasiewicz toan cuc ctia f. Hon nita, nhu trong Muc 3.2, bat ding
thitc Lojasiewicz toan cuc clia f ciing c¢6 bon dang, mdi dang trong
chiing tuong ting v6i mot dang bat dang thic Lojasiewicz clia f trén
V1. Cac s6 mil Lojasiewicz duge khao sat trong Muc 3.4. o) day, chiing
toi danh gia cac s6 mii Lojasiewicz toan cuc ctia f thong qua céac sb
mu Lojasiewicz cua f trén V) va bac d ctia né. Hon nita, ching toi
ciing chi ra mot vai truong hop cu thé ma sé mit Lojasiewicz toan cuc
ctia f dugc tinh theo s6 mil Lojasiewicz ciia f trén tap V) va bac d
cua no.

Vai tro cia tap V; trong viéc nghién ctiu bat dang thitc Lojasiewicz
da dugc quan tam trong [DHT], [DKL] va [HNS]. Tap V; la tap kiém
tra cho su ton tai bat ding thic Lojasiewicz clia mam ham tron da

dugc trinh bay trong [Ha3).

3.2 BAat dang thiic Lojasiewicz trén tap V;

Nhéc lai rang, f: R” — R la da thiic bac d c¢6 dang
@' x,) = apx? + ar(2)ad™ 4 -+ ag(2),
trong d6 2’ = (x1,...,2,-1) V&
of
Vi: ={x e R": =0}.
! { oz, )
Trude hét, gia st Vi 1a tap khac réng va khong chita trong tap f~1(0).

Dinh nghia 3.2.1. Day {z*} C R" dugc goi la day loai mot cia f

tréen V; C R™ néu cac diéu kién sau duge thoa man

{z*}y c Wi, 2" = 00, f(z") =0

dist(z", f71(0)) > M >0, véisb duong M nao dé.
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Meénh dé 3.2.2. Cdc phdt biéu sau la tuong duong
(i) Khong ton tai day loai mot cia f trén Vi;

(ii) Ton tai hang s6 duong 0 sao cho hodc tap {x € R™ : |f(z)] <
6}NV1 bang rong hodc ton tai hang so duong ¢ va so hitu ti duong
Ly(V1) sao cho

|f(x)] > edist(z, f71(0))0),
vdi moi x € {x € R" : |f(x)] <5} NV
Chitng minh. (i)= (ii). Dat

fer = inf [f(z)].

reV]

Néu f, > 0 thi v6i 0 < 0 < f,, tap {z € R : |f(x)] < d} NV} bang
rong.

Gid st f. = 0. Véi t > 0, dat

p(t) = sup  dist(z, f1(0)).
F@)l=tachi

Vi f. =0, tap {x € R" : |f(x)| = t} N V; khéc rong v6i mdi ¢ > 0
di gan 0. Theo (i), ¢(t) hoan toan xac dinh tren [0,6), véi 6 > 0 du
nhé. T dinh 1y Tarski - Seidenberg, suy ra o(¢) 1a ham nita dai sb.
Hon nita, tit diéu kién (i) suy ra ¢(t) — 0 khi ¢ — 0. Do d6, ton tai
co # 0 va s6 hitu t1 duong «(V}) sao cho

o(t) = cot®™) 4 o(t*M)), véi t — 0.

, ta co

B 1
a(V1)
()] > cdist(z, £71(0))M),

véi moi x € {x € R" : |f(z)] < §} NV} va véi 6 du nho.
(ii)=(i) ching minh dé dang. O
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Nhan xét 3.2.3. S6 mi Ly(V}) trong chiing minh trén bang infimum

ciia « > 0 sao cho bat dang thiic sau luon ding
Jc> 0,6 >0,|f(z)| > cdist(x, f1(0)), (3.5)
véimoi x € ViN{x e R": |f(z)| < d}.

Dinh nghia 3.2.4. Day {2*} C R" dugc goi la déy logi hai cia f

tréen V; C R™ néu cac dieu kién sau duge thoa man

{2} c Vi, 2% — oo, dist(zF, £71(0)) = +o0,

va
|£(2M)| < M < +o0, vé6i sb duong M nao do.
Dat
xe — inf .

Dinh 1y 3.2.5. (Bat dang thitc Lojasiewicz ctia f trén Vi)
Cdc phdt biéu sau la tuong duong

(i) Khong ton tai cdc day logi mot va logi hai cia f trén Vi;
(ii) Cdc khdang dinh sau la ding

(a) Néu f, > 0 va ham dist(x, f~1(0)) bi chan trén Vi thi vdi moi
p >0, ton tai hang s6 ¢ > 0 sao cho

|f (z)] > edist(x, £71(0))",
vdi moi x € V;

(b) Néu f. > 0 va ham dist(x, f~1(0)) khong bi chan trén Vi thi ton
tai hang s6 ¢ > 0 va s6 hitu ti Loo(V1) > 0 sao cho

£ ()| > cdist(z, £71(0)) =),

vdi moi x € Vi,
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(¢) Néu f. = 0 va ham dist(z, f~1(0)) b chan trén Vi thi ton tai
hang s6 ¢ > 0 va s6 hitu ti Lo(V1) > 0 sao cho

f(z)] > edist(z, f~1(0))~"),
vor moi x € Vi;

(d) Néu f, =0 va ham dist(x, f~1(0)) khong bi chdn trén tap Vi th
ton tai hang so6 ¢ > 0 va cdc $6 hitu ti duong L (V1), Lo(V1) sao

cho
| F(2)] = emin{dist(x, f7(0))*M), dist(w, f(0))~"},
vdi moi x € V.
Ching minh. (i) = (i) 14 hién nhien.
(i) = (ii):
Chitng minh (a): Gia st f, > 0 va
dist(z, f~1(0)) < D < +o0, véi moi x € V],

Lay p > 0, khi d6 véi moi x € V4, ta co6

7@ 2 1. = L dist(a, 1 0),

do d6 (a) dung.
Chatng minh (b): Gia st f, > 0 va ham dist(z, f~1(0)) khong bi chin
tren V1. Vi f khong c6 day loai hai trén Vi, nén dé dang thay

{z eR":[f(z)| =t} N V1 #0,
v6l moi t > 0 va t du lé6n.
Dat

o(t):= sup dist(z, f(0)).
|f(z)|=t,xeWr

Tu (i), suy ra (t) 1a ham ntta dai s6 trén [A, +00). Do d6, ton tai
s6 hitu t1 5(V1) va hdng s6 duong ¢j sao cho

o(t) = cot®™) + o(t® ")), khi t — oo.
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Hon nita, vi ham dist(x, f~1(0)) khong bi chan trén V4 va ham o(t) —
oo khi t — oo, do d6 5(V1) > 0.

1 P 2
Dat Lo(V1) = m, bat dang thiic trén suy ra

[f@)] = edist(x, f7(0)~"),
véimoi x € {x € R" : |f(z)] > A} nVy, v6i A > 0 du 16n.
Vi f khong c6 day loai hai trén V;, nén ham dist(z, f~1(0)) phai bi
chan trén tap

e £, < |f(0) < A} Vi
Vi vay, ta c6 bat dang thiic
|f(x)| > ddist(z, f710)*~M) v6i moi z € Vi,

trong do6 ¢’ 1a hang s6 duong.
Chaing minh (c): Gia st f, = 0 v ham dist(z, f~1(0)) bi chan trén
V1. Vi f khong c6 day loai mot trén V4, nén theo Ménh dé 3.2.2, ton
tai cac hing s6 ¢ > 0 v § > 0 sao cho

|f(x)] > edist(z, f71(0))50),

véi moi x € {x € R" : |f(x)] <} NV
Vi dist(z, f71(0)) < D trén tap {x € R" : |f(x)| > 6} N V;i. Chon
J

/

c ta co

- DELo(V1)’
|f(z)| > ddist(z, f_l(O))‘CO(Vl),
voi moi x € {x € R": |f(x)] > 6} N V.

Vi vay, ta co
|f(x)| > min(c, ¢)dist(x, f71(0))5°M) | véi moi x € V1.

Chatng minh (d): Gid st f, = 0 va ham dist(z, f~1(0)) khong bi chin
trén V).
Dat

o(t):= sup dist(z, f1(0)).
|f(x)\=t,x€V1
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Vi (i) luon dang, nén ¢ la ham ntta dai s6 xac dinh trén (0,0) va

[A; +00), trong d6 6 > 0 di nho va A > 0 du 16n. Khi d6 ta c6
o(t) = cot®V) + o(t*")), khi t — 0

va
o(t) = cht? M) 4+ o(tPV)), khi t — 400

Do d6, ton tai 6 > 0 di nhd, A > 0 du 16n va ¢ > 0 sao cho
f(z)| > ddist(z, f7H(0))0),

véi moi x € {z € R"[|f(x)] <} N Vi va
f(@)] > ddist(z, f(0))=M),

véimoi x € {x e R" : |f(z)| > A} N V1.
Vi khong ton tai diy loai hai ctia f trén V4, ham dist(z, f~1(0))
bi chan tren {x € R" : 6 < |f(x)| < A} N V1. Vi vay, dé dang thay

rang ton tai ¢ > 0 sao cho
()] > cmin{dist(z, f~(0))°M"), dist(x, f71(0))*~"},
v6i moi x € V7. Dinh 1y 3.2.5 dugc ching minh. ]

Nhan xét 3.2.6. S6 ma L (V}) trong chiing minh trén bang super-

mum cta 3 > 0 sao cho bat dang thiic sau luén ding
Je > 0,3A > 0, |f(z)] > cdist(z, f1(0))”, (3.6)
véi moi x € Vq, |f(x)] > A.

Dinh nghia 3.2.7. S6 mi Ly(V1) va L(V1) duge goi 1a s6 mi
Lojasiewicz gan tap f~1(0) va za tap f~1(0) cia f trén Vi, tuong
ung.
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3.3 BAat dang thiic Lojasiewicz toan cuc

Trong phan nay, ching té6i ching minh bat ding thic Lojasiewicz
toan cuc clia f ton tai néu va chi néu bat dang thic Lojasiewicz ciia
f trén V; ton tai. Hon nita, cic dang ctia bat déng thic Lojasiewicz
toan cuc ciia f dudc dua ra tuong ing véi cac dang ctia bat dang thic
Lojasiewicz ctia f trén V.

Truée hét, chung toi xét truong hop V4 1a tap rdng hoic Vi C
f7H0).

Dinh 1y 3.3.1. Gid stV la tap mong hodc Vi C f~1(0). Khi dé, ton

tai hang s6 ¢ > 0 sao cho

[f(2)] > edist(x, f71(0))",
vdi moi x € R™.
Chitng minh. Két qua nay 13 hé qua tryc tiép ctia Dinh 1y 2.1 trong
[HNS], néi ring néu f: R” — R la ham 16p C? sao cho

of

W(wﬂ > p >0, v6i moi x € R",
n

khi do

|f(z )|_d' s dist(z, ViU f~ L0)?, v6i moi z € R™.

[]

Két qua ngay dudi day dong vai tro then chdt cho viec nghién ciu
bat dang thitc Lojasiewicz.

Bo dé 3.3.2. Cho f(x) la da thitc dang (3.4) va diem x = (2',x,,) €
R x R, 2z ¢ f710)U V4. Khi do, ton tai diem z* = (2/,2%) €

R x R théa man cic diéu kién sau
(i) ¥ € f71(0) U Vi;
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(i) |f(2")| < [f(2)];
k
(iii) ||z — a*|| < (2€)]|ao|d!(d 4+ )a|f(x)]4, e = lim (1 + %) :

Chimg minh. Lay batky x = (2/,z,) € R" xR saochox ¢ f~(0)U
Vi. Dat o(t): = f(2,1) va Q) ={t € R:[o(t)] < [f(z)[}.

Vi | D (t)| = |ag|d! v6i moi t € R, theo B6 dé Van der Corput (xem
[Gr], 2.6.2) ta c6

mesQ(') < (2€)[|aold!(d + 11| f ()] (3.7)
Do Q(2') 1a tap nita dai s6 trong R, nén
Q(x,) - Uf:l[aiv b@] U {ylu < 7y8}7

trong do6 a; < b; va

(2 ai)| = |f (&, b)) = 1 f (2" )] = |f ()],

VGii=1,...  kj=1,.. .5

Hién nhién, =, € {ay,...,ar,b1,. .., be, Y1, ..., Ys}.

Ta can ching minh z,, € {a1,...,ax,by1,..., bk}

Bang phan ching, gid st khong c¢6 truong hop nao, tic 1a z, = y;
v6i j € {1,...,s} nao d6. Vi y; la diém co lap ctia Q(z'), khi d6 ham
©(t) dat cyc tri dia phuong tai diém x, = yj. Suy ra

W) = 2L

ar T 6l‘n(x) =0,

nghia 14 z € Vi, mau thudn. Vi vay, khong mét tinh tong quat, gia

st rang x, = a;. Khi do, vi

[f(@',a1)] = [f(2', b)) = | f(z)] # 0,

nén f(z',a1)f(2',b1) < 0 hodc f(2,a1)f(2',b1) > 0.
Trude hét, gia s f(a',a1)f(2',by) < 0. Khi do, ton tai t; € (ag,by)
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sao cho f(z',t1) = 0. Do d6, diem x* = (2, ¢;) thuoc vao tap f~1(0).
Theo (3.7), ta ¢

lo — 2% = a1 — 1] < mesQa’) < (2€)[|aold!(d + 1)!]7| f ()]

va ¥ théa man (i) - (iii).

Bay gio, gid su f(2',a1)f(2',b1) > 0. Khi d6, ta c6 f(a';a1) =
f(«',b1) € {£]f(2)|}. Theo dinh 1y Rolle, ton tai diem ¢y € (a1, b)
sao cho o (2, ty) = 0.

bat z*: = (2/,ty), khi d6 z* € V5. Vi ty € (a1,b1) C Q(2),
[f (@) < |f ()] va

|z — 2*|| < (2€)[|agld!(d + 1)) 4| f ()] 4.

B6 dé 3.3.2 dugc chitng minh. N

Dinh ly 3.3.3. (Bit dang thitc Lojasiewicz toan cuc)
Cidc phdt biéu sau la tuong duong

(i) Khong ton tai cac day loai mot va loai hai cia f trén R™;
(ii) Ton tai cdac hang s6 ¢ > 0,a > 0 va § > 0 sao cho
|f ()] > cmin{dist(z, f(0))*, dist(x, f~(0))"},
vdi mot x € R"™;
(iit) Khong ton tai cdac day logi mot va logi hai cia f trén Vi;
(iv) Cédc khang dinh sau la ding

(a) Néu f, > 0 va ham dist(z, f~1(0)) bj chan tréen Vi, khi dé ton

tai hang s6 ¢ > 0 sao cho

[f(@)| = edist(z, f71(0))",

vor moi x € R",;
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(b) Néu f. > 0 va ham dist(z, f~1(0)) khong bi chan tren Vi, khi do

ton tai hang so ¢ > 0 sao cho
|f(2)] > emin{dist(x, f(0))*"), dist(x, f7(0))",
vdi mot x € R"™;
(¢c) Néu f. = 0 va ham dist(x, f~1(0)) bi chan trén Vi, khi dé ton
tai hang so ¢ > 0 sao cho
|f ()] = emin{dist(z, f~1(0))"), dist(x, f~(0))},
vdi mot x € R™;
(d) Néu f. =0 va ham dist(z, f~1(0)) khong bi chan trén Vi, khi do
ton tai hang so ¢ > 0 sao cho
|f(2)] > emin{dist(z, f~(0))*M"), dist(z, f71(0)) "),
dist(z, f(0))},
vdi moi x € R™.

Chiing minh. (1)< (i) da dugce ching minh trong ([DHT], Meénh dé
3.10).

Dé dang ching minh duge (i) = (iii) va (iv) = (i).

Phan con lai chi can chiing minh (iii) = (iv). Trudc hét can bod dé

sau:

B dé 3.3.4. Gid st ton tai cdc hing s6 co > 0 va p1 > 0,...,ps >0

sao cho
|f(2)| > comin{dist(x, f~1(0))",i=1,...,5}, (3.8)
vdi moi x € Vy. Khi dé, ton tai hang so ¢ > 0 sao cho

()| > cmin{dist(z, f1(0))", dist(z, fH(0))4,i=1,...,s},

voi mot x € R".
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Chitng minh Bo dé 8.8.4. Xét x = (2/,x,) la diém bat ky cia
R"™™ x R = R" Néu x € f~!(0) thi (3.9) hién nhien ding. Néu

x € Vi, thi (3.9) dugc suy ra ti (3.8).

Bay gio gia st @ ¢ f71(0) U V4, khi d6 theo B6 dé 3.3.2, ton tai

z* € R"™ sao cho

z* € ViU f710), | f(2")] < [ f(2)
va
(2¢)Maold!(d + )] 7 [z — 2™|| < |f(2)]7
R6 rang, néu x* € £71(0) thi (3.9) dugc suy ra tit (3.11).
Gia st 2* € V1. Goi H(z*) 1a diém trén f~1(0) sao cho

dist(z®, f~1(0)) = [|2" — H(z")].

Xét hai kha nang xay ra.
Néu
| — 2™ < [la" = H (2],

thi

(3.10)

(3.11)

dist(z, f1(0)) < |lo— H(2")|| < 2l|]a" — H(2")|| = 2dist(z", f~(0)).

Vip,>0,v6it=1,2,...,s, tacod
2 Pidist(x, f1(0))" < dist(z*, f1(0))”.

Khi d6 (3.9) dé dang dugce suy ra tur (3.8) va (3.10).
Néu
[ — 2| = [la" = H(2")],
thi
dist(z, f71(0)) < 2|z — 7|

Do do, theo (3.11), ton tai ¢ > 0 sao cho

cdist(z, f~1(0))" < |f(2)].
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va (3.9) luon ding. Bo dé 3.3.4 duge chitng minh.

Bay gio chiing ta chitng minh (iii)= (iv): Cac khang dinh (b), (c)
va (d) dugc suy ra tit Dinh Iy 3.2.5 va Bo dé 3.3.4.
Ta ching minh (a). Theo Dinh ly 3.2.5, néu f, > 0 va néu ham
dist(x, f71(0)) bi chan trén tap Vi, khi d6 v6i moi p > 0, ton tai
co > 0 sao cho

|f(z)] > codist(z, f71(0))7, (3.12)

v6l moi x € V.
Chon p = d trong (3.12), khi d6 khang dinh (a) ctia (iv) dugc suy ra
tir (3.12) va Bo dé 3.3.4. Dinh 1y 3.3.3 dudc chitng minh. O

Bay gid ta xét cau héi: Kiém tra diéu kién ton tai bat dang thic
Lojasiewicz bang cach nao?
Néu n > 2, bai toan van con khé, nhung véi n = 2, thi n6 dé dang

dugc kiem tra trong Chuong 4.

3.4 S6 mi ctia bat dang thitc Lojasiewicz
Trong muc nay, luon gia sit
e f la da thitc ¢6 dang (3.4);
e Bat dang thic Lojasiewicz toan cuc ciia f luén ton tai.

Khi d6 ta c6 thé dinh nghia s6 mi Lo(f) va Loo(f), dude goi tuong
tng 1a s6 mi Lojasiewicz gan tap f~1(0) va s6 mi Lojasiewicz va tip
f7Y0) ctia f trén R".

Trude khi dinh nghia Lo(f) va L (f), ching toi bat dau véi mot két
qué don gidn. Néu h(t) va g(t) 1a cdc ham s6 duong theo bién ¢t € R,
ki higu h(t) < g(t) dugc hiéu la

lim@:c%(}

t=00 g(t)
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Bo dé 3.4.1. Cho f la da thic dang (3.4) va (0,a) € R"! x R. Khi
do ta co
[£(0,0)] = la] = dist((0,), f(0))"

Chatng minh. Hién nhien |£(0,a)| < |al®.

Ta sé ching minh |a|? < dist((0,a), f1(0))?, diéu dé cé nghia la
la| =< dist((0,a), f~1(0)).

Khang dinh. Ton tai cac hing s6 » > 0 va ¢ > 0 sao cho néu
(', M(z')) € R"! x R 13 mot diém caa f71(0), v6i ||2/]] > r, thi

[A(2")] < ef|']|.
Chitng minh khdang dinh: Bang phan chiing, gia si ton tai mot day

k(% \(2/F h Ky — 0 va I |>\(5U/k)‘ o Khi
" = (2", AM(2"")) — oo sao cho f(z") = 0 va lim G| = 00. Khi

do, vi
f(2 x,) = aoxﬁ + al(x')xg_l + o+ ag(2)

va deg(a;(x')) < i, nén ta c6

- ag(2"®))] "
lim AP — 0 khi [|z™]] — oc.
Hon nita, (2%, \(2’%)) € f71(0), néen
al(x/k) ad(x/k)
U AN
ap + )\(x’k) + + )\(x/k)d ’

suy ra ag = 0, diéu ndy mau thuan gia thiét.
Trong phan nay ching toi st dung chuan [! tréen R" : Néu o =
(1,...,2,) € R" thi

n
H(xh cee 7xn)Hl1: = Z |ZL’Z|
i=1

Lay ¢ va r nhu trong khang dinh trén va lay (2, z.0) € f1(0), ta c6

dist(0,a), £ (0) < 110, ) (20 o
= ||l + |a — xpo| ~ |al. (3.13)
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Xét (2'(a), M(2'(a))) € R* x R 1a diém thuoc f~1(0) sao cho

dist((0,a), f7(0)) = [[(2/(a), A('(a))) — (0, 0)]l.

Vi khoéang cach tit diém (2/(a), A(2/(a))) dén siéu phang z,, = 0 bing

|IA(2'(a))], nén ta c6

lal = (0, a) = (0,0)[|n
< [[(0,a) = (@(a), Mz (@) [ln + [A("(a))].  (3.14)

Tru6e hét, gia st ||2'(a)|[p < r. Khi d6, vi f ¢6 dang (3.4), nén tap
{(z/,2,) ER" xR ||2'||p <7, f(a',2,) =0}

la compact. Do d6 ton tai hang s6 ¢(r) > 0 sao cho |z,| < ¢(r) néu
fl@ x,) =0va ||| <7 Tu (3.14) suy ra

la] < [|(0,a) = (2'(a), A" (a))[|ln + »(r)
= dist((0,a), f1(0)) 4+ ¢(r) =< dist((0,a), f~1(0)) (3.15)

Tit (3.13) va (3.15), ta c6
Jal = dist((0,a), £(0)) néu [l (@)l < r
Gia su ||2'(a)||; > r, khi d6 tir (3.14) suy ra

lal < Jl2'(a)lln + |a — Aa'(a)] + [A(2'(a))]
12" (@)l + la — A2 (a))] + cl|2(a)]|n
(c+ D" (@)lln + la — A(2(a))])
(c+ 1)dist((0,a), f(0)).

IAIA

Vay |a| < dist((0,a), f~1(0)) va Bo dé 3.4.1 duge chitng minh. [
Gia stt khong ton tai cac day loai mot va loai hai ctia f trén R™.
Khi d6 ham

o(t) = sup dist(x, f1(0)),
| f(z)|=t
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hoan toan xac dinh trén khoang (0, +00) va 1a ham nita dai s6. Do

do, ton tai cac hang s6 cp > 0, cs > 0 va cac s6 hitu ti o va 3 sao cho
o(t) = cot® + o(tY), mnéu t — 0,

va
©(t) = coot” + 0o(t?), mnéu t — oo.

Vi khong c¢6 day loai mot nén ¢(t) — 0 néu t — 0, do d6 a > 0.
Tit Bo dé 3.4.1 suy ra o(t) — +oo néu t — +o00, didu nay kéo theo
£ > 0.

1 1 R
Dat Lo(f) = - va Loo(f) = i khi d6 ton tai 6 € (0,1) du nho,

A > 1 du 16n va cac hing s6 ¢; > 0, ¢y > 0 sao cho

()] > erdist(z, F71(0))Y) véi moi x € {x € R" : |f(z)| < 8},
va

£ ()| > codist(x, F71(0))>W), v6i moi z € {z € R" : |f(2)] > Al

Hon nita, s6 ma Ly(f) vad Loo(f) théa man cac cong thitc tuong tng

sau
Lo(f) =1inf{p>0:35 >0 va ¢ > 0sao cho
|f(2)] > edist(w, f(0))" (3.16)
voi moix € {x € R" : |f(z)| < d}}.
va

Loo(f)=sup{p>0:3A>1 vad ¢ > 0 sao cho
|f(2)] > edist(w, f7(0))" (3.17)
voi moi x € {x € R" : |f(z)| > A}}.
Dinh nghia 3.4.2. ([Ha2]) Ta goi Lo(f) vd Loo(f), tuong tng 1a so

ma Lojasiewicz gan tap f~1(0) va s6 ma Lojasiewicz za tip f~1(0)

cua f.
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Trong phan nay ching toi danh gia Lo(f) va Lo(f) theo bac d
ciia f va céc s6 mi Ly(V1) va Loo(V1), trong d6 cac s mi Lo(V7) va
L+ (V1) duge xac dinh trong Muc 3.2.

Dat

Q: = {x e R": dist(z, f1(0)) < 1}

va

Qy: = {x € R" : dist(x, f1(0)) > 1}.
Dit
L(f,): =inf{p>0:3c>0,|f(z)| > cdist(z, f1(0))", Vo € O}
v
L(f,Q): =sup{p>0:3c>0,|f(x)] > cdist(z, f1(0))", Yz € Q}.

Meénh dé 3.4.3. Gid st f khong co cic day loai mot va déay loai hai.
Khi do

i) Lo(f) = L(f,$);
i) Loo(f) = L(f,€2).
Ching manh. 1) Chiing minh Lo(f) = L(f, Q). Trude hét chiing minh

Lo(f) > L(f,Q). VI f khong c6 cac day loai mot, nén ton tai ¢ > 0

va 0 > 0 sao cho
[f ()| > edist(z, f~(0))),

véi moi xz € {x € R" : |f(x)] < d}.

Chon dy > 0 sao cho &y < min{d, c}, khi d6 c6 thé chiing minh
{x € R" : |f(x)] < dp} C Q4. Hién nhién, néu z € Q; \ {z € R":
|f(z)] < o} thi

|f(z)| > dp > dodist(x, f’l(()))EO(f)_
Khi d6, c6 thé két luan
|f ()| > eudist(x, f71(0))),
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v6i ¢, = min{c, &y} = g, luon ding v6i moi x € y. Do d6, Ly(f) >
L(f, ).

Chiing minh Lo(f) < L(f,1). Lay p > 0 va gid st ton tai ¢ > 0
sao cho

|f(z)| > cdist(z, f71(0))” v6i moi x € €.

Bat dang thitc Lo(f) < L(f, 1) sé duge chitng minh néu chitng minh
duge p > Lo(f).

Lay dy 1a hiang s6 xac dinh trong chitng minh trén. Khi do

{z eR": |f(z)] < do} C .

Do do
|[f(@)] = edist(x, f71(0))",

voi moi x € {x € R" : |f(x)] < dp}.

Vi Ly(f) théaman (3.16), suy ra Lo(f) < p. Vay Lo(f) = L(f,21).

ii) Chitng minh Lo (f) = L(f, Q2). Trude hét ching minh L (f) <
L(f,Q2). VI f khong c6 day loai hai, nén ton tai ¢ > 0 va A > 1 sao
cho

|f ()] > edist(x, f7(0))5=), (3.18)

v6i moi x € {x € R" : |f(x)] > A}. Hon nita, ham dist(z, f~1(0)) bi
chan trén tap

L\ {z eR": |f(2)| = A},

tic la
D: =sup{dist(z, f1(0)): 2 € Q va |f(2)| < A} < +o0.

Vi f khong c6 day loai mot nén |f(x)| > § > 0 trén tap Qs \ {z €
R™: |f(x)] > A}. Do d6, néu z € Qo \ {x € R" : |f(x)] > A} ta ¢
o . _
|f(x)] >0 > mdzst(m, F7H0))E=1) (3.19)
T (3.18) va (3.19) suy ra
|f(@)| > edist(w, f~(0)"~),

52



v6i moi x € §29. Theo dinh nghia cia L(f, ) ta c6

Chitng minh L (f) > L(f,$2). Lay p > 0 va ¢ > 0 sao cho
|[f(2)] > edist(z, f71(0)), (3.20)

v6i moi & € Q. Lay € R" sao cho |f(z)] > cvadist(z, f71(0)) < 1.
Vi p > 0 nén
[f(2)] = edist(w, f71(0))".

Tu diéu trén cuing véi (3.20) suy ra

|f(@)] > edist(z, f71(0)),
véimoi x € {x € R": |f(x)| > c}.
Tu (3.17) ta c6 p < L(f), va theo dinh nghia ctia L£(f, ),
suy ra Loo(f) > L(f, ). Dang thic Loo(f) = L(f, Q) dugc ching
minh. ]

Bay gio ching toi thiét 1ap quan hé cac s6 mi Lojasiewicz Lo(f)
va Loo(f) thong qua d va cac s6 mi Ly(V1), Loo(V1).

Theo Dinh 1y 3.3.3, néu bat déng thic Lojasiewicz ctia f luon
ding, thi n6 c6 mot trong bon dang duge mo ta trong (iv) ctia Dinh

Iy 3.3.3. Chung to6i sé xét cac truong hgp riéng ré.
Bo dé 3.4.4. Ta c6
(Z) 'Coo(f) < mln{/:oo(vna d},

(ii) Lo(f) = Lo(V1).

Ching minh. (1): Tt Bo dé 3.4.1 suy ra Lo(f) < d, va bat dang thiic
Loo(f) < Loo(V1) 1a he qua clia (3.6).
(ii): Suy ra tiu (3.5). O

Bay gio xét cac truong hop (a) — (d) nhu trong (iv) cta Dinh 1y
3.3.3.
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Meénh dé 3.4.5. Gid st f khong cé cic day logi mot va logi hai trén
Vi, khi d6 cdc khang dinh sau luon ding
Truong hop (a): Véi fo > 0 va ham dist(z, f~1(0)) bj chan trén
Vi ta co
Lo(Vi) < Lo(f) < d wa Loo(f) = d;

Truong hop (b): Véi f. > 0 va ham dist(x, f~1(0)) khong bi chan

tréen V1 ta co
‘CO(‘/I) < 'CO(f) < maX{Eoo(‘/l)a d}7

00 Loo(f) = min{ L (V1), d};

Truong hop (c): Véi f. = 0 va ham dist(x, f~1(0)) bi chan trén
Vi ta co

(i) Néu Lo(V1) > d th
Loo(f) =d, va Lo(f) = Lo(V1);
(ii) Néu Lo(V1) < d thi

Lo(V1) < Lo(f) < d, va Lo(V1) < Loo(f) < ds

Truong hop (d): Vi f. = 0 va ham dist(x, f~1(0)) khong bj chdn

tren Vi ta co
(i) Néu Lo(Vy) < min{Loo(V3),d} thi
Lo(V1) < Lo(f) < max{Ls(V1),d},
va Lo(V1) < Loo(f) < min{Loo(V1), d};
(ii) Néu min{L(V1),d} < Lo(V1) < max{L(V1),d} thi
Lo(V1) < Lo(f) < max{Ls(V1),d},
va Loo(f) = min{ L (V1), d};
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(iii) Néu Lo(V1) > max{L.(V1),d} thi
Lo(f) = Lo(V1), va Loo(f) = min{ L (V1), d}.

Chiing minh. Chitng minh duge suy ra tit Bé dé 3.4.4 va Ménh dé
3.4.3. ]
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Chuong 4

Bat dang thic Lojasiewicz ctia

ham da thic trén R?

Tiép theo chuong 3, trong chuong nay ching toi nghién citu bat
déng thiic Lojasiewicz trong trudng hop f la da thitc hai bién. Trudc
hét, ching t6i dua ra mot phuong phap dé kiém tra sy ton tai bat
déng thitc Lojasiewicz, sau d6 tinh toan sé mii Lojasiewicz thong qua
khai trien Puiseux ctia f va 3_y Dic biét, chiing toi nghién citu bat
déng thitc Lojasiewicz trong trudong hop f 1a khong suy bién tai vo
han theo luge do Newton clia né. Noi dung con lai clia chuong c¢é theé
dugce gidi thigu mot cach van tat nhu sau: Trong [Ho], Hormander da
chiing minh ring, néu f : R” — R 1a mot da thtc, khi d6 ton tai cac

hing s6 ¢ > 0 va pu > 0,1’ > 0, 1" > 0 sao cho

|f(z)| > cdist(z, f71(0))", v6i moi x € R", ||z|| < 1;

N

va

"

(14 Hx||)“/\f(x)] > cdist(z, f1(0))", v6i moi x € R", ||z|| > 1.

R0 rang, p chinh 1a s6 ma Lojasiewicz ciia f trong mién ||z| < 1, va
nhan tit ben trai (14 ||z||)* ctia bat déng thitc thit hai la can thiét dé
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kiém soat dang diéu ctia ham khoang cach dist(x, f~1(0)) khi ||z|| du
16n. Ching toi sé dua ra mot két qua ciia bat dang thic trén, trong
d6 s6 mit 1 duge cho v6i mot gia tri cu thé khi n = 2.

Noi dung ctia Chuong nay dugc viét chii yéu dua trén cac Muc 5, 6,
7 va mot phan ciia Muc 3 ciia bai bao Huy Vui Ha and Van Doat
Dang, On the Global Lojasiewicz inequality for polynomaial functions.

(34 pp)(accepted for publication in Annales Polonici Mathematici.)

4.1 Phuong phap kiém tra su ton tai bat dang

thitc Lojasiewicz

4.1.1 Khai trién Puiseux
Xét f(x,y) la da thiic hai bién. Gia st f ¢6 dang
flz.y) = aoy” + ar(x)y™ ' + -+ + aq(), (4.1)

trong dé6 d 1a bac ciua f. Khi d6, theo dinh ly Puiseux [GV], f dugc
phan tich thanh

d
flz,y) = ag H(y — Aj(x)),

trong d6 Aj(z) la ham theo v trong lan can ctia © = oo, véi p 1a s6
nguyen. Ham \;(#?) khong c6 ky di ¢t yéu tai vo han, do d6 ching
c6 thé viét dudi dang

kj
Aj(t7) = Aj(x) = Z aj/cx%, (4.2)

khi |z| > 1, trong d6 k; 1a cac sd nguyen.

Dinh nghia 4.1.1. M&i ham \;(z) x4c dinh trong (4.2) dugc goi la
chuoi Puiseux tai vo han cia f hodc nghiém Puiseux tai vo han cia

f.

57



Nghiem A;(x) duge goi 1a nghiém thuc néu tat ca cac he sb a;i, cla

no6 1a sb thue.

Vi f c6dang (4.1)nén k; <pvéij=1,...,d.

V6i nghiem khong thuc A\*(x), y = A\*(z) khong c¢6 do thi trong
mién z > 0 khi z dan t6i +oo. Béi vi, khi = > 0, tat cd x liy thia
v6i 56 mii hitu ti 1a 86 thuc, con A*(z) khong 1 s6 thie. Dé xem xét
quy tich cta f(z,y) = 0 v6i x < 0, chung ta phai 1ay nghiém thuyc
cta f(z,y): = f(—z,y).

Xét phan tich

of d—1 B
_(xvy) = CL()dH(y - )‘Z(x))a
0y i=1
trong do6 )\_Z(LI}),Z =1,2,...,d — 1, la cac nghiém Puiseux tai vo han
ia 2 (z,)
cua —(z,vy).
8?,/ 7y

Ta xét mien x > 0 va ¢ < 0 rieng ré. Gia sit # > 0, ki hieu

P(f) ={M(x), ..., Aa(2)

o _ .
PG = (o). A,
lan luot 1a tap cac nghiém Puiseux tai vo han clia f va clia I
_ Y
P af T 8f s, PN N ~ S ? e PN
Véi g € {f, 8_’f’ 8_}’ ki hieu Pgr(g) & tap tat cd cdc nghiem
Y Y

thyc tai vo han cua g.

Xét 1)(x) la chudi lay thita hitu ti ¢6 dang
Y(x) = boz? + o(2?), |x| > 1,

trong do6 by # 0. Khi d6, s6 mil p duge goi 1a bdc ciia ¥ tai v6 han va
ta ki hiéu béi v(i(z)).
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4.1.2 Phuong phap kiém tra

Theo dinh 1y 3.3.3, dé kiém tra su ton tai ctia bat ding thiic
Lojasiewicz toan cuc, ta phai kiém tra ring cac day loai mot va loai
hai ctia f trén V; 1a khong ton tai.

Meénh dé 4.1.2. Hai khang dinh sau la tuong duong

(i) Khong ton tai cic day logi mot (x*,y*) ciia f trén ViN{z > 0};

(ii) Khong ton tai M(x) € PR(g—f
Y

v(f(z,A(@))) <0

) sao cho

Va4

)\é)%r(lf) v(A(z) — A(z)) > 0.

Meénh dé 4.1.3. Hai khang dinh sau la tuong duong

(i) Khong ton tai cic day logi hai (z*,y*) cia f tren Vi N {z > 0};

(i) Khong ton tai M(x) € PR(g—f
Y

v(f(z,A(x))) <0

) sao cho

V4

AEr%];lg(lf) v(A(z) — Mx)) > 0.

Cac ménh dé sau day sé cho ching ta biét dang ndo trong boén
dang (a) - (d) ctia Dinh 1y 3.3.3 s& c6 bat dang thiic Lojasiewicz.
Meénh dé 4.1.4. Hai khang dinh sau la tuong duong

(Z) f* lnfxyEVl‘f(x y)|>0

o oM of
(ii) f 1(010 <8_y> (0) = 0 va khong ton tai A(x) € PR(ay)
PR(Z—f) sao cho

of

v(f(z, Mz)) <0, néu \z) € PR(ay)
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v(f(z, M) <0, néu \z) € PR(({;—;[).

Meénh dé 4.1.5. Hai khdang dinh sau la tuong duong

(i) Ham dist(z, f~1(0)) khong bi chan trén tap Vi;

(ii) Ton tai \(x) € PR(%) U PR(g—Jyv) sao cho
min  {v(A(x) — A(z))} > 0, néu A(z) € P (@_f)
Ax)<Pa() | "oy
va
. N P of
min _ {v(A(z) — A(z))} > 0, néu A(z) € Pr(==).
Na)ePe(7) 0y

) s,
Tuong tu, thay thé f(x,y),Pr(f) va P]R(ﬁ—f) tuong tng bdi
Yy

flz,y) = f(—z,y),Pr(f) va PR(Z—;) trong cac Ménh dé 4.1.2 va
4.1.3, ta thu dudgc tiéu chuan cho viéc khong ton tai cac day loai mot
va loai hai (2%, y¥) ctia f tren Vi N {z < 0}.

Chiing minh cac Meénh deé 4.1.2, 4.1.3, 4.1.4 va 4.1.5 dudc suy ra

tir B6 dé sau.

B6 dé 4.1.6. Cho \(z) € PR(?) va N(z) € Pr(f). Dat
Y

Vi: ={(z,y) €R?: 2 >0,y = \z)}.

Khi do
dist((z, M), V)) = 2@ =A@),

khi x > 1. Tic la, ton tai cdc hang s6 ¢; > 0 va ca > 0 sao cho cdc
bat dang thite sau luon ding
(2" < dist((, X(z)), V3) < e300,

khi x > 1.
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Ching minh. Vi f c¢6 dang (4.1) nén v(A(z)) < 1, v6i moi A(z) €
P(f). Viec chiing minh Bo dé 4.1.6 tuong tu nhu ching minh B6 dé
3.3.2 cua [Ha3|. O

Nhan xét 4.1.7. Dinh 1y 3.3.3 va cac Ménh dé 4.1.2, 4.1.3 cho ching
ta phuong phap kiém tra su ton tai ctia bat ding thiic Lojasiewicz

toan cuc doi véi da thitc hai bién.

e Ta tinh cac nghiém thyc tai vo han cta f(x,y), =(z,y) va clia

0
_ 9y
= _Of
x —(z,y).
Fla) o 2oy
e Tiép theo, kiem tra diéu kién (ii) trong cac Ménh dé 4.1.2 va 4.1.3
ding hay khong, néu diang thi f c6 bat dang thiic Lojasiewicz

toan cuc.

4.2 Tinh s6 mu Lojasiewicz

Phan nay, ching toi sé tinh tuong minh cac s6 mi Ly(V7), Loo(V1)
va Lo(f), Loo(f), trong d6 f 1a da thiic hai bién xac dinh nhu Muc
4.1.

4.2.1 Tinh sé mi Lo(V})

Lo~(Vi) = inf{p>0:3c,d,r >0 sao cho

[f (2, y)] = edist((2,y), f~(0))"
voi (z,y) € Vi, [z > r, | f(z,y)| < 0};

Loo(Vi) = inf{p > 0:3ec, d,r > 0 sao cho

|f(z,y)] > cdist((x,y), f~(0))”
voi (z,y) € Vi, |z| <r,|f(z,y)] < d}.
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Khi do

£0(V3) = max{ Lo (VA), Lao(V)). (4.3
Véi mdi A(z) € PR(Z‘;;) at
D) {1 ) néu Pr(f) =10
minyep,(r) V(A () — A(z)) neu Pr(f) # 0;
+ oy (A (@)
’Coo()‘) T D+(X) )
- + (% of <
L§ (Vi) :=max{LI(N): Xe PR(ay) v(f(z, M(x)) < 0}.
Tuong ti, véi mdi A € PR(gi) at
D () = {1 ) néu PR(Z) =0
minycp, 7 V(A (z) — A(z)) néu Pr(f) # 0;
~ oy V(A (@)
£ = M,
_ [P of. -
Loo(V1) i=max{L (N): A€ PR(a—y),v(f(:E, A(z)) < 0}.

Ménh dé 4.2.1. Néu khong co cdc daiy logi mot cia f trén Vi, tha
EO,oo(‘/i) > 0 va

Lo,00(V1) = max{ L, (V1), £y (V1)}-

Chitng minh. Ching minh dugc suy tut dinh nghia cta Ear’ ~(V1),
Ly, (V1) va Bo dé 4.1.6. ]

Lay ¢, 0,7 > 0 sao cho

(@, y)| > edist((z,y), f(0)7="),
véi(z,y) € Vi, x| > r | f(z,y)| <9,
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trong do s6 mit L (V1) duge xéce dinh trong Ménh dé 4.2.1.
Theo (4.3), dé tinh Ly(V1), ta can tinh

Loo(Vi) = inf{p>0:|f(z,y)| > cdist((x,y), f7(0))”,
voi (z,y) € Vi, [z <7 |f(z,y)] <4}

Chu ¥ réng

Vi(r,0) == Vin{(z,y) € R?: |f(z,y)] < &, |a| <1}
1a hop ciia mot s6 hitu han cac duong cong ntta dai s6. Dat A 1a tap
hop tat ca cic diém co lap trong giao ctia Vi(r,d) va f~1(0). Lay
e > 0 di nho sao cho v6i méi A € A, qua cau B(A,e) = {(z,y) €

R? : ||(z,y) — Al| < €} dudc chita trong phan trong clia tap {|z| <
r | f(zy)] <6}

Dat
Lo(A, V1) = inf{a>0:3c > 0 sao cho
[f (@, 9)| > cdist((z,y), f(0))",
véi moi (x,y) € ViN B(A,¢€)}.
Khi d6
»CO,O(Vi) = maX{EO(A, ‘/1) A e .A} (4.4)
Dé tinh Ly(A, V4), ta gidi bai toan: cho cac da thite f(z,y) va ¢(z,y)
va A la diém co 1ap ctia f71(0) N ¢~1(0). Tinh
Lo(A,¢71(0)) := inf{a > 0:3c > 0 sao cho
[f(@,9)| > cdist((z,y), f(0))",
v6i moi (x,y) di gan A va (z,y) € ¢(0)}.

Viéc tinh toan Ly(A, ¢71(0)) duge chia thanh hai bude.
Budc 1: Tinh Lo(A, ¢71(0)), v6i gia thiét rang cac da thic f(z,y) va
é(x,y) thoa man cac diéu kien sau

() A= (0,0);
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(ii) ?9 n{(O 0) # 0, trong d6 m 1a boi clia f tai diem (0, 0);

I
(iii) gf(o 0) # 0, trong d6 [ 1a boi clia ¢ tai diém (0, 0).

V6i cac diéu kién trén, trong lan can ciia diém (0,0) € C, cac da thiic

f(x,y) va ¢(x,y) duge phan tich nhu sau

s

Flay) =ul@y) | [(y = Ai(@),

<.
Il
_

l

o(z.y) = v(w,y) | [y = Xi(@)),

i=1
trong d6 u(0,0) # 0 va v(0,0) # 0, A\;(z) va Ni(x), j = 1,2,...,m;
i=1,2,...,11a cac chudi lity thita v6i sé6 mii hitu ti c6 dang

Ai(z) = 't Heprt 4o
trongdépjk EN,qik EN,]{ZZ 1,2,...Vé\lpj1 <pj2 < -0, qi < gip <
. Cac chudi \; (™) va N(th), j=1,2,...,m;i=1,2,...,1 hoi tu
trong mot dia nho tam (0,0). (Xem [Wa)).
Pit
m

Chi y diéu kien (i) 14 quan trong dé suy ra
je{l1,2,...,m}.

Cac chudi A (z), Aa(2), ..., A () va A (2), Ao(2), ..., () dugc
goi 1& nghiém Puiseuz tai (0,0) cua f va ¢, tuong dng.

> 1, v6i moi

Nhu trong truong hop nghiém Puiseux tai vo han, nghiém Puiseux
A(x) duge goi 1a nghiém thuc tai (0,0) néu tat ca cac he s6 cia A(x)
1a cac sb thuec.

Dat f(z,y) == f(—z,y) va ¢(x,y) = o(—z,y). Xét g(z,y) €
{f, &, f, ¢}, ki hieu Pr(g,0) la tap tat cd cac nghiem thyc Puiseux
cua g tai (0,0).

64



V6i M(z) € Pr(9,0), dat

1 néu Pr(f,0) =10

DT (X, 0) := { B )
maxyepy(f) V(A(z) — A(x)) néu Pr(f,0) # 0;

£ = W)

£7((0,0),674(0)): = max{L£T(X,0) : X € Pa(é,0),v(f(z, N(z)) < 0}.

Tuong ti, véi A € Pr(0,0), dit

D (%.0) = {1 néu Pr(f,0) =0
7 max,p, 7 v(A(z) — A=) néu Pr(f,0) # 0;
E*(X, 0) := U(7 aj,X(l’)),

L£((0,0), ¢ (0)) := max{L (A,0) : X € Pr(¢,0),v(f(x, Mz)) < 0}.
Meénh dé 4.2.2. Gid st
(Z) A= (07 0);

om ,
(ii) @y”{(o’ 0) # 0, trong dé m la boi cia f tai diem (0,0);

o4 ,
(111) (9_(?(0’0) # 0, trong dé 1 la boi cia ¢ tai diem (0,0).
Y

Khi do
L£0((0,0),¢71(0)) = max{L7((0,0),¢~'(0)), £7((0,0),¢~'(0))}.
Meénh dé 4.2.2 dugc suy ra tit cic dinh nghia clia cac s6 mil

L7((0,0),¢7(0)), £7((0,0),¢~(0))

va Bo dé sau
Bo dé 4.2.3. ([Ha3], Bo dé 3.2) Gid sit
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m

(i) (0,0) € f71(0) N ¢~(0);
(i1) gy”{ (0,0) # 0, trong dé m la bi ciia f tai diem (0,0).

Liy M) € Pr(¢,0) va A(z) € Pr(f,0). Khi do, véi moi x di gan 0,
ta co

dist((z, \(z)), V) = 2" 0@=A),
trong do
Vit ={(z,y) eR* 1y = Na)}.

Bude 2: Xét trudng hop tong quat: A 1a mot diém co lap cla
F71H0)N¢~1(0), khong nhat thiét tring voi gbe toa do (0, 0). Ki hieu
m va | tuong tng 1a boi ctia f va clia ¢ tai A. Cac bo dé sau la hién
nhién
Bé6 dé 4.2.4. Ton tai ding cdu affine

L:R?* = R? (z,y)— L(z,y) = (u,v) sao cho

(i) L(A) = (0,0);

., 0" fo D'y
(Z’L) avm (0,0) # 0 va W(O’O) # 0,

trong do fo= fo L' va ¢y =c¢o L1

Bé deé 4.2.5. Lay L, fy va ¢y nhu trong Bo dé 4.2.4. Khi dé
Lo(A, ¢710)) = Lo((0,0), 65 (0)).
Chiing minh. D& dang thay cac phéat biéu sau luon ding
(i) Ton tai ¢; > 0 va ¢y > 0 sao cho
Iz = 2'l| < exl| L(z) = L()]I,

va
Iz =2l < el L7H(z) = L4
v6i moi z, 2/ € R?;
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(ii) Céc anh xa

la song anh.

Trudce hét, ching minh

Lo((0,0), 657 (0)) < Lo(A, ¢7'(0)).

Lay p la s6 bat ki sao cho p > Lo(A4, ¢~ 1(0)) va lay w 14 diém bat ki
ctia ¢, '(0) da gan (0,0). Khi do,

dist(w, f;1(0)) < ||lw — w'|,
véi moi w' € f571(0).
Vi L la song anh, bat ding thic trén suy ra
dist(w, fy'(0)) < [lw — L(2)]],
v6i moi 2/ € f71(0).
Do do,

dist(w, fy ' (0)) < |L(L™(w)) = L) < erl|L7(w) = 2],

v6i 2/ € f71(0).
Vay,
dist(w, fo_l(())) < codist(L™H(w), f71(0)).
Vi L7 Hw) € ¢71(0) va theo gid thiét p > Ly(A, ¢~(0)) nén

dist(w, f;1(0)) < eadist(L(w), £71(0))
< e f(L7Hw))]P =l folw)]7,

v6i mdi w di gan (0,0), tir dé suy ra Lo((0,0), ¢, (0)) < p.
Vi bat dang thiic luon dung véi moi p > Lo(A4, ¢71(0)), nén suy ra

Lo((0,0),65'(0)) < Lo(A,¢7(0)).
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Chitng minh tuong tit cho bat dang thitc nguge lai

Lo(A, ¢71(0)) < Lo((0,0), ¢ '(0)).
O

? N ?2 N a 2
Stt dung Bo de 4.2.4 va Bo de 4.2.5, v6i f va ¢ = 8—f, ta c6 the
Y
tinh s6 mi Lo(A, V). Két hop véi (4.3), (4.4) va Ménh dé 4.2.1 ta

hoan thanh tinh toan s6 ma Ly(1]).

4.2.2 Tinh sé mi L (17)

Dat
LE(V) = min{ L5 (%) : X € wg—g), o(f(z, X(z)) > 0},
s Uy A
va L (V1) :=min{L_(A\): X € ’PR(a—y),v(f(x, A(z)) > 0}.

Ménh dé 4.2.6. Néu khong cé day loai hai ciia f trén Vi, th Lo (V1) >
0 va Loo(V1) = min{L] (1), L (V1)}.

Chiing minh. Ching minh duge suy ra tu dinh nghia cia £ (1),
L. (V1) va Bo dé 4.1.6. O
4.2.3 Tinh s6 mia Ly(f)
Dat
Lo(f) = inf{p>0:3c¢>0,0 >0 sao cho

|f(z,y)| > edist((x,y), f7(0))
voi (z,y) € R?, f(z,y)| < 0}

Looo(f) = inf{p>0:3c¢>0,0 >0,7>0 sao cho

f(z,y)| = cdist((z,y), f~(0))"
voi (z,y) € R% |z| >, f(z,y)| < 6}
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Loo(f) = inf{p>0:3¢>0,6 >0,r >0 sao cho

f(z,y)| > cdist((x,y), f~1(0))”
voi (x,y) € R2, lz| < fx,y)] <d}.

Khi do
Lo(f) = max{Looo(f), Loo(f)}-

Viec tinh Lo o(f) duge dya trén cong viec ctia Kuo [Ku]. Trude hét,
cht y raing néu f~1(0) khong c6 cac diém ki di trong tap {(z,y) €
R? : |f(z,y)] <4, |z| <r}thi Loo(f) = 1.

Néu f71(0) c6 cac diém ki di trong mién nay, thi
Loo(f) = max{L(f, A): A la diém ki di ciia f~'(0)},
trong do L(f, A) la s6 ma Lojasiewicz cia f tai A, tiic 1a

L(f,A) : = inf{p>0:dec>0,e >0 sao cho

[f(z,y)] = edist((2,y), f~(0))"
v6i moi (z,y) € R%, ||(z,y) — A|| < €}.

S6 mit L(f, A) c6 thé duge tinh toan tuong minh béi cong thic cla
Kuo [Ku] (xem thém [Ha3], Dinh ly 2.8). Diéu nay da biét, chung toi
khong trinh bay chi tiét.

S6 mit Ly (f) da tinh trong [HD]. Chung toi sé nhéc lai cong
thiec.

Lay Ai(z) € P(f) \ Pr(f)

Ai(x) = az™ + -+ as 12t + a4 -

trong d6 a; > ag > --- va a, € C.

Gia stt a1, as, ...,as—1 € R vi ag ¢ R, khi d6 cac chuoi
A (2) == a1x™ + - + ag_ 12 + ™,
trong d6 ¢ € R va ¢ 1a "generic" duge goi 1a xdp i thuc cia \;(x).
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pij = v(AS (x) — A (2)).
Xét
M () = az™ + -+ + a1 + ax’7 + oz,

>\g§($) = G1x0‘1 + oo+ at_lxapl + bxPii + O(xpij).

R o Qp— ij
)\”(x) = a1 ™ 4+ -+ a4 cxl,

trong do c la "generic". Dat

1, néu Pr(f) =10
DO =1 ol i T
minjep, () V(A(x) — )‘z‘j(x))v neu Pr(f) # 0

va R
v(f(z, )\Zj(x)))
D(X3)
Lay M(x) € Pr(f), ki hieu ¢(\) 1a boi ctia A(x), va t(f) = max{t(A) :
A E PR(f)}
Meénh dé 4.2.7. ([HD], Dinh ly 2.5)
Néu f khong c6 cac day logi mot (xg, yx) trén {x > 0} thi Ly (f) > 0

Va4

L()\%) =

Lo (f) = inf{a>0:3c¢>0,6 >0,7r >0 sao cho

0,00
[f (2, y)] = edist((z,y), f(0)°
vdi moi (z,y) € {(z,y) €ER* 1w > 1, |f(x,y)| < I}}
= max{t(f), L(\]) : v(f (2, \jj(2)) < 0},
trong dé A\; va Aj lay trén tat cd cdc phan td cia tap P(f) \ Pr(f).
Tuong tu, véi P(f)\Pr(f), f(z,y) = f(—z,y), ta c6 thé xac dinh
duge s6 mia Ly (f)-
Khi do
£0,oo(f) - max{ﬁaioo(f)a L"a,oo(f)}a
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tiic 12 Lo (f) 6 thé duge tinh theo cdc nghiem xap xi thyc Puiseux
tai vo han ctia f va f. Vay s6 mit Lo(f) hoan toan dugc tinh.

4.2.4 Tinh s6 mii L. (f)

Bo dé 4.2.8. ([HD], Ménh dé 2.7) Cho f: R? — R la ham da thiic
co dang

flz,y) = apy® + a1 (x)y™ ' + - + ag(x),
trong dé d la bac cia f. Khi dé, ton tai c, R,7 > 0 va p € R sao cho

[f (@, 9)| > cdist((z,y), f~(0))",
vdi moi (x,y) € {(x,y) € R? : |x| > r,dist((z,y), f1(0)) > R}.

Hon nita, néu Loo(f) ki hiéu la s6 lon nhét ciia cde s6 ma p théa min
bat ding thic trén, thi

Loo(f) =min{L(\5) : D(X) > 0},

trong do \; va A\j la cac nghiém Puiseuz tai vo han ciua f va f, va

Meénh dé 4.2.9. Néu f khong c6 cic day logi mot va logi hai th

Loolf) = Lol f):
Chiing manh. Vi f khong c6 cac day loai hai, nén EAOO( f) >0 va

F(z, )| > cdist((z, y), £(0)>),

v6i moi (z,y) € R? sao cho |x| > r va dist((z,y), f1(0)) > R.
Vi f khong c6 day loai mot, nén

fo=mf{|f(z,9)| : 1 < dist((x,y), f(0)) < R} > 0.
Do d6, c6 thé mé rong bat ding thic trén ra mién 16n hon va nhan
dugce

[z, y)| > edist((x,y), f~(0))"",

v6i moi (z,y) € R? sao cho |z| > r va dist((z,y), f71(0)) > 1. Vay,
dang thitc Loo(f) = Loo(f) 1a he qua ctia Menh dé 3.4.3. O
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4.3 Da thidc khéong suy bién tai vé han

Trong phan nay, ching toi nghién cttu bat ding thitc Lojasiewicz
déi véi cac da thiic hai bién ma khong suy bién déi véi luge do Newton
tai vo han ctua ching.

Tuong tu nhu & Chuong 1 va Chuong 2, chting t6i nhac lai mot s6
dinh nghia, ta viét f dudi dang

[z, y) = Z Cz’jxiyj-
i+j<d
Supp(f) = {(27]) : Cij 7£ 0}7
va goi la gid cia f va
I'(f) = co(supp(f))
12 bao 10i ciia supp(f).
Dinh nghia 4.3.1. I'(f) goi 1a da gidc Newton cia f.

Ro rang, diém (0,d) 1a mot dinh ctia T'(f) (dinh cao nhat). Hon

nita, I'(f) nam dudi dusng thang

L:={(i,j) eR?:i+j=d}.
Dinh nghia 4.3.2. T'(f) goi & thudn tién néu né cit cac truc toa do
tai cac diem khac goc.
Dinh nghia 4.3.3. Da thtc f dugc goi 1a thudn tién néu I'(f) thuan
tién.

Ky hieu OT'(f) 1a bien ctia I'(f) va o, 1a canh ctia OT'(f) ma gan
duong thang L nhat (do d6, o, chita diém (0,d) va diem (0,d) 1a mot
dinh cua o).

K§ hieu (@, bys) 12 mot dinh ctia T'(f) sao cho

b.x = min{b : Ja sao cho (a,b) € T'(f)},
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tiic 12, (@, bex) 12 dinh thap nhat cta T'(f).

Xét 01,09, ...,0k_1,0k la day cac canh cia OI'(f) sao cho
01 = 0%«

(CL**, b**) € Ok

va

O'Z'm0'2'+17£®, izl,...,]{?—l.

8OOF(f) = {01, 09y...,0k_1, Uk}.
Dinh nghia 4.3.4. Tap 0, I'(f) goi 1a phan chinh Newton tai vé han

cua f.

Nhan xét 4.3.5. Trong chuong 2, chung ta da st dung khai niém
bién Newton tai vo han cua f ma dugc xac dinh nhu sau: Ky hiéu
['(f) 1a bao 16i ctia tap supp(f) U {(0,0)} va ky hieu OT'(f) la bien
cia I'(f), khi d6 bien Newton tai vo han cta f ky hieu béi I'no(f), 1a
hop clia tat ca cac canh ctia OT'(f) ma khong chita goc toa do.

Dé dang thay rang, néu f la thuan tién thi

OsI'(f) = T'sa(f)-

Nhung nhin chung, hai tap nay khac nhau. Ching ta c6 thé thay qua
vi du sau. Cho
fz,y) =y +a'y' + 2%yt = 22°9° + 2%y? + ¢,
khi do
Poo(f) = 01 U 09

va

8OOF(f) =01 U 09 U g3,

trong d6 o1 = [(0, 14), (4, 10)] 14 canh ndi cac diém (0, 14) va (4, 10),
va o9 = [(4,10), (8,4)], 03 = [(8,4), (2, 2)].
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V6i moi canh o € 0,.I'(f), dat

fo(z,y) = Z az’jxiyj-
(i,5)€0
Va v6i moi canh o = [(aq, b1), (az, by)], trong dé by > be, dat

d(U) = bl — bQ

va
G2 —ay
v(o) = b — by
Dinh nghia 4.3.6. Da thic f goi 1a khong suy bién theo phan chinh

Newton tai vo han cia [ (viét tat, f khong suy bién tai vo han) néu

dieu kién sau luon dung: v6i moi o € 95 I'(f), hé phuong trinh

of, of,
8—i(x,y) Za—J;(w,y) =0

khong c6 nghiém trong (R \ 0)2.
Bé dé 4.3.7. Cdc phdt biéu sau luon ding
(i) d=d(o1) + -+ + d(ok) + bis;
(i) 1 > v(oy) > v(og) > -+ > v(0o});
(11i) y = 0 la nghiém Puiseux tai vo han cta f, v3i boi by,

(iv) Vaimoii € {1,2,...,k}, ton tai chinh zac d(o;) nghiém Puiseuz

tai vo han (dém cd boi), moi nghiem cé dang
y(a) = ez 4 o(x"),
trong do c la nghiém khdc khong cia da thic hy,(u) == fy. (1, u).

(v) Néu f la khong suy bién tai vo han, khi dé da thiic h,,(u) khong
c6 nghiém khac khong boi lon hon 1.
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Chimg minh. Cac khang dinh (i)-(iii) 13 hién nhién. Khang dinh (iv)
la da biét. Ta ching minh (v).
Vi f,.(x,y) 1a da thic tya thuan nhat, tic 1a ton tai cac hang so
p,q vam € Z, sao cho
p+Jq =m,
v6i moi (7,7) € supp(f,,). D& dang chi ra réng f,,(z,y) c6 the dugc
viét duéi dang

foi(z,y) = 2"y <93_qpy - 61) (:v_qpy — 62> X <:U_qpy - Cs) ,

trong d6 ¢y, o, . . ., ¢ 1& cdc nghiém khac khong cia da thite h,(u) =
fo(1, ).
Béang phén chiing, gia st h,(u) ¢6 nghiém thue ¢ # 0 boi 16n hon
1, tite Ia f,, co (:c_qpy - c>2 la nhan t&t ma c € {R\ 0}. Khi do, diém
(1,¢) € (R\ 0)? 1a mot nghiem cia hé
dfs 0fo
%(% y) = 6_y

mau thuan. ]

(ZC, y) =0,

S 0
Bay gio ta mo ta phan chinh Newton tai vo han cta —f, dugce ky

dy
hiéu béi 8OOF(g—”§).
Ky hiéu
aoor(f) - {017 025+, O'k},

13 phan chinh Newton tai vo han ciia f, trong do
o1 = [(0,d), (a1,b1)]; 02 = [(a1,b1), (az,b2)]; .. .; 001 = [(ar—2, bp—2),
(ap—1,bp—1)] va o = [(ar—1,br—1), (Qss, bux)].
Dé thay (k — 1) canh dau tién ctia 8OOF(8—) la oy, 09,...,0,_4, trong
Y
do
oy =1(0,d —1),(a1,b1 = D)]; 05 = [(a1,b1 — 1), (ag,ba — 1)]; .. .5
va 0y = [(ar—2,bp—2 — 1), (aj—1, bp—1 — 1)].
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Hién nhién d(o}) = d(o;) va v(o}) = v(oy),i=1,2,..., k — 1.

Tiép theo, néu canh oy, = [(@k—1,b5-1), (Qsx, bsx)] VOL by > 1, thi

0
canh thtt k cia c%of(a—g) sé 1a o, = [(ag—1,b5-1 — 1), (G, bie — 1)]
va khi do 5
aoor(a—]yf) = {o},05,...,0.},
va d(o}.) = d(oy), v(oy) = v(og).
) 0
Con néu canh oy = [(ag—1,b5-1), (Gsx, bix)] V61 by = 0, thi 8OOF(8—f)
Y

c6 theé c6 k—1, k hodc nhiéu hon k canh. Diéu nay 1a quan trong trong
viéc nghién citu.

Khing dinh: Néu

0
8OOF(8—£) = 01,09, ..., 041,00, Ohiqs - O},
thi v6i ¢ > k, ta co
v(o}) < v(og).

. 0
Chiing manh. Diéu nay duge suy ra tir viec xay dung cua 8OOF(8—f).
Yy
[

Bo dé 4.3.8. Gid st f la khong suy bién tai vo han va A, (z) €

af
Pr(==) cd dan
R(ay) g

!

i, (z) = cx¥i) 4 O(xv(aio)).

L0

Lay o; la canh cia O, (f) néi cic diem (a;_1,bi—1) va (a;,b;),i =

1,2,..., k. Khi dé, cic phdt biéu sau luon ding

(i) Néuig e {1,2,...,k—1} th

o(f (e R (@) = 3 dlor)ulon) +

) d(am>] v(os,)

m=19+1

3 d(am>] v(os);

m=1i9+1

:aio—k
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(ii) Néu ig > k th
v(f(2, Xy (2))) = aus + bv(ay,).

Chatng minh. Trudc hét, ta chitng minh néu \(z) € PR(g—f) va A(z) €
Y
Pr(f) thi

v(AM@) = A(2)) = max{v(A(2)), v(A(z))}. (4.5)

That vay, vi AM(x) € Pr(f) va A(z) € PR(%) nén

AMzx) = ezt ) 4 o(ac”(‘”)),
Vi 0; € OxI'(f), trong d6 ¢ 1a nghiém thuc khéc khong ctia da thic
hgi(u) - fﬂi(lﬁu) va
Az) = Vi) + o(x“(al/'o)),

0
véi o) € (9OOF(8—f), trong d6 ¢ # 0 1a nghiém thuyc khac khong cta
Y
_ of
da thic h, = | = 1, u).
* ‘ 0 (u> <8y>0’. ( U)
20
Dé dang thay, néu v(oj ) # v(o;) thi (4.5) ding.
/

.o 2 / o . « X N ? L N ? A / _
Gia st v(oj ) = v(0;), dieu nay xdy ra néu va chi néu o; = o,

véi i € {1,2,...,k}. Bang phan chiing, gid st v(A(z) — A(x)) =
max{v(\(z)),v(A(z))} = v(0;), suy ra ¢ = ¢. R6 rang, ta c6

(%) _ 9o
dy gg_ dy

0 dfs, \
khi d6 (a—‘?];)a{ (1,c) = aiy’(l,c) = 0, dieu nay nghia la da thic

ho(u) := fs,(1,u) c6 nghiém thyc khac khong boi 16n hon 1, trai véi
B6 dé 4.3.7, (v).
Bo dé 4.3.8 dugc suy ra dé& dang tit (4.5) va dang thiic sau 1a hién

nhién

Z d(op)v(oy) = a,.
I=1
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Dinh 1y 4.3.9. Cho f la da thic thudn tién va khong suy bién tai vo
han, khi do
(r‘) hm(;p’y)gvl;(x,y)%oo ‘f($, y)l — 005

(ii) Ton tai cac hang so o, 3,¢ > 0 sao cho

‘f(l", y)|a + ‘f(l", y)|ﬁ > CdiSt((xay)v f_l(o))a
vdi moi (z,y) € R2,

Chitng minh. Chitng minh (i) dugce suy truc tiép tu Bo dé 4.3.8; (ii)
suy ra tu (i) va Dinh 1y 3.3.3. O
Cha y 4.3.10. Khang dinh (i) ctia Dinh 1y 4.3.9 da dugc chiing minh
trong [Ha2] v6i s6 bién 14 n nhung bang phuong phap khac, con khang
dinh (i) ctia Dinh 1y 4.3.9 manh hon khang dinh khong ton tai cac
day loai mot va loai hai cta f.

Dinh 1y 4.3.11. Cho da thic f la thudn tién va khong suy bién tai
vo han, khi dé cic s6 mi Looo(V1), Loo(V1), Loco(f) va Loo(f) duge
biéu dién theo cic sb hang cia phan chinh Newton tai vo han cia f.
Chaing minh. Tt Bo dé 4.3.8 suy ra rang Lo (Vi) va Lo(V1) duge
biéu dién theo cac s6 hang d(o;),v(0:),i=1,... k.

Céc s6 mi Lo (f) va Lo(f) duge xac dinh theo cac s6 hang d(o;),
v(o;),i=1,...,k t Bo dé 4.3.7 (v). ]

4.4 Mot dang bat dang thicc Hormander

Trong [Ho|, L. Hormander da chting minh mot dang ctia bat dang
thitc Lojasiewicz toan cuc.
Dinh ly 4.4.1. ([Ho], B dé 1 va Bé dé 2).
Cho f: R" — R la mot ham da thic. Khi dé ton tai cdc hang so
¢c>0,u>0,14>0wvapu >0 sao cho
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(i) |f(x)] > cdist(z, f71(0))", vdi moi x € R™, ||z| < 1;

(11) Vdi moi x € R",||z]| > 1 ta co

"

(L L2 )] f (2)] = edist (=, f~H(0))". (4.6)

RG rang, nhan tit (1+ [|z||)* trong (4.6) 1 can thiét dé diéu khién
dang dieu "toi" clia f tai vo han. Chd ¥, cac gia tri cu thé cia JTARY:)
p” khong duge cho trong [Ho).

Trong phan nay, véi n = 2, ching t6i dua ra mot dang tuong tu
ciia bat dang thitc Hormander. Tuy nhién, trong cong thic ctia ching
to1, s6 mi 4 bing 1, nhan ti (1+ ||z|)* cing xuat hién va s6 mi u’

sé dudc cho bdi gia tri cu thé, gia tri nay dude tinh toan théng qua
of
Ay
Ta thiy, nhan tit (14 ||z||)* chi xudt hién trong bat déng thiic khi

cac nghiém Puiseux tai vo han ctia f va cia =

f c6 cac day loai mot hodc loai hai, do vay, chung toi chi xét truong

hop nay. Néi cach khac, gia st tap P* dudi day la khac rong

= urhum &,
trong d6 f(z,y) = f(-=,y);
Oy of | . <
PO(ﬁ_y) ={\ € PR(a—y);U(f(ﬂfa A(z))) <0
v Aéﬁ&l)};l?f)v()\(x) — AMx)) > 0};
L Of of <
P (8y) {re Pm(ay)_v(f(%/\(x))) <0
vy /\gl)ir(lf)v()\(az) — Mxz)) > 0};
POy = e Paly uFe X <o
VA /\mln v(M(z) — M(z)) > 0};
€Pr(f)
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of

of
Jy )=

5 v(F@X@) <0
)= A()) > 0}

PL(==) == {\ € Pg(

va min v(\(x
)\EP]R(f)

Lay \ € P*, dat

B v(f(z, Mz))) néu X\ € Po(gf) U P (8f)
() = - s 5’% 5?
v(f(z, A(z))) néu AEPO(ay)UP* (8y)
(1 néu \ € PR(%)aVé Pr(f)=0
i {ol(R) M@} néu T € Pa(h) v Pah) £
D(A) := o o of.
1 neu \ € PR(a—y) V_a Pr(f) =10
\minAeP {U(X( ) — A(z))} néu X € PR(Z—?];) va Pr(f) # 0.

va dat

Ro rang, v(f) > 0, vi P* # 0.
Dinh ly 4.4.2. Cho da thic
f@,y) = agy’ + ar(x)y™ " + - + aa(w),
trong dé d la bac cia f. Khi dé, ton tai p > 0 va ¢ > 0 sao cho

Fp)|s + [F@ )7+ 0+ )"V f(2,)| > edist((z,y), (0)),
(4.7)
vdi moi (z,y) € R2,
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Chatng minh. Truéc hét, ta ching minh ton tai g > 0 va ¢; > 0 sao

cho

|f(z,y)

véi moi (x,y) € W.

o (L [2) D f ()| = erdist((z,y), f10),  (4.8)

Lay (x,y) € R?sao cho |z| > r > 0, v6ir di lén, khi d6 (z,y) € Vi
3 . - 0 of
néu va chi néu ton tai A\(z) € PR(a—f) U PR(a—f) sao cho (z,y) =
_ Y y
(z, A(z)).

Ta thiy rang

f(@, ) = 1 f (@, X())] = "D,

va
dist((z,y), f7(0)) = dist((z, A(x)), f(0)) =< |z|”™V.
o of of .~
Do do6, véi moi A(x) € PR(a—y) U PR(G_y)’ ta co,

F M@+ 2] > exdist((x, Ma)), £7(0)),
v6i ¢; > 0 nao do, hoac tuong duong

@)L+ [a)"D = edist((z,y), f(0)), (4.9)

v6i moi (z,y) € ViN{(z,y) € R*: |z| > r}.
Tap ViN{(z,y) € R?: |x| < r} 14 compact, do d6 theo bat ding

thitc Lojasiewicz, ton tai > 0 va ¢3 > 0 sao cho

[f (2. y)| = eadist((w,y), f(0))", (4.10)

v6i moi (z,y) € Vin{(z,y) € R?: |z| < r}. Vi vay, (4.8) dugc suy
ra tit (4.9) va (4.10).

Hé qua, bat dang thiic (4.7) luon ding néu (z,y) € V4.

Bay gio, lay (x,y) 1a mot diém tuy y ciia R? sao cho (x,y) ¢
f710) U V4. Khi d6, theo Bb dé 3.3.2 ton tai diém (z,y.) € R? sao
cho

(z,9.) € FHO)UW,
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[z, )| = | f(2,9.)], (4.11)
(2,y) — (@)l = |y — ] < sl )4, (4.12)

vGi c3 > 0 nao do. Khi do
dist((x,y), f1(0)) < dist((z,y), (z,9.)) + dist((z,.), f(0))
St dung (4.10), (4.11), (4.12), ta dugc

dist((z,y), f~'(0))

1 b1 11 ()
< —If @yl + —1f @y )l + —f (@ p)| (1 + [a])

3 €2 €1

< f )l + 1 fa )l + )l ),
3 C2 C1

Diéu nay suy ra bat dang thic (4.7) luon ding. O
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Két luan

Trong luan an nay, ching toi da thu dude nhiing két qua sau:

1) Dua ra mot dieu kien du dé mot da thic khong am 1 tong binh
phuong ctia cac da thitc (Dinh 1y 1.2.4). Diéu kién nay dugce phat

biéu thong qua da dién Newton ciia da thiic.

2) Chitng minh rang ton tai mot tap nita dai s6 md, tru mat trong
khong gian tat ca cac da thic c6 cing mot da dien Newton cho
trude, sao cho véi moi da thiic thudc tap nay va bi chan dudi,

bai toan tim infimum toan cuc la dat chinh (Dinh 1y 2.2.1).

3) Duaramot tiéu chuan méi ciia sy ton tai bat dang thiic Lojasiewicz
toan cuc (Dinh 1y 3.3.3). Tiéu chuan nay cung cip mot thuat toan
cho truong hop hai bién, kiém tra su ton tai ctia bat ding thic
Lojasiewicz toan cuc (Menh dé 4.1.2; 4.1.3).

4) Cho mot danh gia cac s6 mi Lojasiewicz thong qua bac ctia da
thitc va cac s6 mit khac dé tinh toan hon(Menh dé 3.4.3, 3.4.5).
Trong truong hop hai bién, tinh toiAn mot cach tudng minh sb
mi Lojasiewicz ctia mot da thic(Menh deé 4.2.7, 4.2.9), da thrc
thoa man dieu kien khong suy bién (Dinh ly 4.3.11). Hon niia,
dua ra mot dang tudng minh ctia bat dang thic kieu Hérmander,
trong d6 cac s6 mil xuat hién véi nhiing gia tri cu thé (Dinh ly
4.4.2).
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